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This research looks into how artificial intelligence (AI) and neural networks (NN) can be used to test data for the
input and target driven by mathematical models for the amount of €0, in the air. The analysis is carried out
within the framework of the fractal-fractional (FF) operator. The work endeavors to design a mathematical model
that accurately replicates the levels of €0, in response to variables such as human population, forest area, and
plantation operations. The paper tries to advance forecasting abilities and establish an enhanced understanding of
the intricate dynamics of €0, by implementing advanced Al techniques and neural networks. The results of this
research add toward advancement in the field of climate change studies as they provide important perspectives
for the development of effective measures to reduce & 0, emissions, subsequently contributing in the fight against
global warming and its related repercussions. The Al portion of the article presents the validation and training
process for the population of time series data at 1000 epoch with gradient 5.7782 x 10, 4 =0.1 and val fail 0.
It shows the model’s ability to accurately predict € @, concentration dynamics described in (1.1).

1. Introduction

Carbon dioxide (¥ 0,) is a chemical molecule compound of a single
carbon atom that is linked to two oxygen atoms. At regular temperature
and pressure, this gas is colorless, denser than air, and cannot ignite fire.
€0, is widely utilized in various sectors, including the carbonation of
drinks, as a chemical precursor, and in firefighting equipment because it
has its capacity for replacing oxygen [1,2]. However, its primary impact
is in its role as a greenhouse gas, which causes the phenomena of climate
change by successfully absorbing heat within the Earth’s atmosphere.
The effect of greenhouse gases, which is significantly influenced by the
increasing levels of atmospheric € 0, resulting from industrial processes
such as fossil fuel combustion and deforestation, plays an important role
in discussions about climate change. This effect modifies global climate
patterns and contributes to environmental issues like acidification of the
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seafloor. Precisely controlling and tracking €, emissions, as well as
realizing its significance in the carbon cycle, are of critical significance
to attaining sustainable development and reducing the adverse impacts
of climate change on ecosystems and populations worldwide [3,4].
The global data on emissions of carbon dioxide in recent years ex-
plain significant geographical variances related to different business op-
erations and conservation initiatives [5]. According to the data from the
world Carbon Project, Asia accounted for 53% of the total world €0,
emissions in 2022 (Table 1). Out of this, China added 30% and India ac-
counted for 7%. The emissions from China amounted to approximately
10.5 billion metric tons, principally due to coal usage in industry and
the production of electricity. On the other hand, India’s emissions were
approximately 2.8 billion metric tons, mainly coming from the energy
and industrial sectors. Europe produced 11% of the total global emis-
sions, with Germany, the UK, and France cumulatively contributing over
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Table 1

Regional Data for the €0, During (2017-2021).

Ain Shams Engineering Journal 16 (2025) 103460

Year Emissions of the #0, in BMT  Africa  Asia  North America  Europe  South America
2017 1.5 36.2 11.8 6.5 4.4 2.0
2018 1.6 37.1 121 6.9 4.5 2.1
2019 1.7 36.4 124 6.6 4.7 2.0
2020 1.8 36.8 128 6.4 4.0 2.0
2021 1.9 38.2 13.5 6.8 4.2 21

1.7 billion metric tons. The European Union recorded some reductions
as a result of strict EU climate laws that encourage the use of renewable
energy and energy efficiency. North America, that accounts for 18% of
world emissions, witnessed the United States emitting approximately
5 billion metric tons. This demonstrates a decrease in coal consump-
tion but persisting excessive emissions from transportation. Canada and
Mexico each provided around 0.6 billion and 0.5 billion metric tons, re-
spectively. Brazil’s emissions in South America contributed to about 0.4
billion metric tons, primarily driven by deforestation and agriculture
[6,7]. Africa’s emissions, constituting roughly 3.8% of the worldwide
aggregate, are showing an increase. South Africa, mostly reliant on coal
for its energy sector, emits 0.5 billion metric tons. Oceania, spearheaded
by Australia, produced over 0.4 billion metric tons of emissions, exhibit-
ing elevated per capita emissions in spite of consumption in renewable
energy. The statistical data demonstrates the critical need for measures
tailored to specific regions in order to effectively tackle global €0,
emissions and combat the threat of climate change [8,9].

The images in Fig. 1a through 1f illustrate the variations of € 0, pro-

duction and temperature fluctuations over six continents—Asia, Europe,
North America, South America, Africa, and Oceania—between 1960 and
2020. Each subplot displays the €0, emissions in millions of metric
tons, indicated by blue squares on the left y-axis, coupled with the aver-
age temperature anomalies in degrees Celsius, expressed by red triangles
on the right y-axis. In Asia, there has been a substantial rise in €0,
emission levels shown in Fig. 1a, growing from 1 million metric tons
in 1960 to 18 million metric tons in 2020. The spike in emissions was
countered by the rise in temperatures from 0.5°C to 1.2°C. Europe dis-
closes a gradual increase in € 0, emissions initially, attaining high levels
in the 1980s, and then seeing a little decline illustrated in Fig. 1b. Mean-
while, temperatures gradually rise from 0.8 °C to 1.5 °C. North America
Figuer 1c demonstrates a consistent rise in €0, emissions, increasing
from 4 to 10 million metric tons, followed by a corresponding tempera-
ture elevation from 0.7°C to 1.3°C. South America Fig. 1d displays an
analogous pattern, with emissions growing from 2 to 8 million metric
tons and temperature rising from 0.6°C to 1.2°C. Africa and Oceania
both exhibit an increasing trend in €0, emissions and temperatures,
indicating a worldwide pattern of escalating emissions and increasing
temperatures. Africa’s emissions have risen from 1 to 7 million metric
tons, accompanying a temperature rise from 0.5°C to 1.2°C given in
Fig. le. Similarly, Oceania has noticed a rise in emissions from 2 to 8
million metric tons, along with a temperature increase from 0.6°C to
1.2°C. These graphs demonstrate the association between increasing
€ 0, concentrations and global temperature rise in Fig. 1f.
Global Warming and € 0, The climate of the globe is greatly impacted
by global warming, that is mainly due to the rising amount of green-
house gases such as € 0,. In recent decades, there has been a substantial
rise in world average temperatures, which has led to in numerous eco-
logical and socioeconomic repercussions [10]. The Table 2 contains a
concise summary of significant statistics regarding to the effects due to
global warming between the years 2010 and 2020:

The table includes columns for €0, emissions (measured in giga-
tons), global average temperature (measured in degrees Celsius), sea
level rise (measured in millimeters per year), and Arctic ice loss (mea-
sured as a percentage of ice coverage). These indicators illustrate the
multifaceted impacts of global warming on both physical systems and
ecosystems. Efforts to address these challenges involve global coopera-
tion, policy initiatives, and technological advancements aimed at reduc-

ing emissions and adapting to the changing climate [10-12].

Health issues due to the €0,: The impacts of €0, on human health
are highlighted in Fig. 2. Though is a necessary component in the hu-
man body generated during cellular respiration. However, in excessive
amounts, termed to as hypercapnia, may contribute to serious health is-
sues.

From a medical perspective, an excessive amount of ‘€0, results in a
condition recognized as respiratory acidosis. This condition arises when
the blood becomes excessively acidic, leading to symptoms such as
headache, dizziness, confusion, and difficulty breathing. Severe cases
might lead to neurological consequences such as intense tiredness,
seizure disorders, or even a state of unconsciousness. Higher levels of
€ 0, also impact the cardiovascular system by causing vasodilation, a
process that widens blood vessels. This can result in lowering blood pres-
sure and reduced blood supply to essential organs, which can result in
irregular heart rhythms along with various cardiac problems. Continu-
ous elevated levels of €0, can hinder the functioning of the respiratory
system, resulting in an increase in the rate of breathing. However, con-
tinuous exposure to these levels can cause respiratory exhaustion and
ultimately respiratory failure, particularly in people who already have
illnesses such as chronic obstructive pulmonary disease (COPD). There-
fore, it is critical that we sustain optimal levels of €0, for the sake of
health, demanding medical treatment to avoid serious systemic conse-
quences [12-15].

Importance of dynamical modeling: Modeling and simulations play
an important role in different fields, as they provide useful informa-
tion and help in decision-making processes. Models provide simplified
illustrations for complex ecosystems that preserve essential features
while removing undesirable components. Simulations include expos-
ing these models to various contexts to analyze their responses. This
integration enables researchers and scientists to foresee results, illumi-
nate root causes, and improve performance without the limitations and
legal liabilities linked to real-world research [16]. Modeling and simula-
tions have proven crucial in the field of medicine. Their responsibilities
include acquiring competence in disease relationships, predicting the
occurrence of epidemics, and statistically analyzing the success of treat-
ments [17]. Epidemiological models have shown significant in forecast-
ing the transmission of infectious diseases such as COVID-19 [18,19],
Ebola [20], and Zika virus [21], as well as assessing the impact of mea-
sures like social isolation and vaccination campaigns. Simulations play
an essential part in pharmaceutical research as they assist in estimating
the effectiveness and harmful effects, leading to a significant decrease in
the time and costs related to these investigations. Modeling and simula-
tions play an essential part in engineering by contributing in designing
and assessing of novel products across different industries, such as au-
tomobiles and aviation. Simulations play an important part in exposing
materials to stress tests, boosting aerodynamics, and improving safety
features. This simulated testing environment encourages rapid prototyp-
ing and innovation, thus eliminating the demand for costly real models.
The discipline of environmental science greatly gains from the appli-
cation of models to predict the effects of climate change, coordinate
conservation efforts, and confirm an environmentally friendly manage-
ment of ecosystems [22,23]. Economic modeling serves policymakers
in forecasting economic trends, assessing fiscal policies, and designing
plans for future expansion. The significance of modeling and simulations
resides in its capacity to offer a deeper understanding of complex net-
works, anticipate future possibilities, and establish a suitable and eco-
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Table 2
Global Warming Statistics.
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Year CO, Emissions (GT)

Global Temperature (°C)

Arctic Ice Loss (%) Sea Level Rise (mm)

2010 32.2 0.6
2011 33.5 0.7
2012 34.1 0.8
2013 34.8 0.9
2014 35.6 1.0
2015 36.4 1.1
2016 37.2 1.2
2017 38.0 1.3
2018 39.4 1.4
2019 40.1 1.5
2020 41.0 1.6

12 50
14 55
16 60
18 65
20 70
22 75
80 24
85 26
90 28
95 30
100 32

Main symptoms of

Carbon dioxide toxicity

Volume % Visual ———— Central
in ai - Dimmed - Drowsiness
in air ‘ :
sight o~ - Mild narcosis
W-1% - Dizziness
W -3% AuditoryJ - Confusion
W - 5% - Reduced - Headache
W -8% hearing - Unconsciousness
i ——Skin
. ype - Sweating
Respiratory ———— &8
- Shortness £ 1% 4
of breath - Heart
- Increased
heart rate
MuscularJ and blood
- Tremor pressure

Fig. 2. Impact of €0, on human body [15].

nomical atmosphere for testing and innovation. These applications have
been extensively utilized across various disciplines, facilitating progress
and informed decision-making in healthcare, engineering, environmen-
tal science, economics, and other disciplines [24-26].

Artificial intelligence (AI) is transforming the field of disease research
by offering sophisticated tools and approaches to comprehend, forecast,
and control diverse health issues [27]. Al is having a substantial influ-
ence in several important domains:

Predicting Diseases and Detecting Outbreaks Al systems can evalu-
ate large quantities of data, including historical medical information,
online social networking activity, and environmental factors, to foresee
the development of medical incidents. Machine learning algorithms lo-
cate anomalies and patterns that may indicate an imminent outbreak,
permitting rapid action [28-30]. During the COVID-19 pandemic, arti-
ficial intelligence techniques were utilized to predict increases in cases,
offering essential recommendations for public health treatments and re-
source allocation.

Integration of Multiple Data Sources Artificial intelligence (Al is
highly proficient in combining various datasets, including genomic data,
electronic health records, and environmental data, to offer a comprehen-
sive understanding of disease dynamics. This comprehensive approach
enables a more profound comprehension of the ways in which differ-
ent factors contribute to the development and advancement of diseases,
resulting in more efficient interventions and policies for public health
[31].

Al is revolutionizing the field of disease research by facilitating pre-
cise prognostications, tailored therapies, timely identification of health
concerns, and streamlined pharmaceutical exploration. The capacity to
manage intricate and varied data sources offers priceless insights, facil-

itating progress in healthcare and enhancing patient outcomes [32,33].
Commands for Neural Network Applications Below are few impor-
tant MATLAB instructions utilized in the implementation of artificial
intelligence to investigate dynamic disease systems [34] 1. **train**:
This command is utilized to train a neural network using a designated
training methodology. 2. **sim**: This command executes a neural net-
work to assess its effectiveness on input data. 3. The **newff** function
generates a forwarding backpropagation network, which is helpful for a
range of regression and classification problems. 4. The function “pattern-
net” is used to generate a pattern recognition network that is specifically
designed for solving classification challenges.

FF-% 0, model and illustration: Atanga [35] introduced a new differ-
ential and integral operator called FF-derivative, which combines frac-
tals and fractional calculus. The objective of its construction is to model
complex structures using anomalous diffusion processes and fractal-like
configurations. Classical calculus falls inadequate when dealing with
non-linear and scale-invariant features seen across several disciplines.
This is due to how it emphasizes the concept of FF-derivatives [36].

Its ability to precisely represent the impacts of memory and spatial
heterogeneity surpasses those of standard derivatives, thereby improv-
ing its reliability. The main constraint, however, is the high computing
demand and increased mathematical intricacy required to carry out
these derivatives [37].

Fractal-fractional derivatives are applied in engineering for signal
processing that understand irregular signals and in materials science for
the modeling of heterogeneous products. To understand the complex
structure of dynamical systems, researchers employed chaotic systems
and anomalous diffusion events as defining factors [38-40].

Expanding from the previous research, this paper aims to extend the
findings of the study conducted in [42] by employing FF-operators for
the analysis of CO, data. Various mathematical methodologies have
been devised to effectively address the challenges posed by climate
change. Using fractal-fractional differentiation to model and study the
mathematical dynamics of nonlinear diarrhea transmission dynamics
with data This study focuses on modeling the FF order atmospheric
carbon dioxide in some regions of Pakistan. We analyze the existence,
uniqueness, and stability of the following model.

FFE pyt,® _ 1453
PPEDICen =+ AN —ae G+ e
FFE pyex® — _N -
o D N(@® =rNQ K)+77,'1¢NS OCN, a1
®
FPEDSTR0) =us(l - - NG+ 5T
FFEDSCs()  =o(M —§) - vpT.
Here,[ FF Dt”® represent the fractal fractional derivative the whole pop-

ulation is grouped into four classes. C represents the concentration of
€0,, N is for the humans population in the area, F is for the forest
area and T is represents plantation of trees. In model, O represents the
carbon dioxide emission rate naturally, 4 is the carbon dioxide emission
rate coefficient due to anthropogenic activity, and « is the carbon diox-



H. Khan, M. Abdel-Aty, D.K. Almutairi et al.

Ain Shams Engineering Journal 16 (2025) 103460

Fig. 3. Role of €0, in the global warming [41].

ide uptake rate coefficient by natural sinks besides forests, and 4, is the
rate of carbon dioxide absorption per unit of forest area when no genet-
ically modified trees are present. y; is the utmost amount that may be
done with plantations to growth the rate of carbon sequestration per unit
of forest area, K is the half-saturation constant, symbolizes plantation
exertions where rise CO, approval rate is half of its extreme feasible
growth that is obtained via the planting of the number trees, r is the
basic growing rate, K is carried capability of the people, ¢ is the defor-
estation, x; is the ratio that reflects the increase in the number of people
as a result of people using land that has been cleared of trees constant, 6
is the population’s death rate a function of the deadly impact of climate
change brought on by elevated CO, levels, u mean the intrinsic grow-
ing rate, M means ringing capability of the forest area, f represents the
growth rate due to plantation effort, v means the employment rate and
vy represents the declination rate coefficient of the manor efforts. The
model is considered in FF sense of fractional derivative with the help of
[35,36].

Definition 1.1. Suppose y(t) is a continues function and fractal differ-
entiable in the interval (a,b) of order v®, then the fractal fractional
derivative of wt of order v € (0,1) in the caputo sense is given by:

®
FFOD:,t w= f(t)/}) dtt@ Eg (—ﬁ(t—s)t>w(s)ds.

Definition 1.2. Suppose y is continues function in the interval (a, b)
then the FF integral of y of order v having ML type kernal is given

®(1—p)t(:®—
byFFOItt W= /(') t® 1 w(s)(t—s)* lgs+ & a ;)(ft)t D
?(t):l—t+r—t

Z (t)n w, where

In the upcoming mathematical expressions, we will use Z(t,s) =
s‘®‘1(t — 5)'!, for simplicity. We define a Banach space of B = {u €
C([0,T] : R)}, with a norm ||u|| = maXiez, ., lu(t)|.

2. Existence criteria

With the help of fixed point procedure, we check the existence of
FF-€ 0, concentration dynamics (1.1), we have

-

eW-e0) =55 Jo (.5XQ+ AN —a€ =iy + 50
. t@agt&r) QAN —a€ — (4 + 25O,
NO-NO) =25 [UCHEN X g - 0N s
< %(A/a—%)wlws—%/\fl
FO-F0) = g?fn /0 U, s)(uF - %) —¢NT+p3T)ds
+%( F(1— ) - pN'F + f5%),
-T0 = Jo 2t )0(M = F) = vyD)ds
$ UL (0 - §) 0T

2.1

Now, we define some functions ; and some constants y;, ie N’ f, for the
main results of the paper.

TGO =Q+IN —aC— (4 + LR

HrtN) =rN (1= 2)+ 1 pNF - 0eN.,
365 =uF( - ) - PNF + 3T,
%4({, ‘3:) = U(M - S") - Uoz.

(2.2)

(# ®): We assume the boundedness of the functions €(t), N (t), ), T(t)
and €@ (1), N'®(1), F2(t), T®(1) all belongs to L[0,1] with [N <y,
1T <y, (SN < w3, and ||€]] <y for some y; >0, i=1,2,3,4.

Theorem 2.1. The kernals 7%, #,, #;, #, are satisfying LC if (X ®)
holds true and satisfy ¢; < 1 for i € Nf.

Proof. First, we show that 7 (t, €) obeys LC, for this, consider

|92,(t, @) = Z,(4,€®)| = |Q+ AN —a€ — (4 +

K, +T)Sc

—(Q+ AN —aC® - (4, + )S¢®)

Kl
= [|a(€® — &) + (4 + 1y (€@ - Q)|
<(a+ A +rw)lE® - o)

< lEe® -0,
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where ¢, = a + 4; + 7, y,. Hence 7 satisfies LC and ¢, < 1. Similarly,
we can reach to the situation that %, (t, N') satisfies the LC with constant

¢, = r+ M + 7 py3 + Oy, where ¢, < 1. Furthermore, we have ¢ =
u(l + )+¢u/1 + fy,, ¢, = vy, with both the ¢; < 1 and ¢, < 1, which

1mp11es 73 and 7, do satisfy the LC. Hence, all the 7, for i =1,2,3,4,
fulfill LCs and for ¢; < 1 fori € N' ;‘, they are contractions. []

We rewrite the system of equations from (2.1) in the following form
by using the kernals 7%, i € N f, we have

-

&H  =e0)+ %)r Jo %69, (s.€(s))ds
+'®“+”)%"1 (L),

NGO =N +z )F fo U, )T 5 (s, N (s))d s
+‘®(1‘7)’7/ (& N'(©),

150 =500+ 2 s {135, 5 @3

+%%(t 5V).

O =TO)+ 5, e Jo ()45, %(5))ds
e 0)

We proceed to the iterative scheme

¢, (t)=e0) +

/?l(t ) (s,C,_1(s))ds

?( e
%%(n ¢\1(0),
Nn(t>=N(0)+?( = / U1, )5, N1 (5))ds
#d o~ ))’ N,
5.0 =500+ o / U, 5)T5(5, 51 (5))ds

) 1= t®—1
SAOT g 05,0,

Z(v)
T,(6) =T(0) + ?( T / U, )T 4(5.K,_ (5))ds
@(1 — t)tt®_1
T%Zl(t,zn—l(t))-

Theorem 2.2. Under the consideration of hypothesis (¥ ®), the FF-6 0,
concentration dynamics (1.1) has a solution provided that 6 = max{¢;} < 1,
fori=1,2,..4.

Proof. Let us define the following functions:

RAnt) =€, 10— W),
Rnt) =N (O =N,
An()  =TF,p (O - FO),
Pn(t) =T (O = (D).

2.4)

Taking norm of the system (2.4) we have
I, I

=€, 41 (0 — Wl
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= /%(t VI, (5, €, (s))d +M?/(t¢(t))
'?(r)r SIS EalIES 70) e
(1 — !
<? o / U4, 5)9, (s, €(s))ds + T%(t,@(t)))“
ot _
- e / U )11(5, () — 1 (5. €(5)) | ds
0

@(1 — o)1

T 17 GO) - Z GO
<?t(frt / 2 yds + =L ;(t))t‘® I >¢1 o el
0
< ?(t‘;fz{ i@» : (;(;) v )qs] lle, - el
(Formsen * o0 )nv”"@l ~el.

where 6 < 1 and as n = o so €, — ¢ and using the formula B(u,v) =
(b — a)~tv+l fab(s —a)*"1(b - 5)’"!ds and as t € [0,1] so lme® <

@ imi _ e®re®
1 and © < 1. Similarly, we have ||, N < <7f§(t)r(t+t®)) +
n
®(l—
200 ) Gn| N, = N, and o < 1, implies that, as n > o0, so N, = N.
Z(v) 1 n

Also, for the § and ¥, we have that, as n - o, then §, - §, ¥, = <.
Consequently, the FF-6€ 0, concentration dynamics (1.1), has a solu-
tion. []

Theorem 2.3. Under the consideration of hypothesis (% ®), the uniqueness
of solution for the FF-€ 0, concentration dynamics (1.1) is satisfied pro-

or:® o(1-
videdthat;( e od r)>¢,-§1,ieN;‘

C (O (t+1®)) Z(v)

Proof. Following a contradiction of the uniqueness of solution of the
presumed FF-€ 0, concentration dynamics (1.1), such that o, N9,
¥®, @, satisfying the given model. We have

)=

g( T / U, $)H,(5,€®(s5))ds

®(1 — 1)1 ®
T%l (t,€2(D),

N =

g( T / U, $)H (s, N®(s))d s

®(1 — )t ®-1

®
g(t) 7/2 (t’ N (t))7

32 =

@
?( . / U, 5)4(5.32(5))d s

(1 — o)1

®
Z0 75 FE W),

IO Z ( T / UL, )H,y(s,38(s))d s

®(1 —t)tt®_1

®
0 4L TEW0).
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Now taking norm of the difference of both the solutions

le(t) —e® )| = ”( /%(t ), (s,8(s))ds

2l

@(1 — )@

%0 Z (@, Q(t))>

]
<?(t)l“ /%(t )X (s, €2 (s))ds

®(1 — t)lt -

®
“0 %’1 tc (t))> ”

- / (1,515, 5.€06) = 7,5, €2 (5D s

@1 — t)t‘®‘] ®
+ Tll%l(tQ(t) =7, (¥ W)lds

t

tt®
< <?(r)rr / %)
0

@(1 — )@
Z(v)

>¢1||€—¢®||,

— |- @@
Z ) (x +t®))
(1 —v)

- 7 _o®
20 >¢1]|I€ @] <o. (2.5)

This is possible for ||¢ — ¢®|| =0, or equivalently, ¢ = ¢®. This confirms
ot ®re®

the uniqueness for the ¢. Similarly, for N, we have [1 - (m

t@z(;” > ¢2] IN = N®|| <0, which implies N' = N'®. For the other two

classes of the FF-6 0, concentration dynamics (1.1), we have § = 5®,
T =T®. Thus, the uniqueness of the solution of FF-€ @, concentration
dynamics (1.1) is proved. []

Definition 2.4. The FF-integral system (2.3) is said to be generalized
HUR-stable if for each solution (€, N, 3, %) € #*, there exit constants
6, >0, ke N#, and for §>0,ie N;‘, we have

@ ot
'G(t) ?( e /‘Zl(t )X (s,€(s))ds — T%l(t, C(t))‘
<{,

®(1 = p)re®-1
'N(t)— 2Tt /‘Zl(t 8)75 (s, N(s)ds — %%’2& N‘(t))‘
<&,

/ U935 5ds — S o s(t»'
g( [t 3 2(v) 35

<&,

( _t)tt®—1
'T(t) g( T / U4, )Ty (s, U(s))ds — T9’f4(t,z(t))|
<&y

There exists a solution (¢®, N'®, 5®,3®) € $* of the FF-€ 0, concen-
tration dynamics (1.1), satisfying that
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let) - e®()] <68,
IN () - NO®)] <650,
30 - 301 <638, (2.6)
() — T2(O] < 6484
Definition 2.5. The FF-integral system (2.3) is said to be generalized

HUR-stable with respect to ;(t), where j € {1,2,3,4}, if for each solu-
tion (¢, V', §, %) € B*, there exit constants 51(? >0, ke N?, with

©( — o

S / Y9, €(ods - oI c(t))‘
<30, forall t€ Ty,
N - / Ut )Tp(s, N (5)ds — %T))’@l%(t N(o)‘
< T5(0), forall t€ Tjg,.
50— S / Ut 9%, 5(s)ds — %%(n 50|
< T30, forall t€ Tjgp,.
‘T(t ?( T /?Z(t $) 4 (s,%(s))ds — %%4(@‘3({))'

< T4, forall t€ Iy py.

There exists a solution (¢©, N'®,§®,$®) € B* of the FF- 0, concen-
tration dynamics (1.1), satisfying that

|e(t) — €®| <6,7,(t), forall te Lorys

IN®) - N®| < 6,9, (1), forall t€ Ijy 7,

I3(t) — | < 65731, forall te Iy, 2.7
|T(®) — T2 < 6,T4(t), forall te o1y

Theorem 2.6. Under the consideration of hypothesis (¥ ®), the FF-6 0,
concentration dynamics (1.1) is HU-stable.

Proof. We know that the FF-6 0, concentration dynamics (1.1) has
unique solution. Let there exists approximate solution of the model (1.1)
O, N®(1), FB(1), T®(1), that satisfies the given model (1.1), such
that

[€(t) - ¢®(t)|
— t (1_t)tc®—l
‘(?(w)r / rEITG, Q(S”‘“JfT%](t,@(t)))
O(syas+ U= o (@
<?(t)l" / U )1 (5, EO (s + —— 5 (L€ 1) |

g( T /%(t )|, (s,€(s) — H,(5,€®(s))|d s

(1 — t)f®-1

Z0 |7 (1, €(t) —

7, (, €@ )

t)tt@—]

t
u® 17@(1 -
< (oo [ oo S —
0

>¢1||€—¢®||



H. Khan, M. Abdel-Aty, D.K. Almutairi et al.

< < @@ @1 —v)
T\ G +19®)) Z(v)

>¢1||¢—¢®||

w®re® @t
Let a; = <?(r)r(r+r®)) zf(c) :
equality becomes |¢ — ¢®| < §,¢,. Similarly, by the consideration of
hypothesis (Z®), we get |€ — ¢®| < §,¢,, where ¢, = ¢,. Also, for the
¥ and T, we have |§ — §®| < 63¢3, where {3 = ¢5 and |T — T®| < 6,84,
where {, = ¢,. Consequently, the FF-€ 0, concentration dynamics (1.1)
is HU-stable. []

)ll@— €®||, ¢, = ¢, so the above in-

Theorem 2.7. With assumption (¥ ®), the FF-€ 0, concentration dynam-
ics (1.1) is generalized HUR-stable.

Proof. The proof of this Theorem can be obtained with the same work
given in the proof of the Theorem 2.6 with the addition of Defini-
tion 2.5. []

3. Numerical scheme

The numerical scheme for FF-¢ 0, concentration dynamics (1.1) is
provided in this portion of the paper.

Let us consider 7'M (D2 & () = Q(t, &(t))R where &(0) = &, The
above equation can be written in Antangana Baleanu FF derivative as
follows:

FER DS &(1) = 627 L(L (1) = Q(t E(1)) @.1)

Taking Antangana Baleanu integral, we get

l-¢
W) =& QL&
t) ()+?(g1) (t, €(1)
t
G et oo #end 5
?(a)rgl/ S Gl S (R 3.2)

0
Replacing (t) by 7, ; we have

1-¢
%n+1:%0 Qt &t
RATE R
ol
= [ 9 07T BN 3.3
" Benre, O/ S e i (A (3.3)

By Lagrange Polynomial (LP) of two steps, we have

W=t DG &y = 1)L &)

| |
Q(tk’gfk)(u_tk—l) Q(tk—l’ gtk,l)(u_tk)

Qu, (W) ~

(3.4)
Tp =ty S |
Qe EYU =) Qs Eo ) — 1)
- h h
Applying LP to (3.3), we get
1-¢
& = 0)+ Log,, &t
) %) (t,, E(t,))
tk+l
1 < [ QB () 3 -l
TG, ; [ - / € =1ty =51 71dE
k
t"+1
Qt,_,, 8, _
- # / (€ = 1)ty — O ‘dg’] (3.5)
173

Now solving the integral we get
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I-¢;
&l =g0)+
© Z(1)

Qt,, E(t,))

glhé'l

m Z [Q(t‘,g(tl))<(}’l+ 1 —i)gl(n—i+2+g1)

i=1 (3.6)
—(n—i)gl(n—i+2+2g1)>

—Q(t,-_l,%,-_l)<(n+ 1= —(n—i+1 +g1)(n—i)€1)]

Applying this numerical scheme (3.6) to the FF-¢ 0, concentration dy-
namics (1.1), we get numerical data given in Fig. 4. In Fig. 4, there
are four subfigures. The €0, concentration is presented in subFig. 4a
which shows that the €0, concentration is getting higher with re-
spect to the time ¢. This increase is due to the reduction of the for-
est area § and increase in the human population N by deforestation
which are given for different fractional orders in the subFig. 4c and
subFig. 4d. It is expected that if there were no new plantation efforts
then the €0, concentration in the atmosphere would further increase.
The decreased population is transferred into the SubFig. 4b and 4c.
For the computational results, we have used the numerical values: Q =
1.68, A =0.564, a = 0.006; 4, = 7.5681 x 1077, r = 0.026, K = 11;6 =
5.3765x 1078, u=0.005, M = 5900, ¢ = 0.00042371, z; =0.005, y, =
5% 1077, K; =300, f=3x107°%, v=0.004, v, =0.01.

4. Applications of Al and NN-tools

Artificial intelligence (AI) and neural networking are revolutionizing
research in the field of dynamical systems offering sophisticated tech-
niques for modeling and interpretation. Neural networks, which are a
part of artificial intelligence, are highly effective at working with the
complexity of dynamic systems. They attain this by analyzing enormous
datasets, learning patterns, and calculating nonlinear functions that rep-
resent the state of the system. Artificial Intelligence (AI) and neural
network tools utilize advanced mathematical and statistical techniques
to analyze complex data and uncover patterns. The feedforward process
in neural networks is mathematically represented as:

y=fr (W -o(Wy_j = o(W-x+b)+b,_;)+b;)

where x is the input vector, W; are weight matrices, b; are bias vectors,
o(-) denotes activation functions such as ReLU, sigmoid, or tanh, and
f(-) is the output function. For model training, various loss functions are
employed to quantify prediction errors. Common loss functions include:
Mean Squared Error (MSE) for regression:

N
Ly =1 X 0i- )
i=1

and Cross-Entropy Loss for classification:

c
Ly.9) =~ Y, yilog)

i=1
where § represents predicted values, y denotes actual values, N is the
number of samples, and C is the number of classes. Optimization of
the network parameters is typically done using gradient-based methods
such as Stochastic Gradient Descent (SGD):

Wnew = Wald - nVWE

where 7 is the learning rate and VL is the gradient of the loss func-
tion with respect to the weights. To enhance model performance and
generalization, techniques like Batch Normalization and Dropout are
also applied. Batch Normalization normalizes the input of each layer:

L Xi—H
X = la v+p
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Fig. 4. The computational plots for the dynamics of the FF-€ 0, model (1.1).

where 4 and o are the mean and standard deviation of the batch, and
y and f are learned parameters. Dropout randomly deactivates neu-
rons during training to prevent overfitting. Neural networks has the
capability of expressing systems using empirical data, leading accurate
predictions of future, without relying on explicit equations utilized by
previous techniques with fast computing is shown in the Fig. 6. This
skill is especially useful for sciences like epidemiology, where it is possi-
ble to predict the spread of illnesses by looking at historical data. Also,
neural networks enhance control systems, therefore improving the ef-
fectiveness of activities across various domains, such as engineering
and environmental management. Reinforcement methods for learning
extend the significance of Al by actively searching for optimal con-
trol mechanisms in real-time, consequently strengthening the study and
practical application of dynamical systems. The integration of Al and
neural networking with computationally complex systems not only im-
proves understanding but also motivates novel methodologies, boosting
the capabilities of mathematical modeling and estimation.

In this section, we employ artificial intelligence (AI) and neural net-
works (NN) to computationally analyze the dynamics of FF-¢ 0, value
according to (1.1). We also evaluate the effectiveness of the numerical
approach that was investigated for the model in section 3. The depic-
tion is presented with numerous computational figures.

Fig. 5 illustrates the comprehensive analysis of FF-¢ 0, concentration
dynamics described in (1.1).

SubFig. 5a: Describes the steps used to train and test the €0, con-
centration data at epochs 303, with a gradient value of 0.079855
and a value of y =0.0001. There are also 6 validation checks. It is
shown that the model can predict €0, concentration. This shows
that there is a strong link between the training dataset and the mod-
el’s output, which proves the model’s dependability.

SubFig. 5b: Displays a histogram with 20 bins, illustrating the dif-
ference between planned and target values of €0, concentration.
This histogram shows the variance and magnitude of differences be-
tween the actual and projected values, allowing for an assessment
of the accuracy and dependability of the algorithm.

SubFig. 5c: Demonstrates its precision of the algorithm employed
in analyzing the data of €0, concentration with epoch 297 with
best validation 0.00039678. This part of the figure shows that the
method works to show the data correctly and capture the compli-
cated changes in the FF-¢ 0, concentration changes that are shown
in (1.1).

SubFig. 5d: Demonstrates the fitting of data and giving the joint
outputs for Training data, output data, validation targets, validation
outputs, test outputs and targets, errors and fit data. All these results
are in good agreement with each other and showing a smaller error
in the algorithm for the comparative targets and outputs, for the
FF-€ 0, concentration measured by the model (1.1).
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Fig. 6. Artificial neural networking for data analysis with fast computing [43].
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Fig. 7. Regression for the data for €0, concentration with the use of AL

Overall, the results show that the model can help us understand how
the concentration of FF-€ 0, changes over time, as shown in equation
(1.1). The use of Al and neural networking in this study is important
because it improves the models’ accuracy and reliability and can give a
good comparative analysis of the targeted values and the input values
of the model’s simulations.

Fig. 7 illustrates the regression analysis carried out on the relation-
ship between FF-6 0, concentration dynamics, outlined in (1.1), uti-
lizing advanced computational techniques. A correlation value (R) of
1 implies a perfect agreement between expected and input €0, con-
centration dynamics, reflecting high precision in the simulations. The
significant level of accuracy that was shown in this analysis underscores
the advantages of algorithms for figuring out and forecasting the dynam-
ics of the FF-¢ 0, concentration dynamics (1.1).

Fig. 7 shows the findings of regression analysis for the dynamics
of FF-€ 0, concentration, outlined in equation (1.1), utilizing AI and
neural networking techniques. In this study, we examined a dataset con-
sisting of 300 values. This dataset had 150 predictors and 150 answers.
The chosen algorithm was Random data division, with the Levenberg-
Marquardt training algorithm. The performance was evaluated using Al
tools by analyzing the mean squared error. The observations were di-
vided into three categories: Training (104), Validation (23), and Test
(23). The mean squared errors (MSE) for these values were derived as
follows: 6.2987x 10714, 2.5836x 107!, and 5.1648 x 1012, respectively.
Fig. 8 illustrates the auto correlation and hits results obtained using Neu-
ral networking clustering for €0, concentration dynamics given (1.1).
It is based on two sugfigures. The subFig. 8a displays the autocorrela-
tion of data of €0, concentration dynamics given (1.1). This analysis
helps in understanding the persistence and periodicity of FF-€ 0, con-
centration dynamics (1.1). While, the subFig. 8b illustrates the simple
hits of data of €0, concentration dynamics given (1.1), demonstrating
clusters within the dataset that correlate with the model’s predictions.
This visual representation aids in identifying patterns and validating the
model’s forecasting accuracy.

Fig. 9 illustrates the results accomplished through NN clustering for
FF-€0, concentration dynamics of (1.1). The illustration is derived
from two subdiagrams. Fig. 9a displays the clustering of weight planes
in €0, concentration dynamics of (1.1), demonstrating the presence
of various groups characterized by different underlying properties. This
study facilitates recognizing of changes in €0, concentration and pos-
sible components that affect the dynamics of the concentration. Fig. 9b

11
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shows the clustering of weight places of €0, concentration data us-
ing the NN algorithm. It specifically highlights the clusters that are in
line with the assumptions made by the FF-€ 0, concentration dynamics
(1.1). This illustration enables to confirm the preciseness of the model
and advance in insight into the intricate relationships within the dynam-
ics of FF-€ 0, concentration, which is explained by equation (1.1).

4.1. Nonlinear time series data analysis

For the Carbon dioxide analysis of the model (1.1), we have consid-
ered time series data analysis with 150 input data and 150 target data.
The data division was considered as random using Levenberg-Marquardt
algorithm to perform mean square error while keeping layer size 10 and
time delay 2. We have recorded for the training data of 104 observations,
MSE =42239%x107'* and R = 1. For the validation with 22 observa-
tions, we have analyzed M SE =5.7409 x 10”4 and R =1 and for the
test 22 observations resulted M.SE =2.0654 x 10713 and R=1.

In this section, we apply the AI and NN for the computational analy-
sis of the € 0, concentration dynamics (1.1) and analyse the capabilities
of the numerical scheme that was studied for the model in the section 3.
This illustration is given in several computational figures.

Description of Fig. 10 and 11 illustrate the comprehensive analysis of
€ 0, concentration dynamics described in (1.1) and were obtained with
the NLTSP Al tool NARX.

+ SubFig. 10a: Presents the validation and training process for the
infected human population of time series data at 1000 epoch with
gradient 5.7782x 107%, ;s = 0.1 and val fail 0. It shows the model’s
ability to accurately predict € 0, concentration dynamics described
in (1.1).

SubFig. 10b: Providing the error histogram with 20 bins based on
training, validation, test and zero error data. The concentrations of
the graphs are surrounded by the zerro error for the data of €0,
concentration dynamics described in (1.1)

SubFig. 10c: Identifies the accuracy of the computational method
employed to analyze the output and target for the time series data
of €0, concentration dynamics described in (1.1). This subfigure
shows the efficacy of the algorithm in precisely representing the
computational data and capturing the intricate dynamics of €0,
concentration dynamics as defined by equation (1.1). This subgraph
is a joint representation of the data for the training targets, training
outputs, validation of targets, validation of outputs, test targets and
test targets, errors and response data.

SubFig. 10d: is describing the response of output data with a very
small error of 20 x 1077,

SubFig. 11a: is presenting the autocorrelation error in the input
and target data. This graph is a computational data obtained by the
NN-Tool NARX for the € 0, data with an error of less than 7x 10~14.
SubFig. 11b: is presenting correlation between input and error
which is obtain by computing the corresponding differences of tar-
gets and inputs data. This graph is a computational data obtained
by the NN-Tool NARX for the €@, concentration analysis.

The results strongly support the model’s ability to give useful infor-
mation about the dynamics of €0, concentration as shown in (1.1).
Using AI and neural networks in this study is very important because it
improves the accuracy and dependability of the estimations. This leads
to more accurate public health measures and methods to optimize the
€ 0, concentration dynamics, as shown in (1.1).

5. Conclusion

This article provide a comprehensive analysis of atmospheric €0,
concentration dynamics (1.1) through theoretical as well as computa-
tional techniques. The findings are summarized in the description as
well in the pie chart Fig. 12.
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Fig. 9. NN-clustering for the weight planes and weight positions of €0, data.

In this study of €0, concentration dynamics (1.1), we conducted
a deep analysis encompassing theoretical and computational inves-
tigations.

Section 1 is on the theoretical exploration, establishing important
aspects of the €0, concentration dynamics (1.1) including the ex-
istence and uniqueness of solutions, as well as Hyers-Ulam stability.
These results provide a foundational understanding of the model’s
dynamics and robustness in predicting €©, concentration as per
our presumed model (1.1).

Section 2 involves a computational approach with the implemen-
tation of a numerical scheme to simulate the €0, concentration
dynamics (1.1). This enabled detailed data generation across sub-
classes, analyzed using Al and neural networking techniques.
Computational results are illustrated in several figures. Applying
the numerical scheme (3.6) to the FF-¢ 0, concentration dynam-
ics (1.1), we get the numerical data given in Fig. 4. In Fig. 4, there
are four subfigures. The dynamics of the €0, level is presented
in subFig. 4a which shows growth in concentration with respect
to the time ¢. This increase is due to the reduction of the forest
area § and the increase in the human population N by deforesta-
tion, which are given for different fractional orders in the subFig. 4c
and subFig. 4d. It is expected that if there were no new plantation

12

efforts and control strategies then the € 0, concentration in the at-
mosphere would further increase and will affect the ecosystem of
the planet more severely than shown in the Fig. 3. These results are
then analysed with the help of AT and NN tools.

Further analysis in Figs. 5, 7, 8, and 9 highlights the exceptional ac-
curacy and robustness of our computational methods, demonstrat-
ing high correlation coefficients and effective clustering analyses.
These results underscore the efficacy of computational modeling in
predicting disease transmission patterns, informing targeted public
health interventions.

Fig. 10 and Fig. 11 are describing time series data analysis using
the NARX tool with 70% training data, 15% test data and 15% val-
idation data with layer size 10.

The findings of the article are statistically summarized in the
piechart diagram Fig. 12.

Our integrated theoretical and computational approach not only ad-
vances understanding of €0, dynamics (1.1) but also emphasizes
the importance of advanced computational tools in disease model-
ing.

This study provides valuable insights for future research and proac-
tive measures to combat € 0, concentration (1.1) globally.
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Fig. 10. Time series data analysis of the €0, concentration dynamics (1.1) by the use of NARX tool of Al
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Future Directions:

+ To generalize the FF model to incorporate environmental and age
factors influencing € @, concentration dynamics (1.1) in a popula-
tion.

+ To analyze real-time data from different regions to improve the
model’s robustness and predictive precision.

+ To investigate the role of interventions such as vaccination strate-
gies or vector control measures within the FF framework to high-
light effective public health measures against €0, concentration
dynamics.
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