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Abstract: Our research’s main aim is to study two viewpoints: First, we define partial interval-valued
soft T;(j)-spaces (i=0, 1, 2, 3, 4; j = i, ii), study some of their properties and some of relationships
among them, and give some examples. Second, we introduce the notions of partial total interval-
valued soft T;(i)-spaces (i=0, 1, 2, 3, 4;j = i, ii) and discuss some of their properties. We present some
relationships among them and give some examples.

Keywords: interval-valued soft topological space; interval-valued soft continuous mapping;
Partial interval-valued soft T-spaces; Partial total interval-valued soft T-spaces
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1. Introduction

Topology has been studied as a generalization of real systems. There are six types of
separation axioms frequently used in classical topology. These axioms are very helpful
in distinguishing topological spaces. From this viewpoint, we need to study separation
axioms in interval-valued soft topological spaces.

In 1999, Molodtsov [1] proposed the concept of soft sets, which has practically been
applied to several fields as a tool for solving uncertainties. Afterward, Maji et al. [2]
defined various basic operations on soft sets and investigated some of their properties
(see [3—6] for further studies). Furthermore, many researchers have applied the notion of
soft sets to decision-making problems (see [7-9]), topological groups (see [10-15]), topology
(see [16-27]), etc.

In 2021, Lee et al. [28] studied interval-valued soft topological structures as a general-
ization of soft topologies. Recently, Alcantud [29] discussed some relationships between
fuzzy soft topologies and soft topologies. Ghour and Ameen [30] dealt with maximum of
compactness and connectedness in soft topological spaces. Garg et al. [31] introduced the
concept of spherical fuzzy soft topologies, studied separation axioms in a spherical fuzzy
soft topological space, and applied them to group decision-making problems. Alajlan and
Alghamdi [32] proposed a new soft topology from an ordinary topology and investigated
separation axioms in the new soft topological spaces. Furthermore, Baek et al. [33] intro-
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interval-valued soft sets and deal with some of their properties. Also, we define an interval-
valued soft mapping and study some of its properties. In Section 4, we introduce the
concept of an interval-valued soft continuous mapping and study its various properties.
In Section 5, we introduce the notions of partial interval-valued soft T;(j)-spaces (j = 0,
1,2, 3, 4;j =1, ii) and discuss some of their properties, as well as relationships among
them, and provide some examples. In Section 6, we propose the concepts of partial total
interval-valued soft T;(i)-spaces (i=0,1,2,3,4j=1i, ii), study their properties and the
relationships among them, and provide some examples.

2. Preliminaries

This section provides basic concepts and a result needed in the next sections. Through-
out this paper, let X, Y, Z,- - - denote nonempty universe sets; E, EI, -+, sets of parame-
ters; and 2%, the power set of X.

Definition 1 ([36,37]). The collection of subsets of X,
{(Be2X: A~ CcBC AT},

denoted by [A~, AT, is called an interval-valued set (briefly, IVS) or interval set in X, if A=, AT €
2X and A= C A™T. The interval-valued empty [resp. whole] set in X, denoted by @ [resp. X], is
an interval-valued set in X defined as

@ = [@,Q)] [resp. X = [X, X]].

We will denote the set of all IVSs in X as IV S(X) (see [36,37] for definitions of the inclusion,
the intersection, and the union of two IVSs).

An interval-valued set in X is a special case of an interval-valued fuzzy set introduced
by Zadeh [38] and can be considered a generalization of classical subsets of X.

Definition 2 ([36]). Leta € X and A € IVS(X). Then, the IVS [{a}, {a}] [resp. [D,{a}]]in X
is called an interval-valued [resp. vanishing] point in X and is denoted by a, [resp. a,]. We denote
the set of all interval-valued points in X as IVp(X) and have the following:

(i) We say that a, belongs to A, denoted by a, € A, ifa € A™.

(ii) We say that a, belongs to A, denoted by a, € A, ifa € A™.

Definition 3 ([36]). Let T C IVS(X). Then, T is called an interval-valued topology (briefly, IVT)
on X, if it satisfies the following axioms:

(IVO) @, X € T;

(IVO) ANB e tforany A, B € 7;

(IVO3) Ujes Aj € T for each (Aj)jef C T.

The pair (X, T) is called an interval-valued topological space (briefly, IVTS), and each member
of T is called an interval-valued open set (briefly, IVOS) in X. An IVS A is called an interval-valued
closed set (briefly, IVCS) in X, if A° € T.

IVT(X) denotes the set of all IVTs on X. For an IVTS X, IVO(X) [resp. IVC(X)] denotes
the set of all IVOSs [resp. IVCSs] in X.

Definition 4 ([1,17]). For each A € 2F, an Fy is called a soft set over X if F4 : A — 2X isa
mapping such that Fp(e) = @ for each e ¢ A.

We will denote the set of all soft sets over X as SS(X), while SS(X)g will denote the set of all
soft sets over X with respect to a fixed set E of parameters.

Definition 5 ([2,3]). F4 € SS(X) is called the following:
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(i) A null soft set or a relative null soft set (with respect to A), denoted by D4, if Fa(e) = @,
foreache € A;

(ii) An absolute soft set or a relative whole soft set (with respect to A), denoted by X 4, if
Fy(e) = X foreach e € A.

We will denote the null [resp. absolute] soft set in SSg(X) by Xg [resp. Dgl.

Definition 6 ([16]). Let T be a collection of members of SSg(X). Then, T is called a soft topology
on X if it satisfies the following conditions:

(i) @E, XE €T,

(i) ANB e tforany A, Be T;

(iii) Ujej Aj € T for each (Aj)je; C T, where | denotes an index set.

The triple (X, T, E) is called a soft topological space over X. Each member of T is called a soft
open set in X, and a soft set A over X is called a closed soft set in X if A® € T, where A is a soft set
over X defined by A°(e) = X — Ale) for each e € E (see [16]).

Definition 7 ([28]). For each A € 2E, an F4 = [F,, FX] is called an interval-valued soft set
(briefly, IVSS) over X if F5 : A — IVS(X) is a mapping such that F 4 (e) = @ foreach e ¢ A, i.e.,
F,, F} € SS(X) such that F; (e) C FJ (e) foreach e € A.

We can see that an IVSS over X is a generalization of soft sets over X and the special case of
an interval-valued fuzzy soft set proposed by Yang et al. [39].

Definition 8 ([28]). Let A € 2F and F4 € 1VSS(X). F is called the following:

(i) A relative null interval-valued soft set (with respect to A), denoted by @ 4, if F4(e) = @
foreache € A;

(ii) A relative whole interval-valued soft set (with respect to A), denoted by X 4, if F4(e) = X
foreache € A.

We denote the set of all IVSSs over X with respect to the fixed parameter set A as IVSS 4(X).

The members of IVSSg(X) will be denoted by A, B, C, ---.The interval—valued soft
empty [resp. whole] set over X with respect to E, denoted by @ [resp. Xg], is an IVSin X
defined as follows: for each e € E,

Qr(e) = @ [resp. Xg(e) = X].
See [28] for definitions of the inclusion, the intersection, and the union of two IVSSs.

Definition 9 ([28]). T C SSg(X) is called an interval-valued soft topology (briefly, IVST) on X
with respect to E if it satisfies the following axioms:

[IVSO4] @E, )?E €T,

[IVSO,]IfA, BT, then ANB € T;

[IVSO;;]If(A]‘)]‘e] C T, then Uje] A] cT.

The triple (X, T, E) is called an interval-valued soft topological space (briefly, IVSTS). Every
member of T is called an interval-valued soft open set (briefly, IVSOS), and the complement of an IV-
SOS is called an interval-valued soft closed set (briefly, IVSCS) in X. IVSO(X) [resp. IVSC(X)]
denotes the set of all IVSOSs [resp. IVSCSs] in X. The IVST {@g, Xg} [resp. IVSSg(X)] is called
an interval-valued soft indiscrete [resp. discrete] topology on X and is denoted by T, [resp. T,]. We
will denote the set of all IVSTSs over X with respect to E as IVSTSg(X) and denote the set of all
IVSCSs in an IVSTS (X, T, E) by T°.

We can easily see that an IVST is a special case of an interval-valued fuzzy soft topology
in the sense of Ali et al. [40]. Moreover, (X, T, 7") can be considered soft bi-topological
space in the viewpoint of Kelly [41] for each T € IVSTg(X), where

T ={U €SSg(X):Uert}, v7 ={U" €SSg(X):U € 1}
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Result 1 (Proposition 4.5, [28]). Let (X, T, E) be an IVSTS, and for each e € E,
7. ={U(e) € IVS(X) : U € 7}.

Then, T, is an interval-valued topology (briefly, IVT) on X, as proposed by Kim et al. [36]. In
this case, 7, will be called a parametric interval-valued topology, and (X, t.) will be called a
parametric interval-valued topological space.

Furthermore, we obtain two classical topologies on X for each IVSTS (X, 7, E), and
each e € E is given as follows (see Remark 4.6 (1), [28]):

7,7 ={A(e)” €2X:Ae) e .y and 7," = {A(e)" €2X: A(e) € 1.}
In this case, 7,” and 7, will be called parametric topologies on X.

3. Basic Properties of Interval-Valued Soft Sets

In this section, we define relationships between an interval-valued point and an
interval-valued soft set and deal with some of their basic set theoretical properties. Also, we
introduce the concept of interval-valued soft mappings and obtain some of their properties.

Definition 10 ([33]). Let A € IVSSg(X) and x € X. We then have the following:
(i) x, is said to belong or totally belong to A, denoted by x, € A, if x € A~ (e) for each e € E.
(ii) x, is said to belong or totally belong to A, denoted by x, € A, if x € A™ (e) for each e € E.

Note that for any x € X, x;, ¢ A [resp. x, ¢ A]if x ¢ A~ (e) [resp. x ¢ AT (e)] for
some e € E. Itis obvious that if x, € A, then x, € A. But the converse is not true in general
(see Example 3.2, [33]).

Definition 11. Let A € IVSSg(X) and x € X. Then we say the following:

(i) x, partially belongs to A, denoted by x, €, A, if x, € Ale), i.e.,, x € A~ (e) for some
e € E;

(ii) x, does not totally belong to A, denoted by x, &, A, if x, & A(e), i.e., x ¢ A~ (e) for
eache € E;

(iii) x, partially belongs to A, denoted by x, €, A, if x, € A(e), i.e., x € AT (e) for some
ec E;

(vi) x, does not totally belong to A, denoted by x, ¢, A, if x, ¢ A(e), i.e., x ¢ AT (e) for
eache € E.

It is obvious that if x, €, A [resp. x, &, A], then x, €, A [resp. x, ¢, A]. But the
converse is not true in general (see Example 1).

Example 1. Let X = {a,b,c,x,y,z} be a universe set and E = {e, f, g} a set of parameters.
Consider the IVSS A defined by

Ale) = [{a, b}, {a,b,c}], A(f) = [{a} {a,c,2}], A(Q) = [{a, ¢, x}, {a,c, x}].

Then, clearly, a,, b, €, Abutc,, x,, y,, z, €; A. Also, a,, b,, c,, x,, z, €, A, but
Yo &1 A

Proposition 1. Let A, B € IVSSg(X) and x € X. Then, we have the following:

(1) Ifx, € Alresp. x, € A], then x, €, A [resp. x, €, A].

(2) x; &, Alresp. x, ¢, Alifand only if x, € A° [resp. x, € A°].

(3)x, €, AUB [resp. x, €, AUB]ifandonlyifx, €, Aorx, €, B[resp. x, €, Aor
x, €, Bl.

(4)Ifx, €, ANB[resp. x, €, ANB], thenx, €, Aand x, €, B [resp. x, €, A and
X, €, B].
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(®)Ifx, € Aorx, € B[resp. x, € Aorx, € B], then x, € AUB [resp. x, € AUB].
(6) x, € ANB [resp. x, € ANBlifand only if x, € Aand x, € B [resp. x, € A and
x, € B].
Proof. The proofs follow from Definitions 10 and 11. O

Remark 1. The converses of Proposition 1 (1), (3), and (5) need not be true in general (see Example 2).

Example 2. Let X = {a, b} be a universe set and E = {e, f} a set of parameters, and consider two
IVSSs A and B over X defined by

Ale) = [{a}, X], A(f) = [{}, X], B(e) = [2,{a}], B(f) = [X, X].

Then, we can easily check that a, €, A buta, ¢ A. Also,b, €, Aand b, €, B, but
b, ¢, ANB. Furthermore, a, € AU B, but neither a, € Anora, € B.

Definition 12. Let A, B € IVSSg(X). Then, the Cartesian product of A and B, denoted by
A X B, isan IVSS over X x X defined as follows: for each (e, f) € E X E,

(A xB)(e, f) = Ale) x B(f) = [A"(e) x B~ (e), A" (e) x B (¢)].
From Definitions 2 and 12, it is obvious that for each (x,y) € X x X,
(xy), =%, xy,and (x,y), = X, X Yo = X, X ¥, = X, X Y.
Example 3. Consider A, B € IVSSg(X) given by Example 2. Then, A x B is given as follows:
(A xB)(e,e) = [@,{(a,a),(b,a)}, (AxB)(e f) =[{(a,a) (ab)}, X xX],
(A xB)(f,e) = [@,{(a,a),(b,a)}, (AxB)(f, f) = [{(b,a),(bb)}, X x X].

Definition 13. Let A, B € IVS(X). Then, the Cartesian product of A and B, denoted by A X B,
is an IVS in X x X defined as follows:

AxB=[A" xB ,A" x B].
Itis clear that (x,y), = [(x,y), (x,y)] = x, Xy, and (x,y), = [D, (x,y)] = x, X Y.

Lemma1l. Let A, B € IVS(X)and x, y € X. Then, (x,y), € A x B [resp. (x,y), € A x B]if
and only if x, € Aandy, € B [resp. x, € Aandy, € B].

Proof. The proof follows from Definitions 2 and 13. [

We obtain a similar consequence for Lemma 1.

Proposition 2. Let A, B € IVSSg(X) and x, y € X. Then, we have the following:

(1) (x,y), €p A xBresp. (x,y), €, A xBlifandonly if x, €, Aandy, €, B [resp.
X, €, Aandy, €, B];

(2) (x,y), € AxB]Jresp. (x,y), € Ax Blifandonlyifx, € Aand y, € B [resp. x, € A
and y, € B].

Proof. (1) Suppose (x,y), €, A x B. Then, there is (¢, f) € E x E such that (x,y), €
A(e) x B(f). Thus, by Lemma 1, x, € A(e) and y, € B(f). So, x, €, Aand y, €, B. The
proof of the converse is obvious. Also, the proof of the second part is similar.

(2) The proof is similar to (1). O

Lemma 2. Let A, B, C, D € IVS(X). Then, we have the following:
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W) Ax(BNC) = (A
() Ax (BUC) = (A
B)(AxB)N (CxD):
4) (AxB)U(CxD)cC

B)N (A x C);

B)U A x C);
(ANC)x (BND),
(AUC) x (BUD).

Proof. (1) Ax (BNC)=[A",A"]|x ([B~,BT]n[C~,CT]

=[A", AT x [B-NC~,B"NCT]
=[A” xB NC |,A" x Bt N C*] [By Definition 13].

Let (X,]/)l c A X (B N C) = [AilAJr} X ([B*/BJF] N [C*/CJr]‘ Then Clearly,
(x,y), € [A~ x B~ NC], A" x B nC*].

Thus, (x,y) € A~ x B NC~,ie, (x,y) € A=, B~ and (x,y) € A=, C".So, (x,y) €
(A= xB7)N(A” xC7),ie, (x,y) € [(AxB)N(AxC)]".Hence, (x,y), € (AxB)N
(A x C). Therefore, A x (BNC) C (A x B)N (A x C). The converse inclusion is proved
similarly.

(2) The proof is similar to (1).

B) (AxB)N(CxD)=([A~xB7,A" xBf])N([C- xD~,C* x D¥]
[(A-xB7)N(C~ xD7), (AT xBT)N(C" x DT)]

[((ATNC7)x (B~ ND7),(ATNC")x (B*ND™")]
=[((ANC)x (BND))",((ANC) x (BND))*]
ANC)x (BND).

(
4  (AUC)x(BUD)
=[(AUC)” x(BUD) ,(AUC)" x (BUD)*
=[(A"UC ) x (B-UD"),(ATUC") x (BT uUD™)]
=[(A"xB )U(A"xD)U(C - xB)U(C xD7),
(AT xBT)U (AT xDT)U(Ct x BY)U(CT x D1)]
D [(A™ xB)U(C x D7), (AT x BT)U(CT x DT)]
=[((AxB)U(Cx D))", ((AxB)U(Cx D))"]
= (AXB)U(CxD).

Note that (3) and (4) can be proved using Definition 2. O

We have a similar consequence for Lemma 2.

Proposition 3. Let A, B, C, D € IVSSg(X). Then, we have the following:
(DA x(BNC)=(AxB)N(AxC);
(2)A x (BUC) = (A xB)U(A x C);
B)(AxB)N(CxD)=(ANC) x (BND);

4 (AxB)U(CxD)C (AUC) x (BUD).

Proof. The proofs follow from Lemma 2 and Definitions 10-12. O

Definition 14. Let X and Y be nonempty sets and E and E sets of parameters. Let f : X =Y
and ¢ : E — E' be mappings, A € IVSSg(X), and B € IVSSg(Y). Then, we have the following:

(i) The image of A under f with respect to ¢, denoted by f,(A), is an IVSS over X defined as
follows: for each ¢ € E,

[ Ve fA@) i) £ 0
folA)(€) = "

@ otherwise.
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(ii) The pre-image of B under f with respect to ¢, denoted by qul(B), is an IVSS over X
defined as follows: for each e € E,

fo (B)(e) = fTH(B(g(e))) 2

In this case, the mapping fo : IVSSEg(X) — IVSS . (Y) will be called an interval-valued soft
mapping.

It is clear that fq,(eal) =€) = Ca), and fq,(eao) =,

0) f(”)o‘

Definition 15. An interval-valued soft mapping f, : IVSSg(X) — IVSS(Y) is said to be
injective [resp. surjective, bijective] if f and ¢ are injective [resp. surjective, bijective].

Proposition 4. Let f, : IVSSE(X) — IVSS(Y) be an interval-valued soft mapping and
B € IVSS ./ (Y). Then, we have the following:

(1) If ¢ is surjective and y, €, f,'(B) [resp. y, €, f, ' (B)], then x, €, [resp. x, €,] for
each x € f~1(y).
2 Ify, ¢, Blresp. y, ¢, B, then x, ¢, f,(B) [resp. x, &, f,"(B)] for each

x € fH(y).
(3)Ify, € B resp. y, € B], then x, € f, ' (B) [resp. x, € f, " (B)] for each x € f~!(y).

(4) If @ is surjective and y, ¢ B [resp. y, & B], then x, & f(;l(B) [resp. x, & qul(B)]for
each x € f~1(y).

Proof. (1) Suppose ¢ is surjective and y, €, Band let x € f~!(y). Since y, €, B, there is
¢ € E such thaty, € B(¢'),i.e, y € B~ (¢). Since ¢ is surjective, there is e € E such that
¢ = @(e). Then,y € B~(¢') = B~ (¢(e)). Thus, we obtain

FHy) € FHB(g(e))) = fo 1 (B7)(e).

So, x € qul(B*)(e). Hence, x, €, fqgl(B).
(2) Suppose y, ¢, Band letx € f~1(y).Sincey, ¢, B,y, ¢ B(¢'),i.e, y & B~ (e') for
eache' € E'. Thus, y ¢ B~ (¢(e)) for each ¢ € E. So, we have

FHNfHB(9(e) = F {y} N B~ (g(e) = 2.

Hence, x ¢ f1(B~(¢(e))). Therefore, x, &, qul(B)

(3) Suppose y, € Band let x € f~!(y). Sincey, € B, y, € B(¢),ie,y € B~(¢) for
each e € E'. Thus, y € B (¢(e)) for each e € E. So, x € f~1(B~(¢(e))) for each e € E.
Hence, x, € fq,_l(B)

(4) Suppose ¢ is surjective and y, ¢ B and let x € f~1(y). Since y, ¢ B, thereise € E’
such thaty, ¢ B(e'), i.e., y & B~ (¢). Since ¢ is surjective, there is ¢ € E such that e’ = ¢(e).
Then, y ¢ B~ (¢) = B~ (¢(e))- Thus, f~(y) N f~ (B~ (¢(e)) = @. S0, x & f~1 (B~ (¢(e))-
Hence, x, ¢ fq)_l(B)

Note that the proof of the second part in (1), (2), (3), and (4) is similar to each proof. O

The following is an immediate consequence of Definition 14.
Proposition 5. Let f,, : IVSSg(X) — IVSS/(Y) bean interval-valued soft mapping, A, A1, Ay €

IVSSE(X), and let (A;) ey be a family of IVSSs over X, where ] is an index set. Then, we have the
following:

(
(2) fol
E3§ quEUJ'GI Aj) = Ujey fo(A);
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(5) If A1 C Ay, then f({)(Al) C f(P(Az).

Proposition 6. Let f,, : IVSSg(X) — IVSS(Y) be a bijective interval-valued soft mapping
and A € IVSSg(X). Then, (fy(A))° = fo(A°).

Proof. The proof follows from Definition 14 (i). O
Remark 2. In Proposition 5 (4), if f, is injective, then the equality holds.
Also, from Definition 14, we obtain the following.

Proposition 7. Let f, : IVSSg(X) — IVSSp/(Y) be an interval-valued soft mapping, A €
IVSSE(X), B, By, By € IVSSE(Y), and (B;) ey be a family of IVSSs over Y. Then, we have the
following:
(1) A C f, (f(A));
(2) fo(fy'(B)) C B;
(3) fo (Ujes Bj = Ujey f5 ' (B));
(4) fq}l(ﬂje] B = mje] qul(Bj)r'
(5) If By C By, then f,'(By) C f, ' (Ba);
(6) fo £ (B)) = (fo(B))"
(7) fo ' (@pr) = Ok

Remark 3. (1) In Proposition 7 (1), if f,, is injective, then the equality holds.
(2) In Proposition 7 (2), if f, is surjective, then the equality holds.

Proposition 8. If f, : IVSSg(X) — IVSS/(Y) and gg : IVSS 1 (Y) — IVSSn(Z) are two
interval-valued soft mappings, then (g © f)pog : IVSSE(X) — IVSSn(Z) is an interval-valued
soft mapping. In fact, for each A € IVSSg(X),

(80 fgop(A) = (8p © fp)(A) = gp(fyp(A))-

-1

Furthermore, (g0 f) 40, = fo ' 08471-

Remark 4. Let idx : X — X and idg : E — E be the identity mappings on X and E, respectively.
Then clearly, by Definition 15, iXm_dE : IVSSE(X) — IVSSEg(X) is a bijective interval-valued soft
mapping. In this case, idXidE : IVSSE(X) — IVSSE(X) will be called the interval-valued soft
identity mapping.

4. Interval-Valued Soft Continuities

In this section, we propose the continuity and pointwise continuity of an interval-
valued soft mapping and obtain a characterization of them (see Theorem 1). Also, we
define an interval-valued soft open and closed mapping and obtain a characterization of
each concept (see Theorems 3 and 4). Moreover, we introduce the notion of interval-valued
soft quotient topologies and study some of their properties.

Definition 16. Let (X, T) and (Y,6) be IVSTSs and f,, : IVSSg(X) — IVSS . (Y) an interval-
valued soft mapping. Then, f is said to be an interval-valued soft continuous mapping (briefly,
IVSCM), if f~Y(V) € T for each V € 6.

Proposition 9. Let X, Y, Zbe IVSTSsand f, : IVSSg(X) — IVSSp/(Y)and gy : IVSS . (Y) —
IVSS i (Z) two IVSCMs. We have the following:
(1) The identity mapping id¢'d 1 IVSSE(X) — IVSSE(X) is an IVSCM.
g

() If fy and gy are IVSCMs, then (g o f)gpogp is an IVSCM.
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Proof. The proofs follow from Definition 16, Remark 4, and Proposition 8. [

Remark 5. Let IVSt,p be the collection of all IVSTSs and all IVSMs between them. Then, we can
easily see that IV Stop forms a concrete category from Proposition 9.

Definition 17 ([28]). Let (X, T,E) be an IVSTS and N € IVSSg(X). Then, we have the
following:

(i) N is called an interval-valued soft neighborhood (briefly, IVSN) of e, € X if there exists
aU € T such that
e, €UCN,ie,aclU (e) C N (e),

"

(ii) N is called an interval-valued soft vanishing neighborhood (briefly, IVSVN) of &, € X if
there exists a U € T such that

¢, €EUCN, ie, a€ Ut(e) c Nt (e).

a

We will denote the set of all IVSNs [resp. IVSVNs] of e, [resp. e, 1by N(e, ) [resp. N(e, )I.
It is obvious that Nr(ea1 )(e) = Nz, (a,) [resp. NT(eﬂO)(e) = Nz, (a,)].

Definition 18. Let X and Y be IVSTSs, a € X, and f, : IVSSg(X) — IVSS(Y) be an
interval-valued soft mapping. Then, f, is called the following:

(i) An interval-valued soft continuous mapping (briefly, IV'SCM) at e, if fo Lv)e N(eﬂ1 )
foreach'V € N(f(,)(eu1 ) = N(eﬂ”)l );

(ii) An interval-valued vanishing continuous mapping (briefly, IVVSCM) at €, iffo Lv)e
N(eao ) foreach V € N(fq,,(eaO ) = N(eﬂ% ).

Theorem 1. Let (X, T) and (Y, ) be two IVSTSs; let f,, : IVSSE(X) — IVSS . (Y) an interval-
valued soft mapping. Then, f, is an IVSCM if and only if it is both IVSCM at each e, and
IVVSCM at each e,

Proof. Suppose f,, is an IVSCM and let V € N( fqg(eﬂ1 )) for any a € X. Then thereis U € ¢
such that fq,(eg1 ) € U C V. Thus, by Proposition 7 (5), we have

e, €f,'(U)Cf,'(V)and f,'(U) e.

M

So, f is an IVSCM at e, - Similarly, the second part is proved.

Conversely, suppose the necessary condition holds and let V' € ¢ such that fqo(ea1 )evV
and fq,(eaO ) € V for any a € X. Then by the hypotheses and Proposition 3.27 in [28], there
are U,, U, € Tsuch that f,(e, ) € U, C V,, fy(e, ) € U, C V, with U = U, UU, and
V =V, UV,. Thus, by Proposition 7 (5), we obtain

e, € £,(U) C £, (V,) and e, € £,(U,) C £, (V,).

So, by Proposition 7 (3), we have
fo (V) = f (V) U £ (V,)

B (U@al eff(vl)f‘ﬂ_l(ul)) N (U% Efqﬂ(Vo)fsv_l(Uo))'
Hence, f~1(V) € 7. Therefore, f isan IVSCM. [

Definition 19 ([28]). Let (X, T, E) be an IVSTS and A € IV S(X)g. Then, we have the following:
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(i) The interval-valued soft closure of A with respect to T, denoted by IV Scl(A), is an IVSS
over X defined as
IVScl(A) = ({K € t°: A C K}.

(i) The interval-valued soft interior of A with respect to T, denoted by IV Sint(A), is an IVSS
over X defined as
IvSint(A) = {U et:UC A}

Definition 20 ([28]). Let (X, T, E) be an IVSTS and B, o C t. Then, we have the following:

(i) B is called an interval-valued soft base (briefly, IVSB) for T if U = Q@ or thereis B C B
suchthat U= J{B:B e g} forany U € .

(ii) o is called an interval-valued soft subbase (briefly, IVSSB) for T if the family of all finite
intersections of members of o is an IVSB for T.

Theorem 2. Let (X, T)and (Y,6) be IVTSs, fp : IVSSE(X) — IVSS . (Y) be an interval-valued
mapping, and B and o be a base and subbase for T, respectively. Then, the following are equivalent:

(1) fop isan IVSCM;

) f(P‘l(C) € € for each C € 65

() fo(IVScl(A)) C IVScl(fy(A)) for each A € IVSSg(X);

@) IVScl(f, 1(B) C f, ' (IVcl(B)) for each B € IVSS (Y);

() qul(B) € T foreach B € B;

(6) fq,_l(S) € Tforeach S € 0.

Definition 21. Let (X,T) and (Y,0) be IVSTSs and f, : IVSSg(X) — IVSS(Y) be an
interval-valued mapping. Then, f is said to be interval-valued soft open [resp. closed] if f,(A) € &
for each A € T [resp. f,(C) € 6¢ for each C € T°].

From Proposition 8 and Definition 21, we have the following.

Proposition 10. Let X, Y, and Z be IVSTSs and f, : IVSSg(X) — IVSS(Y) and gy :
IVSS i (Y) — IVSS i (Z) be two interval-valued mappings. If f,, and g, are interval-valued soft
open [resp. closed], then so is (0 f)pog-

We provide a necessary and sufficient condition for a mapping to be interval-valued
soft open.

Theorem 3. Let (X,7) and (Y,6) be IVSTSs and fy : IVSSg(X) — IVSS i (Y) be interval-
valued soft. Then, the following are equivalent:

(1) fy is interval-valued soft open;

(2) f(IVSint(A)) C IVSint(f,(A)) for each A € IVSSg(X).

Proof. (1)=-(2): Suppose f, is interval-valued soft open and let A € IVSSg(X). Since
1VSint(A) € 1, fo(IVint(A)) € 4. Since IVSint(A) C A, by Proposition 5 (5), f,(IVSint(A)) C
fo(A). On the other hand, IVSint(f,(A)) is the largest IVSOS in X contained in f,(A). Then,
fo(IVSint(A)) C IVSint(f,(A)).

(2)=(1): Suppose (2) holds and let U € 7. Then, by Theorem 5.22 (2) in [28], U =
1VSint(U). Thus, by the hypothesis, f,(U) = f,(IVSint(U)) C IVSint(f,(U)). On the
other hand, it is obvious that IV Sint(f,(U)) C f,(U). So, f,(U) = IVSint(f,(U)). Hence,
fo(U) € 4. Therefore, f, is interval-valued soft open. []

Proposition 11. Let (X, T), (Y,9) be IVSTSs and f,, : IVSSg(X) — IVSS i (Y) be an interval-
valued soft mapping. If f, is an IVSCM and injection, then IV Sint(fy,(A)) C fo(IVint(A)) for
each A € IVSSE(X).
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Proof. Suppose f, is an IVSCM and injection, and let A € IVSSg(X). Since f,(IVSint(A)) €
o, fo L(fo(IVSint(A))) € T by the hypothesis. By the fact that f,, is injective, from Remark 3
(1), we have

o L (fp(IVSint(A))) C f,(fp(A)) = A.

On the other hand, IVSint(A) is the largest IVSOS in X contained in A. Then,
fgo_l(IVSint(fqo(A))) C IVSint(A). Thus, IVSint(fy(A)) C fo(IVSint(A)). O

The following is the immediate consequence of Theorem 3 and Proposition 11.

Corollary 1. Let X and Y be IVSTSs and fy, : IVSSg(X) — 1VSS . (Y) be an interval-valued
soft mapping. If f, is interval-valued soft continuous, open, and injective, then f,(I1VSint(A)) =
1VSint(fy(A)) for each A € IVSSg(X).

The following provides a necessary and sufficient condition for a mapping to be
interval-valued soft closed.

Theorem 4. Let (X,7), (Y,0) be IVSTSs and f, : IVSSg(X) — IVSSp(Y) be an interval-
valued soft mapping. Then, f, is interval-valued soft closed if and only if IVScl(fy,(A)) C
fo(IVScl(A)) for each A € IVSSg(X).

Proof. Suppose f, is interval-valued soft closed and let A € IVSSg(X). Then clearly,
A C IVScl(A). Since IVScl(A) € 7, fo(IVScl(A)) € &° by the hypothesis. Thus,
IVScl(fy(A)) C fp(IVScl(A)).

Conversely, suppose the necessary condition holds and let C € t¢. Since C =
IVScl(C), we have

IVScl(f,(C)) C f,(IVSCl(C)) = f,(C) C IVScl(f,(C)).

Then, f,(C) = IVScl(fy(C)). Thus, f,(C) € &°. So, f, is interval-valued soft closed. []

Theorem 5. Let X and Y be IVSTSs and fy, : IVSSg(X) — 1VSS . (Y) be an interval-valued
soft mapping. Then, f is interval-valued soft continuous and closed if and only if f,(IVScl(A)) =
IVScl(fy(A)) for each A € IVSSg(X).

Proof. Let A € [VSSg(X). Then, from Theorem 2 (3), we have
f¢ is interval-valued soft continuous if and only f,(IVScl(A)) C IVScl(fy(A)).

Also, by Theorem 4, IVScl(fy(A)) C fo(IVScl(A)). Thus, the result holds. [

Definition 22. Let X and Y be IVTSs and f,, : IVSSg(X) — IVSS . (Y) be an interval-valued
soft mapping. Then, f, is called an interval-valued soft homeomorphism if it is bijective, interval-
valued continuous, and open.

Definition 23 ([28]). Let 7y, T» € IVSTg(X). Then, we say the following:
(i) 7 is coarser than Ty or Ty is finer than 1y if 11 C To;
(ii) Ty is strictly coarser than T, or Ty is strictly finer than T if 1 C T and T # T,
(iii) Ty is comparable with T, if either 1 C o or T2 C Tq.

It is obvious that T, C T C T, for each T € IVSTg(X), and (IVSTg(X), C) forms a
meet lattice with the smallest element 7, and 7, from Corollary 4.9 in [28].

We would like to see if there is an IVST on a set X such that an interval-valued soft
mapping or a family of interval-valued soft mappings of an IVSSg(X) into an IVSS ./ (Y)
is interval-valued soft continuous. The following propositions answer this question.
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Proposition 12. Let X bea set, (Y,0) an IVSTS, and fy, : IVSSg(X) — IVSS/(Y) an interval-
valued soft mapping. Then, there is the coarsest IVST T on X such that f, is an [IVSCM.

Proof. Let T = {qul (V) € IVSSE(X) : V € 6}. Then, we can easily check that 7 satisfies
conditions (IVSOy), (IVSOy), and (IVSO3). Thus, T is an IVST on X. By the definition of T,
it is clear that f, : IVSSg(X, ) — IVSS/(Y,0) is an IVSCM. 1t is easy to prove that 7 is
the coarsest IVST on X such that f, : IVSSg(X,T) — IVSS/(Y,0) isan IVSCM. [

Proposition 13. Let X be a set, (Y,6) an IVTS, and fy, : IVSSE(X) — IVSSp(Y) an interval-
valued soft mapping for each ¢ € O, where ® is an index set. Then, there is the coarsest IVST T on
X such that fy is an IVSCM for each ¢ € ®.

Proof. Let ¢ = {f, (V) € IVSSE(X) : V € §, ¢ € ®}. Then, we can easily check
that 7 is the IVST on X with ¢ as its IVSB. Thus, T is the coarsest IVST on X such that
fo : IVSSE(X, T) — IVSS (Y, 6) is an IVSCM for each ¢ € @.  [J

Proposition 14. (The dual of Proposition 12) Let (X, T) be an IVSTS, Y a set, and f, :
IVSSE(X) — 1VSS (Y) an interval-valued soft mapping. Then, there is the finest IVST 6 on Y
such that f, is an IVSCM.

Proof. Let 6 = {V € IVSS./(Y) : fq,_l(V) € 7}. Then, we can easily check that ¢ is the
finest IVST on Y such that f,, : IVSSg(X,T) — IVSS/(Y,6) isan IVSCM. [

Definition 24. Let (X, T) be an IVSTS, Y a set, and f, : IVSSg(X) — IVSS (Y) an interval-
valued soft surjective mapping. Then,

§={VelVss,(Y):f,'(V) e}

is called the interval-valued soft quotient topology (briefly, IVSQT) on Y induced by f,. The
pair (Y, ) is called an interval-valued soft quotient space (briefly, IVSQS), and f, is called an
interval-valued soft quotient mapping (briefly, IVSQM).

From Proposition 14, it is obvious that 6 € IVST (Y). Moreover, it is easy to see that
if (Y, 9) is an IVSQS of (X, T) with IVSQM f,. Then, for an IVSS C over Y, C € ¢ if and
only if qul(C) S

Let (X, 7) and (Y,7) be IVSTSs and let f,, : IVSSg(X) — IVSS/(Y) be an interval-
valued soft surjective mapping. Then, the following provides conditions on f,, such that
11 = 6, where ¢ is the IVSQT on Y induced by f,.

Proposition 15. Let (X, 7)and (Y,n) be IVTSs, f, : IVSSE(X,T) — IVSS (Y, 1) an interval-
valued soft continuous surjective mapping, and 6 the IVSQT on Y induced by f,. If f, is interval-
valued soft open or closed, then 1 = 6.

Proof. Suppose f, is interval-valued soft open and let ¢ be the IVSQT on Y induced by f,.
Then clearly, by Proposition 14, ¢ is the finest IVST on Y for which f, is interval-valued
soft continuous. Thus, 77 C 4. Let U € 4. Then clearly, f, 1(U) € & by the definition of 6.
Since f, is interval-valued soft open and surjective, U = f,(f, 1(U)) € 5. Thus, 6 C 7. So,
n=2.

When f is interval-valued soft closed, the proof is similar. [J

Proposition 16. The composition of two IVSQMs is an IVSQM.

Proof. Let f, : IVSSE(X,T) — IVSS(Y,6) and gy : IVSS/(Y,8) — IVSS.i(Z,7) be
two IVQMs. Let 1 be the IVSQM on Z induced by (go f)yp o ¢ and let V € . Since
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8¢ : IVSS(Y,0) — IVSS i (Z,7) is an IVSQM, g;l(V) € 4. Since f, : IVSSg(X,T) —
1VSS,(Y,5) is an IVSQM, (g © f) 5o, (V) = f5 (85" (V)) € 7. Then, V € 1. Thus, 7 C 1.
Moreover, we can easily show that 77 C <. Thus, 17 = 1. So, (g © f)goe is an IVSQM. [

Theorem 6. Let (X,7) and (Z,n) be two IVSTSs, Y a set, fp : IVSSE(X) — IVSS(Y)
an interval-valued soft surjective mapping, and & the IVSQT on Y induced by f,. Then, g¢ :
IVSSE(X,T) — IVSSp(Z,1) is an IVSCM if and only if (g o f)gop : IVSSE(X,T) —
IVSS i (Z,1) is an IVSCM.

Proof. Suppose g, is an IVSCM. Since f,, : IVSSg(X, T) — IVSS (Y, 6) is an IVSCM, by
Proposition 9 (2), (g © f)gog : IVSSE(X,T) — IVSSn(Z,7) is an IVSCM.

Suppose (g © f)gop is an IVSCM and let V € 7. Then clearly, (g o f)(;olq](V) € tand
(g of)(;olgo(V) = qul(g(;l(V)). Thus, by the definition of J, g(;l(V) € 0. So, gp is an
IVSCM. O

Proposition 17. Let (X, 1) and (Y, Ty) be two IVSTSsand p = {UxV :U €y, V € 1o }.
Then, B is an IVSB for an IVST ton X x Y.

In this case, T is called the interval-valued soft product topology (briefly, IVSPT) on
X x Y, and the pair (X X Y, 7) is called an interval-valued soft product space (briefly, IVSPS)
of Xand Y.

Proof. It is obvious that Xr € 7; and XN/E/ € . Then, X X Y, o = Xg % ?E/ € B. Thus,

XxY= U B. So, [Theorem 4.25 (1), [28]] holds.
Now, suppose By = U; x Vi, By = U x V3 € B, where Uy, Uy € 1y and V4, V; € 1.

For any (a,b) € X x Y, let e, e € B1 N By. Then, we have
4 0

by’ Cab)

B; N By = (Uy x V1) N (Uz x Va) = (U x Uz) N (Vq X V). 3)

SinceUy, U €e mand Vy, Vo € H,U; x Uy € Ty and Vi X V, € 1. Thus, BiNB;, € B.
So, [Theorem 4.25 (2), [28]] holds. Hence, fisanIVSB foran IVSTton X x Y. O

Remark 6. Let 7, : X XY = X, 71, : XxY =Y, m, : EXE — E,and 7w, : ExE — E be
the usual projections. Then, we can easily see that the following are interval-valued soft mappings:

Ty, t1VSSp, (X xY) = IVSSE(X),
My, IVSSy p (XX Y) = IVSSp(Y),
E

In this case, we will call T, and 7 interval-valued soft projections.
Xrp Y m

5. Partial Interval-Valued Soft Separation Axioms

In this section, first, we recall separation axioms in an IVSTS proposed by Baek
(See [33]). Next, we introduce new separation axioms in interval-valued soft topological
spaces using belong and nonbelong relations and study some of their properties and some
relationships among them.

Definition 25 ([33]). An IVSTS (X, 1, E) is called the following:

(i) An interval-valued soft Ty(i)-space (briefly, IVSTy(i)-space) if for any x, y € X with x # y,
thereis U, V € 7 such that either x, € U,y, € Uory, € V,x, € V;

(ii) An interval-valued soft Ty(ii)-space (briefly, IVSTy(ii)-space) if for any x, y € X with
x # y, thereis U, V € T such that either x, € U, y, € Uory, € V, x, € V;

(iii) An interval-valued soft Ty (i)-space (briefly, IVST;(i)-space) if for any x, y € X with
x #y, thereare U, V € Tsuchthatx, € U,y, € Uandy, € V,x, ¢ V;
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(iv) An interval-valued soft T, (ii)-space (briefly, IVST;(ii)-space) if for any x, y € X with
x #y, thereare U, V € tsuch that x, € U,y, € Uandy, € V,x, ¢ V;

(v) An interval-valued soft Ty(i)-space (briefly, IVST,(i)-space) if for any x, y € X with
x #y, thereare U, V € Tsuchthatx, € Uy, € VandUNV = @E;

(vi) An interval-valued soft T,(ii)-space (briefly, IVST,(ii)-space) if for any x, y € X with
x #y, thereare U, V € Tsuchthat x, € U,y, € Vand UNV = @E;

(vii) An interval-valued soft regular (i)-space (briefly, IVSR(i)-space) if for each x € X with
x, € A, thereare U, V € Tsuchthatx, € U ACVand UNV = @E;

(viii) An interval-valued soft reqular (ii)-space (briefly, IVSR(ii)-space) if for each x € X with
x, & A, thereare U, V € Tsuchthat x, c U ACVandUNV = @E;

(xi) An interval-valued soft Tz(i)-space (briefly, IVSTs(i)-space) if it is an IVSR(i) and
IVST(i)-space;

(x) An interval-valued soft Tz(ii)-space (briefly, IVST3(ii)-space) if it is an IVSR(ii) and
IV ST (ii)-space;

(xi) An interval-valued soft normal space (briefly, IVSNS) if for any IVSCSs Fy and Fy in X
with F1 NFy = @E, thereare U, V € Tsuch that F{ CU,F, CVand UNV = @E,

(xii) An interval-valued soft Ty(i)-space (briefly, IVSTy(i)-space) if it is an Ty(i)-space and an
IVSNS;

(xiii) An interval-valued soft Ty(ii)-space (briefly, IV STy(ii)-space) if it is an Ty (ii)-space and
an IVSNS.

Definition 26. An IVSTS (X, 1, E) is called the following:

(i) A partial interval-valued soft To(i)-space (briefly, PIVSTy(i)-space) if for any x #y € X,
there is U € T such that either x, € U, y, ¢, Uory, € U, x, £, U;

(ii) A partial interval-valued soft To(ii)-space (briefly, PIVSTy(ii)-space) if for any x #y € X,
there is U € T such that either x, € U, y, &, Uory, € U, x, &, U;

(iit) A partial interval-valued soft Ty (i)-space (briefly, PIVST1(i)-space) if for any x #y € X,
thereare U, V € Tsuchthat x, € U,y, ¢, U,y, € V,and x, &, V;

(iv) A partial interval-valued soft T (ii)-space (briefly, PIVST; (ii)-space) if forany x #y € X,
thereis U € T suchthat x, € U,y, &, U, y, € V,and x, ¢, V;

(v) A partial interval-valued soft Ty (i)-space (briefly, PIVST,(i)-space) if for any x #y € X,
there are U, V € T such that x, € U, y, ¢, U,y, € V,x, ¢, V,and UNV = Qp;

(vi) A partial interval-valued soft To(ii)-space (briefly, PIVST(ii)-space) if forany x #y € X,
thereis U € Tsuchthat x, € U, y, €, Uy, € V,x, &€, V,andUNV = @E.

Remark 7. (1) From the definitions of PIVST,(i) [resp. PIVST,(ii)]-space and IVST5(i) [resp.
IVST,(ii)]-space (see [33]), we can easily check that the notions of PIVST,(i) [resp. PIVST;(ii)]-
spaces and IVST5(i) [resp. IVST,(ii)]-spaces coincide.

(2) If an IVSTS (X, T,E) is a PIVST;(i) [resp. PIVST;(ii)]-space, then (X,t,E) and
(X, T, E) are p-soft Tj-spaces [resp. (X, T, E) is a p-soft Tj-space] for j = 0, 1, 2 in the sense of
El-Shafei et al. (see [34]).

Proposition 18. Every PIVST;(i) [resp. PIVST,(ii)]-space is an IVST;(i) [resp. IVST,(ii)]-space,
where j = 0, 1. But the converses are not true in general (see Example 4).

Proof. The proofs follow from relationships ¢, and ¢. O

Example 4. Let X = {x,y} and E = {e, f}. Consider the IVST T on X given by

T= {éEr A1, Az Az, Ay As, Ag, )?E}/

where A1( ) = [X,X], Aa(f) = [{x} {x}], Az(e) (X, X], A (f) Hy} v,
Az(e) = [0,2], As3(f) = [{y}, {y}], Aule) = [2,2], Aa(f) = [{x}, {x}],
As(e) = [0,2], As(f) = [X, X], A¢(e) = [X, X], and A¢(f) = [2,2].
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Then clearly, X is an IVST,(i)-space. But there is no U € T such that x, € Uand y, ¢, U.
Thus, X is not a PIVST;(i)-space.

Lemma 3. Let (X, T, E) bean IVSTS, A € IVSSg(X), and x € X. Then, x, ¢, IVScl(A) [resp.
x, &, IVScl(A)]if and only if there is U € T such that x, € U [resp. x, € Uland ANU = Q.

Proof. Suppose x, ¢, IVScl(A). Then, by Proposition 1 (2), x, € (IVScl(A)¢). Let U =
(IVScI(A)°). Then clearly, x, € U € 1. Moreover, AN U = @f. Conversely, suppose the
necessary condition holds. Then, A C U°. Since U° € ¢, I[VScl(A) C U°. Since x, € A,
by Proposition 1 (2), x, ¢, U°. Thus, x, ¢, IVScl(A). The proof of the second part is
analogous. [

Proposition 19. If (X, 7, E) is a PIVSTy(i)-space [resp. PIVSTy(ii)-space], then IV Scl(x,) #
IVScl(y,) [resp. IVScl(x,) # IVScl(y,)] for any x # y € X. However, the converse is not true
in general.

Proof. Suppose (X, T, E) is a PIVST(i)-space and let x # y € X. Then, there is U € 7 such
that eitherx, € U,y, ¢, Uory, € U, x, ¢, U.Sayx, € Uandy, ¢, U. Thus, y, ¢ U(e)
for each e € E. So, y, N U = @r. Hence, by Lemma 3, x, ¢, IVScl(y,) but x, € IVScl(x, ).
Therefore, IVScl(x,) # IVScl(y, ). See Example 5 for the proof of the converse

The second part is similarly proved. [

Example 5. Let (X, T, E) be the IVSTS given in Example 4. Then clearly, X is not a PIVST(i)-
space but IVScl(x,) # IVScl(y,).

We have an immediate consequence of Proposition 19.

Proposition 20. If (X, 7, E) is a PIVSTy(i)-space [resp. PIVST(ii)-space], then IV Scl (ex1 ) #
IVScl(fy1 ) [resp. IVScl(exO) # IVScl(fy0 ) forany x #y € Xandanye, f € E.

We have a characterization of a PIVST; (i)-space [resp. PIVST; (ii)-space].

Theorem 7. Let (X, T,E) be an IVSTS. Then, X is a PIVST (i)-space [resp. PIVST (ii)-space] if
and only if x, € T° [resp. x, € 7] for each x € X.

Proof. Suppose X is a PIVST(i)-space and let y; € X\ {x} for each j € ], where ] is an
index set. Then, there is U; € 7 such that yi, € U and x; ¢, U;. Thus, we have the

following: for eache € E,

x{(e) = (Xp\x;)(e) = [X\ {x}, X\ {x}] = | Uj(e) and x, & |J Uj(e).

i€l j€]

Since Ujej Uj € Tand x| € 7. So, x, € T°.

Conversely, suppose the necessary condition holds and let x # y € X. Then clearly,
x,, y, € ¢ Thus, x{, y{ € Tand y, € x{, x; € y|. Moreover, x, ¢, x{ and y, ¢, y;. So, X
is a PIVST (i)-space. The second part is similarly proved. O

Also, we obtain another characterization of a PIVST (i)-space [resp. PIVST; (ii)-space].

Theorem 8. Let (X, T,E) be an IVSTS and E be finite. Then, X is a PIVST1(i)-space [resp.
PIVST;(ii)-space] if and only if x, = N{U € T : x, € U} [resp. N{U € 7 : x, € U}] for each
x e X.
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Proof. Suppose X is a PIVST;(i)-space and let y € X. Then, for each x € X \ {y}, there
isU € tsuchthatx, € Uandy, ¢, U. Thus,y, ¢ U(e),ie.,y, & ﬂxleUeTU(e> for each
e € E. Since y is arbitrary, x, = N{U € 7:x, € U}.

Conversely, suppose the necessary condition holds and let x # y € X. Since y, ¢, X,
and E is finite, say | E |= m, there are at most U; € 7 such that x, € U; and y, ¢ U;(e;) for
eachi € {1,2,---,m}. Then, N, U; € Tsuch thaty, ¢, N“; U;and x, € N/, U;. Thus,
X is a PIVST] (i)-space.

Also, the second part is similarly proved. O

We obtain an immediate consequence of Theorem 8.

Corollary 2. Let (X, T, E) be an IVSTS. If X is a PIVST1(i)-space [resp. PIVST; (ii)-space], then
X, = ﬂ,(leUeT U [resp. x, = ﬂerUET U] for each x € X.

We have a relationship of a PIVST; (i)-space [resp. PIVST (ii)-space] and a PIVST,(i)-
space [resp. PIVST,(ii)-space].

Theorem 9. Let (X, T, E) be a finite IVSTS. Then, X is a PIVST(i)-space [resp. PIVST; (ii)-
space] if and only if it is a PIVST5(i)-space [resp. PIVST,(ii)-space].

Proof. Suppose X is a PIVST; (i)-space and let y € X \ {x}, y € X\ {y}. Then, by Theorem 7,

Y, X € T¢. Since X is finite, UyeX\{x} Y. and UxeX\{y} X, € 7¢. Thus, (UyEX\{x} yl)c =

X, (Uxex\(y} X,)° =¥y, € T. Moreover, x, Ny, = @p, where x, € x,,y, ¢, x, and y, € y,,

x, €;y,- So, X is a PIVST,(i)-space. The proof of the converse follows from Definition 26.
The second part can be similarly proved. [

Remark 8. In Theorem 8, if X is infinite, then an 1VSS x, in a PIVST,(i)-space [resp. PIV ST (ii)-
space] need not be an IVSOS in X (see Example 9).

Example 6. Let E be the set of natural numbers N and consider the family T of IVSSs over the set
of real numbers R given by

7= {Q@} | J{U € IVSSE(R) : Uiis finite}.
Then, we can easily check that (R, T, E) is an IVSTS. But x, & T for each x € R.

Definition 27. An IVSTS (X, 1, E) is said to be the following:

(i) Partial interval-valued soft reqular (i) (briefly, PIVSR(i)) if for each A € T° and each x € X
with x, ¢, A, thereare U, V € Tsuch that A C U, x, € V,and UNV = O;

(ii) Partial interval-valued soft reqular (ii) (briefly, PIVSR(ii)) if for each A € t° and each
x € Xwithx, &, A, thereare U, V € Tsuchthat AC U, x, € V,andUNV = @E.

Proposition 21. Every IVSR(i) [resp. IVSR(ii)]-space is PIVSR(i) [resp. PIVSR(ii)]. But the
converse is not true in general.

Proof. The proof follows from Definition 8 and Proposition 11. See Example 27 for the
converse. [J

Example 7. Let X = {x,y} and let E = {e, f,g}. Consider the IVST T on X defined by
T= {éEl Al’ A2/ A3I A4/ A5/ A6/ A7/ )FZE }/
where Ay (e) = A1(f) = A1(g) = [{x}, {x}], Aale) = Aa(f) = Aa(g) = [{y} {y}],

As(e) = [0,2), As(f) = As(g) = [{x}, {x}],
Ay(e) = [0,2], A4(f) = As(g) = Hy} {v}],
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As(e) = [{x}, {x}], As(f) = As(g) = [X, X],
As(e) = [{v} {y}], As(f) = As(g) = [X,X],

A7(e) = [0,@), and Ar(f) = Ar(g) = [X, X].
Then, we can see that X is PIVSR(i). On the other hand, we have

TC = {®EI (]jrAEI gr AAC}/ AgrAg/ A;r XE}/

where Af(e) = Aj(f) = A1(g) = [{y}, {y}], Aj(e) = A(f) = Aj(g) = {x} {x}],
As(e) = [X, X], A5(f) = As(g) = [{v}, (v},
Aile) = [X, X], AG(f) = AL(g) = [{x}, {x}],
As(e) = [{y}, (v}, AS(f) = As(g) = [0,2],
Ag(e) = [{x}, {x}], AG(f) = Ag(g) = [2,0],
A7(e) = [X, X], and A7(f) = A7(g) = [2, D]

Then clearly, A5 € ¢ such that x, & AS. But we cannot find U, V € T such that x, € U,
A5 C Vand UNV = Q. Thus, X is not an IVSR(i)-space.

We obtain a characterization of a PIVSR(i) [resp. PIVSR(ii)]-space.

Theorem 10. An IVSTS (X, T, E) is a PIVSR(i) [resp. PIVSR(ii)]-space if and only if for each
x € Xandeach U € T with x, € U [resp. x, € U], thereis V € T such that x, € V C
IVScl(V) C U [resp. x, € V. C IVScl(V) C Ul

Proof. Suppose an IVSTS (X, 7, E) is PIVSR(i) and let x € X and U € T with x, € U. Then
clearly, U € ¢ and x, N U°® = Q. Thus, x, &, U By the hypothesis, thereare A, Ve T
suchthat U° C A, x, € V,and ANV = @E. So, V C A° C U.Since A € 7, A° € 7°. Hence,
V C IVScl(V) C U.

Conversely, suppose the necessary condition holds and let U¢ € 7° with x, ¢, U°.
Then clearly, x, € U. Thus, by the hypothesis, there is U € 7 such that x, € V C
IVScl(V) € U. So, U° C (IVScl(V)) and VN (IVScl(V))¢ = @f. Hence, X is PIVSR(i).

The proof of the second part is similar. [J

We provide a sufficient condition for PIVST((i) [resp. PIVST((ii)], PIVST; (i) [resp.
PIVST; (ii)], and PIVST,(i) [resp. PIVST,(ii)] to be equivalent.

Theorem 11. Let (X, T, E) be an IVSTS. If X is PIVSR(i) [resp. PIVSR(i)], then the following
are equivalent:

(1) X is a PIVST,(i) [resp. PIVST,(ii)]-space;

(2) X is a PIVST (i) [resp. PIVST (ii)]-space;

(8) X is a PIVSTy(i) [resp. PIVSTy(ii)]-space.

Proof. (1)=(2)=>(3): The proofs follow from Defintion 26.

(8)=(1): Suppose X is a PIVSTy(i)-space and let x # y € X. Then, thereis U € T
such that either x, € U, y, ¢, U,ory, € U, x, ¢, U,say x, € Uand y, €, U. Thus,
by Proposition 1 (2), x;, €, U°and y, € U°. Since U° € 7°, by the hypothesis, there are
A, B € Tsuchthatx, € Aandy, € U° C B. So, X is a a PIVST,(i)-space.

The proofs of the second parts are similar. O

The following provide a sufficient condition for PIVST; (i) [resp. PIVST;(ii)] and
IVST,(i) [resp. IVST,(ii)] to be equivalent.

Definition 28. An IVSTS (X, 1, E) is called the following:
(i) A partial interval-valued soft T5(i)-space (briefly, PIVST3(i)-space) if it is both PIVSR(i)
and a PIVST(i)-space;
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(ii) A partial interval-valued soft T5(ii)-space (briefly, PIVST3(ii)-space) if it is both PIVSR(ii)
and a PIVST(ii)-space;

(i) A partial interval-valued soft T4(i)-space (briefly, PIVST4(i)-space) if it is both IVSN and a
PIVST,(i)-space;

(ii) A partial interval-valued soft T,(ii)-space (briefly, PIVSTy(ii)-space) if it is both IVSN and
a PIVST, (ii)-space.

Proposition 22. Every IVST;(i) [resp. IVST3(ii)]-space is a PIVST3(i) [resp. PIVST3(ii)]-space,
but the converse is not true in general.

Proof. The proof follows from Proposition 21 and Theorem 11. See Example 22 for the
converse. [J

Example 8. Let X be the IVSTS given in Example 7. Then, we can easily check that X is a
PIVST3(i)-space but not an IVST3(i)-space.

Proposition 23. Every PIVST,(i) [resp. PIVSTy(ii)]-space is an IVST4(i) [resp. IVST4(ii)]-space,
but the converse is not true in general.

Proof. The proof is straightforward. See Example 9 for the converse. [J

Example 9. Let X = {x,y} and let E = {e, f,g}. Consider the IVST T on X defined by

T= {@E,Al, AZ/ A3/ A4/ A5/ A6/ )FZE}/

where Aq(e) = [X, X], A1(f) = [{x},{x}], A = [X, X],
As(e) = [X, X], Ax(f) = [{y}, {y}] ( ) =[X,X],
As(e) = [X, X], As(f) = [2,2], As(g ) (X, X],
Ayle) = [0,9], Au(f) = [{x} {x}], Au(g) =[2,2],
As(e) = [0,2], As(f) = [{y}, {y}], As(g) = (0,2,
As(e) = [0,0], As(f) = [X,X], and A¢(g) = [2,D].

Then, we can easily see that X is an IVSTy(i)-space. On the other hand, we cannot find
U € tsuchthaty, € Uand x; ¢, U. Then, X is not a PIVST,(i)-space. Thus, X is not a
PIVST,(i)-space.

Proposition 24. Every PIVST(i) [resp. PIVST;(ii)]-space is a PIVST; _1(i) [resp. IVST;_4(ii)]-
spaceforj=20,1, 2, 3, 4.

Proof. Let (X, T, E) be a PIVST3(i)-space and let x # y € X. Since X is a PIVST; (i)-space,
by Theorem 7, x, € 7¢. Then clearly, y, &, x,. Since X is PIVSR(i), there are U, V € T such
thatx, CU,y, € V,andUNV = @E. Thus, X is a PIVST,(i)-space.

Now, let (X, T, E) be a PIVSTy(i)-space. Let x € X and let A € ¢ with x, ¢, A. Since
X is a PIVST(i)-space, by Theorem 7, x;, € 7°. Then, x, N A = @E. Since X is IVSN(i), there
areU, Uc tsuchthat ACU,x, CV,andUNV = @E. Thus, X is a PIVST;(i)-space.

The rest of the proof follows from similar arguments. Also, the proofs of the second
parts can be completed by the same token. O

Definition 29 ([33]). Let Y be a nonempty subset of X and A € 1VSSg(X). Then, we have the
following: _
(i) The interval valued soft set (Y, E) over X, denoted by Y, is defined as

Ye(e) = [Y,Y] foreache € E,
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(ii) The interval-valued soft subset of A over Y, denoted by Ay, is defined as
Ay =YrNA,ie, Ay(e) = [YNA (e), YN AT (e)] foreache € E.

Result 2 (See Proposition 4.3, [33]). Let (X, T, E) be an IVSTS and Y a nonempty subset of X.
Then, v, = {Ay : A€ t}isanIVSTonY.

In this case, 7, is called the interval-valued soft relative topology on Y, and (Y, 7,, E) is
called an interval-valued soft subspace (briefly, IVS-subspace) of (X, T, E). Each member of T,
is called an interval-valued soft open set (briefly, IVSOS) in Y, and an IVSS A over X is called
an interval-valued soft closed set (briefly, IVSCS) in Yif [Y,Y]\A =[Y\ AT, Y\ A ] e 1.

Proposition 25. Every IVS-subspace (Y, T, E) of a PIVST;(i) [resp. PIVST;(ii)]-space (X, T, E)
is a PIVST(i) [resp. IVST|(ii)]-space for j = 0, 1, 2, 3.

Proof. Let X be a PIVST3(i)-space and let x # y € Y. Since X is a PIVST (i)-space, there
areU, V € Tsuchthatx, € Uy, ¢, U andy, € V,x, ¢, V. Thus,x, € U, y, &, U,
andy, €V, x, ¢, V,,where U, = Yy NUand V, = Yz N V. Note that U,, V, € 7, by
Result 2. So, (Y, 7,, E) is a PIVST; (i)-space.

Now, lety € Y and let A € T, withy, ¢, A. Then, by Theorem 4.9 (2) in [33], there
is A € 7¢ such that A = Yz N B, and y, €, B. Since X is PIVSR(i), thereare U, V € T
suchthat B C U, y, € V,and UNV = @E. Thus, A C YEHU, y, € YEHV, and
(YENU)N (YENV) = Q. So, (Y, 1, E) is PIVSR(i). Hence, (Y, 7,, E) is PIVST5(i)-space.

The proofs for the cases of j = 0, 1, 2 and the second parts are similar. [

Proposition 26. Let f, : (X, T,E) — (Y,4, E') be an interval-valued soft continuous mapping. If
f is injective and (Y, 5, E)isa PIVST;(i) [resp. PIVST;(ii)]-space, then (X, T, E) is a PIVST;(i)
[resp. IVST;(ii)]-space for j = 0, 1, 2.

Proof. Suppose f is injective and (Y, 4, E') is a PIVST,(i)-space, and let a # b € X. Since
f is injective, there are distinct x and y in Y such that x = f(a) and y = f(b). Since Y is a
PIVST;(i)-space, there are U, V € s such thatx, € U,y, € V,andUNV = @El. Then, by
Proposition 4 (3) and Proposition 7 (4) and (7), we have

a, € f,'(U), b, € f,' (V) and £, (U) N £, (V) = Dk.

Since f,, is continuous, f,'(U) and f, (V) € 7. Thus, X is a PIVST,(i)-space.
The proofs for the cases of j = 0, 1 and the second parts are similar. [J

Proposition 27. Let f, : (X,7,E) — (Y4, E') be an interval-valued soft bijective open mapping.
If X is a PIVST|(i) [resp. PIVST;(ii)]-space, then Y is a PIVST(i) [resp. IVST;(ii)]-space for
j=0,1,2 3 4

Proof. Suppose X is a PIVST,(i)-space and letx #y € Y, ¢ € E. Since f¢ is bijective, there

are unique a # b € Y and e € E such that x = f(a), y = f(b), and ¢ = ¢(e). Since X is a
PIVST, (i)-space, there are U, V € T such that

a, €U, b ¢ Uandb €V, a ¢, V.
Since f, is open, f,(U), f,(V) € §. Moreover, we obtain

X Gf(P(U), Yy &1 fq’(U) and y, ef(P(V)/ X, €r ng(V)-

Then, Y is a PIVST; (i)-space.
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Now, let A, B € 6° suchthat ANB = @E/. Then, by Proposition 7 (4) and (7), we have

f (AN f, ' (B) = £, (ANB) = £, (D) = Dk.

By Theorem 2 (2), f,; 1(A) and fo L(B) € 1¢. Thus, Y is IVSN. So, Y is a PIVST(i)-space.
The proofs for the cases of j = 0, 1, 2, 3 and the second parts are similar. [

6. Partial Total Interval-Valued Soft a-Separation Axioms

In this section, first, we recall the concepts of interval-valued soft a-open sets and
interval-valued soft a-separation axioms and some of their properties. Next, we define a
new class of interval-valued soft separation axioms using partial belong and total nonbelong
relations and study some of their properties and some relationships between them.

Definition 30. (i) Let (X, T, E) be a soft topological space and A € SSg(X). Then, A is called a
soft a-open set in X [27] if A C int(cl(int(A))). The complement of a soft a-open set is called a
soft a-closed set in X.

(ii) Let (X, T,E) be an IVSTS and A € IVSSg(X). Then, A is called an interval-valued soft
a-open set (briefly, IVSaOS) in X [33] if it satisfies the following condition:

A C IVSint(IVScl(IVSint(A))).

The complement of an IVSaOS is called an interval-valued soft a-closed set (briefly, IVSaCS) in X.

(iii) Let (X, T) be an IVTS and let A € IVS(X). Then, A is called an interval-valued a-open
set (briefly, IVaOS) in X [33] if A C IVint(IVcl(IVint(A))), where IVint(A) and IVcl(A)
denote the interval-valued interior and the interval-valued closure of A (see [36]). The complement
of an IVaOS is called an interval-valued a-closed set (briefly, IVaCS) in X.

The set of all soft a-open [resp. closed] sets in a soft topological space (X, T, E) will be
denoted by SwOS(X) [resp. SaCS(X)]. We will denote the set of all IVSxOSs [resp. IVSaCS]
by IVSaOS(X) [resp. IVSaCS(X)]. Also, we will denote the set of all IVaOSs [resp. IVaCS]
by IVaOS(X) [resp. IVaCS(X)].

Definition 31 ([33]). An IVSTS (X, 7, E) is called the following:

(i) An interval-valued soft aT(i)-space (briefly, IVSaTy(i)-space) if for any x # y € X, there
are U, V € IVSxOS(X) such that either x, € U, y, ¢ Uory, € V, x, ¢ V;

(ii) An interval-valued soft aTo(ii)-space (briefly, IVSaTy(ii)-space) if for any x #y € X,
there are U, V € 1VSxOS(X) such that either x, € U, y, ¢ Uory, € V, x, ¢ V;

(iii) An interval-valued soft a'Ty (i)-space (briefly, IVSa Ty (i)-space) if for any x # y € X, there
are U, V € IVSaOS(X) such that x, € U, y, € Uandy, € V, x, ¢ V;

(iv) An interval-valued soft aT (ii)-space (briefly, IVSaT(ii)-space) if for any x # y € X,
there are U, V € IVSaOS(X) such that x, € U, y, ¢ Uandy, € V, x, ¢ V;

(v) An interval-valued soft «T,(i)-space (briefly, IVSaT,(i)-space) if for any x # y € X, there
are U, V € IVSaOS(X) such that x, € U, y, € V,and UNV = Dk;

(vi) An interval-valued soft aT,(ii)-space (briefly, IVSaT,(ii)-space) if for any x # y € X,
there are U, V € IVSaOS(X) such that x, € U, y, € V,and UNV = @E;

(vii) An interval-valued soft a-regular(i)-space (briefly, IVSaR(i)-space) if for each A &
IVSaCS(X) and each x € X with x, ¢ A, there are U, V. € IVSaOS(X) such that x, €
U, AC V,andUﬂV:@E;

(viii) An interval-valued soft a-regular(ii)-space (briefly, IVSaR(ii)-space) if for each A €
IVSaCS(X) and each x € X with x, ¢ A, thereare U, V € IVSaOS(X) such that x, € U, A C
V,and UNV = QF;

(ix) An interval-valued soft aT5(i)-space (briefly, IVSaT5(i)-space) if it is an IVSaTy(i)-space
and an IVSaR(i)-space;

(x) An interval-valued soft aT5(ii)-space (briefly, IVSaT3(ii)-space) if it is an IV STy (ii)-space
and an IVSaR(ii)-space;



Axioms 2024, 13, 493

21 of 26

(xi) An interval-valued soft a-normal-space (briefly, IVSaN-space), if for each A, B €
IVSaCS(X) with ANB = @E, there are U, V € IVSaOS(X) such that x, € U, A C V,
and UNV = @E;

(xii) An interval-valued soft aTy(i)-space (briefly, IVSaTy(i)-space) if it is an IV SaTy (i)-space
and an IVSaN-space;

(xiii) An interval-valued soft aT,(ii)-space (briefly, IV SaTy(ii)-space) if it is an IVSaT; (ii)-
space and an 1V SaN-space.

Definition 32. An IVSTS (X, 1, E) is said to be the following:

(i) Partial total interval-valued soft aTo(i) (briefly, PTIVS«Ty(i)) if for any x # y € X, there
is U € IVSaOS(X) such that either x, €, U, y, ¢, Uory, €, U, x, €, U;

(ii) Partial total interval-valued soft aTy(ii) (briefly, PTIVSaTy(ii)) if for any x # y € X,
there is U € IVSaOS(X) such that either x, €, U, y, &, Uory, €, U, x, ¢, U;

(iii) Partial total interval-valued soft aT1 (i) (briefly, PTIVSaT (1)) if for any x # y € X, there
is U € IVSaOS(X) such that x, €, U, y, ¢, Uandy, €, U, x, ¢, U;

(iv) Partial total interval-valued soft aTy(ii) (briefly, PTIVSaT,(ii)) if for any x # y € X,
thereis U € IVSxOS(X) such that x, €, U, y, ¢, Uandy, €, V, x, ¢, V;

(v) Partial total interval-valued soft aT»(i) (briefly, PTIVSaTy (1)) if for any x # y € X, there
are U, V € IVSxOS(X) such that x, €, U, y, ¢, Uandy, €, V, x, ¢, Vand UNV = Qg;

(vi) Partial total interval-valued soft aT,(ii) (briefly, PTIVSaTy(i1)) if for any x # y € X,
there are U, V € IVSaOS(X) such that x, €, U, y, ¢, Uandy, €, V, x, &, Vand
UnvVv = Q;

(vii) Partial total interval-valued soft « regular(i) (briefly, PTIVSaR(i)) if for any x €€ X and
any A € IVSaCS(X) with x, ¢ A, thereare U, V € IVSaOS(X) such that A C U, x, €, V,
and UNV = @E ;

(viii) Partial total interval-valued soft « reqular(ii) (briefly, PTIVSaR(ii)) if for any x €€ X
and any A € 1VSaCS(X) with x, ¢ A, there are U, V € IVSaOS(X) such that A C U,
X, €, V,and UNV = @E;

(ix) Partial total interval-valued soft aT5(i) (briefly, PTIVSaTs(i)) if it is both PTIVSaR(i)
and PTIVSaT(i);

(x) Partial total interval-valued soft aT3(ii) (briefly, PTIVSaT5(ii)) if it is both PTIVSaR(ii)
and PTIVS«T,(ii);

(xi) Partial total interval-valued soft aT4(i) (briefly, PTIVSaTy(i)) if it is both IVSaN and
PTIVSaT,(i);

(xii) Partial total interval-valuedsoft aT4(ii), (briefly, PTIVSaT4(ii)) if it is both IVSaN and
PTIVSaT,(ii).

Proposition 28. (1) Every PTIVSaT(i)-space [resp. PTIVSaT;(ii)-space] is a PTIVSaT; 1(i)-
space [resp. PTIVSaT; 1 (ii)-space] for j = 1, 2, 3. However, the converse is not true in general.

(2) Every IVSaT,(i)-space [resp. IVSaT;(ii)-space] is a PTIVSaT,(i)-space [resp. PTIVSaT;(ii)-
space]. However, the converse is not true in general.

Proof. (1) The proofs of PTIVSaT,(i)=PTIVSaT;(i)=PTIVSaTy(i) are obvious from Defini-
tion 32.

Let (X, 7, E) be PTIVSaTs(i) and x # y € X. Since X is PTIVSaT; (i), there are U, V €
1VSaOS(X) such thatx, €, U, y, ¢, Uandy, €, V, x, ¢, U. Itis clear that U, V¢ €
IVSaCS(X) such that x, ¢ U°and y, ¢ VC. Since X is PTIVSR(i), we have the following.

For U¢ € IVSaCS(X) such that x; ¢ U, there are Uy, V1 € IVSxOS(X) such that
U C Uy, x, €, Vi, and U NV, = Q. Since y, ¢, U, by Proposition 1 (2), y, € Uy,
ie,y, €, Up.Since Uy NV = @E, Y, &, V1. Then, we obtain that there are U;, Vi €
IVSxOS(X) such that

U C U, X, €p Vy, Y, €p U, A QT V;. 4)
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For V¢ € IVSaCS(X) such that y, ¢ V¢, by arguments similar to those above, we
obtain that there are Uy, V, € IVSaOS(X) such that

V¢ C U,, Y, Sp V,, X, €p U,, Y, QT V. 5)
Thus, from (4) and (5), we have
x, €, ViNUy, vy, %T V1N U, and y, €, U1 NVy, x, éT U;NVs.

By Proposition 5.8 (1) in [33], V1 N Uy, Uy NV, € IVSaOS(X). It is clear that (V1 NU,) N
(U1 N'V,) = @k. So, X is PTIVSaT,(i).

The proofs of the second parts are similar. See Example 10 for the converse.

(2) Let (X, 7, E) be an IVSaT,(i)-space and let x # y € X. Then, there are U, V €
IVSxOS(X) such that x, €Uy ¢Uandy, €V, x, VandUNV = @E. Thus, y, ¢, U
and x, €, V. So, X is a PTIVSaT,(i)-space.

The proof of the second part is similar. See Example 10 (3) for the converse. [J

Example 10. (1) Let X = {x,y} and E = {e, f} Consider the IVST 7 on X given by
T= {éEIAI EfE}/
where A(e) = [{x}, X], A(f) = [2,{y}].

Then, we can easily check that (X, T, E) is a PTIVSaT(i)-space but not a PTIV ST (i)-space.
(2) Let E be a set of parameters and T the families of IVSSs over N, defined as follows:

7= {@p} | J{A € IVSSE(X) : A s finite}.

Then clearly, T is an IVST on X. Moreover, T = IVSaOS(X). Let x # y € N and let
N\ {v}, N\ {y}] = N\y,. Then, N\ y,, N\ x; € IVSaOS(X) such that

X, €p N\yu Y éTN\yl and y, GPN\xl’ X éTN\xl'

Thus, (N, T, E) is a PTIVSaT(i)-space. On the other hand, we cannot find two disjoint
IVSaOSs over N except O and Ng. So, (N, T, E) is not a PTIVSaT,(i)-space.
(3) Let X = {x,y}, E = {e, f} and consider the IVST T on X given by

T= {éErA/ B/ Cr XE}/

where A(e) = [{x}, {x}], A(f) = [, 9],
B(e) = [2,2], B(f) = [{y}, {v}],
Cle) = [{x}, {x}], and C(f) = [{y}, {y}].

Then clearly, x, €, A, y, €, Aandy, €, B, x, €, Band ANB = Qp. Thus, X isa
PTIVSaT,(i)-space. On the other hand, C° € 1VSaCS(X) such that x, ¢ C°. But Xg is the
only IVSaOS containing C°. So, X is not PTIVSaR(i). Hence, X is not a PTIVS«Ts(i)-space.
Furthermore, we cannot have U, V € [VSxOS(X) such that U, V # )N(E andx, € Uy, € V.
Therefore, X is not an IVSaT5(i)-space.

Proposition 29. Let (X, T,E) be an IVSTS. If x; € IVSaCS(X) [resp. x, € IVSaCS(X)] for
each x € X, then X is a PTIVS«aT; (i) [resp. PTIVSaT; (ii)]-space

Proof. Suppose x, € IVSaCS(X) for each x € X and let x # y € X. Then clearly,
x{, y¢ € IVSaOS(X) such thaty, € x{ and x; € y{. Thus, x; € y{,y, ¢, y{ and y, € x{,
x, €, x{. So, X is a PTIVSaT; (i)-space. The proof of the second part is similar. [J
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Proposition 30. Let (X, T, E) be an IVSTS and B the set of all interval-valued soft a-clopen sets
in X. If B is a base for T, then X is IVSaR(i) and IVSaR(ii).

Proof. Let x € X and let A € IVSaCS(X) with x; ¢ A. Then clearly, A° € IVSaxOS(X)
such that x, €, A°. Thus, by the hypothesis, there is B €  such that x, €, B C A°. Since
A C B¢, BN B¢ = @f. Moreover, B, B¢ € IVSaOS(X). So, X is IVSaR(i). Similarly, we
prove that X is IVSaR(ii). O

Lemma 4 (See Proposition 2.11, [22]). Let (X, T, E) be an IVSTS and " = {A € IVSSEg(X) :
Ale) € 7, foreach e € E}. Then, T* is an IVST on X such that T = 7, for each e € E.

Proof. The proof is similar to Proposition 2.11 in [22]. O
Remark 9. In Proposition 4, T # T in general (see Example 11).

Example 11. Let X = {x,y} and E = {e, f }, and consider the IVST T on X defined as follows:

T= {@EI A, A Az, ﬁE}r

where A1( )=1[2,2], A (f) Hy} (w3l
(6) = [(x), {x}) M) = ({0}, (),
As(e) = [{y}, {y}], and Ay(f) = [X, X].

Then, 7, = {@g, [{x}, {x}), [y}, {v}], Xe} and 7, = {@g, [{y}, {y}], Xe}. Thus, we have

™ = {DF, Ay, -+, Ay, Xg},

where Ay(e) = [0, 2], A (f) [{x}, {x}],
As(e) = [2,0), A ) (X, X],
As(e) = [{x} {x}] s(f) =[2,9],
Az(e) = A7(f) = [{x}, {x}],
Asg(e) = [{x}, {x}], As(f) = [X,X],
A9( ) =yt Ay}, As(f) = [,92],
e

1w(e) = [y} v}, Aw(f) = [{x}, {x}],
An(e) = Au(f) = Hyt v}l

Anp(e) = [X, X], Ana(f) = [©,2],
Agz(e) = [X, X], Aiz(f) = [{x}, {x}],
Ayy(e) = [X, X]

Moreover, we can confirm that T # T* but T* = T for each e € E.

Aqo

cand A (f) = [{y} {y}]-

From Remark 9, we obtain the following concept.

Definition 33. (i) A soft topological space (X, T, E) is said to be extended if T = T* (see [22]).
(i) An IVSTS (X, T, E) is said to be extended if T = T*.

Lemma 5 (See Corollary 1, [42]). Let (X, T, E) be an extended IVSTS and A € IVSSg(X).
Then, A € IVSaOS(X) if and only if A(e) is an IVaOS in (X, T,) for each e € E.

Proof. The proof is almost similar to Corollary 1 in [42]. O

Theorem 12. Let (X, T, E) be an IVSTS. If X is extended, then the notions of PTIVSaT;(i) [resp.
PTIVSaT;(ii)] and IVSaT;(i) [resp. IVSaT;(ii)] are equivalent for j = 0, 1.
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Proof. Suppose X is extended and let X be a PTIVSaTy(i)-space, x # y € X. Then, there
is U € IVSaOS(X) such that either x, €, U,y, ¢, Uory, €, U, x, ¢, U,sayx, €, U
and y, ¢, U. Since x, € U(e), x € U (e) for some e € E. Suppose x € U~ (e) for each
e € E. Then, the proof is obvious. Thus, without loss of generality, there is ¢ € E such
that x € U (¢) and x ¢ U (¢) for each ¢’ € E\ {e}. Since (X, T, E) is extended, there
is V. € IVSaOS(X) such that V(e) = U(e), ie, V- (e) = U (e) and V(¢') = X, ie,
V~=(¢') = X foreach x' € E\ {e}. Thus, x, € Vand y, ¢ V. So, X is an IVSaTy(i)-space.

Conversely, suppose X is an IVSaTy(i)-space and let x # y € X. Then, there are
U, V € IVSaOS(X) such that either x, € U, y, € Uory, € V, x, ¢ V,say x, € Uand
y, ¢ U.Sincey, ¢ U,y, ¢ U(e),i.e, y & U (e) for some e € E. Suppose y ¢ U~ (e) for
each e € E. Then, the proof is clear. Thus, without loss of generality, there is e € E such
thaty ¢ U (e) andy € U~ (¢') for each ¢ € E\ {e}. Since (X, T, E) is extended, U(e) is
an IVaOSin (X, 7,). So, by Lemma 5, there is V € IVSaOS(X) such that V(e) = U(e), i.e.,
V=(e) =U (e)and V(¢') = U(e) = @, i.e.,, V(¢ ) = X foreach ¢’ € X\ {e}. Moreover,
x, €,€ Vandy, ¢,€ V. Hence, X is a PTIVSaT(i)-space.

The proof of the second part is similar. [

From Theorem 12 and Definition 32, we have the following.

Corollary 3. Let (X, T,E) bean IVSTS. If X is extended, then the notions of PTIVSaTy(i) [resp.
PTIVSaT,(ii)] and IVSaT4(i) [resp. IVSaT4(ii)] are equivalent.

Proposition 31. The property of being a PTIVSaT;(i) [resp. PTIVSaT;(ii)] is hereditary for
j=0,1,2 3

Proof. The proof follows from Result 2 and Definition 32. O

7. Conclusions

First, we defined the relationships between interval-valued points and interval-valued
soft sets, defined interval-valued soft continuous mappings, and obtained their various
properties. Second, we defined new separation axioms in interval-valued soft topological
spaces called partial interval-valued soft T;(j)-spaces i=0, 1, 2, 3, 4;j =1, ii) and dealt with
some of their properties and some relationships among them. Finally, we defined another
new separation axioms in interval-valued soft topological spaces called partial total interval-
valued soft T;(j)-spaces (i=0,1,2,3,4;]j=1i,1ii) and dealt with some of their properties and
some relationships among them.

In the future, we plan to apply the decision-making problems presented by Al-Shami
and El-Shafe [35] and Al-Shami [43] to interval-valued soft separation axioms. Furthermore,
we will try to study the structures of the Vietoris topology based on soft topology or interval-
valued topology. Also, we will study whether all the properties of our study are still valid
in interval-valued supra soft topological spaces.
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