
International Journal of Neutrosophic Science (IJNS) Vol. 25, No. 03, PP. 307-311, 2025

Spectral Radius Inequalities for Accretive-Dissipative Matrices
Mona Sakkijha1 , Shatha Hasan2,3 ,∗

1Department of Mathematics, Faculty of Science, The University of Jordan, Amman 11942, Jordan
2Department of Applied Science, Ajloun College, Al-Balqa Applied University, Ajloun 26816, Jordan

3Jadara University Research Center, Jadara University, Jordan

Emails: m.sakkijha@ju.edu.jo;Shatha@bau.edu.jo

Abstract

In this paper, we prove new spectral radius inequalities for sums, differences and commutators involving
accretive-dissipative matrices of Hilbert space. Earlier well-known results used the spectral radius for its
importance for general matrices. In our paper, we focus on some results related to spectral radius for special
kind of matrices which are accretive-dissipative. A particular example is also presented in this work.
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1 Introduction

The concept of spectral radius has many applications in different fields of science, so there are many re-
searchers who are interested with spectral radius inequalities started with Hou-Do, 1995 who established a
nice inequality related to positive operators [4]. This inequality was then used by Kittaneh when he found the
spectral radius for block matrices. Moreover, Abu-Omar and Kittaneh (2015) proved a general spectral radius
inequality in [1].
In the current work, we present bounds of sums, differences, and commutators for accretive-dissipative matri-
ces depending only on the spectral radius of both the real and imaginary parts of these kind on matrices.
Let Mn(C) be the algebra of all n × n complex matrices. For Υ ∈ Mn(C), let r(Υ) and ∥ Υ ∥ denote the
spectral radius and the usual norm of Υ, where

r(Υ) = max {|λ|, λ ∈ σ(Υ)} , (1)

provided that σ(Υ) is the set of all eigenvalues of the matrix Υ.

It is known that for Υ ∈ Mn(C), we have
r(Υ) ≤ ∥Υ∥, (2)

if Υ is positive semidefinite, then
r(Υ) = ∥Υ∥, (3)

and for any integer k,
r(Υk) = rk(Υ). (4)

Also, for ζ ∈ C, r(ζΥ) = |ζ|r(Υ). Note that for non commutating matrices, the spectral radius is neither
subadditive nor submultiplicative but for Υ,Ψ ∈ Mn(C) such that ΥΨ = ΨΥ, then

r(Υ + Ψ) ≤ r(Υ) + r(Ψ), (5)
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and
r(ΥΨ) ≤ r(Υ)r(Ψ). (6)

A matrix Υ ∈ Mn(C) is called accretive-dissipative if in its Cartesian decomposition Υ = Υ1 + iΥ2,
the matrices Υ1 = R(Υ) = Υ+Υ∗

2 and Υ2 = Im(Υ) = Υ−Υ∗

2i are positive semidefinite. For Additional
properties, the reader can see [3].
The cummutator of Υ and Ψ is the operator ΥΨ−ΨΥ. It plays vital role in operator theory.

2 Basic Lemmas

In this section, we present some important lemmas that are important in proving our main results.

Lemma 2.1. 2 If Υ,Ψ ∈ Mn(C) are positive semidifinite, then

∥Υ+ iΨ∥ ≤ ∥Υ+Ψ∥.

Lemma 2.2. 5 If Υ,Ψ ∈ Mn(C) are positive semidifinite, then

∥Υ+Ψ∥ ≤ max(∥Υ∥, ∥Ψ∥) + ∥Υ 1
2Ψ

1
2 ∥.

Lemma 2.3. 5 If Υ,Ψ ∈ Mn(C) are positive semidifinite, then

∥Υ−Ψ∥ ≤ max(∥Υ∥, ∥Ψ∥).

Lemma 2.4. 5 If Υ,Ψ ∈ Mn(C) are positive semidifinite, then

max(∥Υ∥, ∥Ψ∥)− ∥Υ 1
2Ψ

1
2 ∥ ≤ ∥Υ−Ψ∥ ≤ ∥Υ+Ψ∥ ≤ max(∥Υ∥, ∥Ψ∥) + ∥Υ 1

2Ψ
1
2 ∥.

Lemma 2.5. 7 If Υ,Ψ ∈ Mn(C) are positive semidifinite, then

∥ΥΨ−ΨΥ∥ ≤ 1

2
∥Υ∥∥Ψ∥.

3 Main Results

In this section, we establish spectral radius inequalities for sums, differences and commutators of accretive-
dissipative matrices. In 2005, Kittaneh [6], proved many spectral radius inequalities in general for any matrix.
In this paper, we are making special mention using accretive-dissipative matrices.
Many researchers have studied these type of accretive-dissipative matrices. For example, Kittaneh and Sakki-
jha introduced norm inequality for them in [8] and in [9], the authors presented new bounds for determinant
inequalities involving them.

Theorem 3.1. Let Υ,Ψ ∈ Mn(C) be accretive-dissipative with Cartesian decomposition Υ = Υ1+ iΥ2 and
Ψ = Ψ1 + iΨ2. Then

r(Υ + Ψ) ≤ max(r(Υ1 +Υ2), r(Ψ1 +Ψ2)) +
√
r(Υ1 +Υ2)r(Ψ1 +Ψ2).

Proof.

Consider r(Υ + Ψ) = r((Υ1 +Ψ1) + i(Υ2 +Ψ2))

≤ ∥(Υ1 +Ψ1) + i(Υ2 +Ψ2)∥ (by Inequality 2)
≤ ∥Υ1 +Ψ1 +Υ2 +Ψ2∥ (by Lemma 2.1)
= ∥(Υ1 +Υ2) + (Ψ1 +Ψ2)∥

≤ max(∥Υ1 +Υ2∥, ∥Ψ1 +Ψ2∥) + ∥(Υ1 +Υ2)
1
2 (Ψ1 +Ψ2)

1
2 ∥ (by Lemma 2.2)

≤ max(∥Υ1 +Υ2∥, ∥Ψ1 +Ψ2∥) + ∥(Υ1 +Υ2)
1
2 ∥∥(Ψ1 +Ψ2)

1
2 ∥

= max(r(Υ1 +Υ2), r(Ψ1 +Ψ2)) +
√
r(Υ1 +Υ2)r(Ψ1 +Ψ2).
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The result follows by using (3) since the matrices Υ1,Υ2,Ψ1,Ψ2 are positive semidefinite and since for any
positive semidefinite matrix X, ∥X 1

2 ∥ = ∥X∥ 1
2 .

Theorem 3.2. Let Υ,Ψ ∈ Mn(C) be accretive-dissipative with Cartesian decomposition Υ = Υ1+ iΥ2 and
Ψ = Ψ1 + iΨ2. Then

r(Υ + Ψ) ≤ max(r(Υ1), r(Υ2)) +max(r(Ψ1), r(Ψ2)) +
√

r(Υ1)r(Υ2) +
√
r(Ψ1)r(Ψ2)

Proof.

Consider r(Υ + Ψ) ≤ ∥Υ+Ψ∥ ≤ ∥Υ∥+ ∥Ψ∥ (by 2)
= ∥Υ1 + iΥ2∥+ ∥Ψ1 + iΨ2∥
≤ ∥Υ1 +Υ2∥+ ∥Ψ1 +Ψ2∥ (by Lemma 2.1)

≤ max(∥Υ1∥, ∥Υ2∥) + ∥Υ
1
2
1 Υ

1
2
2 ∥+max(∥Ψ1∥, ∥Ψ2∥) + ∥Ψ

1
2
1 Ψ

1
2
2 ∥.

Thus the result is obvious.

Corollary 3.3. If Υ,Ψ ∈ Mn(C) are accretive-dissipative with Cartesian decomposition Υ = Υ1+ iΥ2 and
Ψ = Ψ1 + iΨ2, and if Υ1Υ2 = 0 and Ψ1Ψ2 = 0, then

r(Υ + Ψ) ≤ max(r(Υ1), r(Υ2)) +max(r(Ψ1), r(Ψ2)).

Proof. The result follows using Theorem 3.2 and Lemma 2.4, noticing that when Υ1Υ2 = 0 and Ψ1Ψ2 = 0,
then ∥Υ1 −Υ2∥ = ∥Υ1 +Υ2∥ = max(∥Υ1∥, ∥Υ2∥)

Theorem 3.4. Let Υ,Ψ ∈ Mn(C) be accretive-dissipative with Cartesian decomposition Υ = Υ1+ iΥ2 and
Ψ = Ψ1 + iΨ2. Then

r(Υ−Ψ) ≤ max(r(Υ1), r(Ψ1)) +max(r(Υ2), r(Ψ2)).

Proof.

Consider r(Υ−Ψ) ≤ ∥Υ−Ψ∥ = ∥(Υ1 −Ψ1) + i(Υ2 −Ψ2)∥
≤ ∥Υ1 −Ψ1∥+ ∥Υ2 −Ψ2∥
≤ max(∥Υ1∥, ∥Ψ1∥) +max(∥Υ2∥, ∥Ψ2∥) (by Lemma 2.3).

Thus the result follows using (3).

Theorem 3.5. Let Υ,Ψ ∈ Mn(C) be accretive-dissipative with Cartesian decomposition Υ = Υ1+ iΥ2 and
Ψ = Ψ1 + iΨ2. Then

r(ΥΨ−ΨΥ) ≤ 1

2
(r(Υ1) + r(Υ2))(r(Ψ1) + r(Ψ2)).

Proof.

Consider ΥΨ−ΨΥ = (Υ1 + iΥ2)(Ψ1 + iΨ2)− (Ψ1 + iΨ2)(Υ1 + iΥ2)

= (Υ1Ψ1 −Ψ1Υ1) + (Ψ2Υ2 −Υ2Ψ2) + i(Υ2Ψ1 −Ψ1Υ2) + i(Υ1Ψ2 −Ψ2Υ1).

Now r(ΥΨ−ΨΥ) ≤ ∥ΥΨ−ΨΥ∥
≤ ∥Υ1Ψ1 −Ψ1Υ1∥+ ∥Ψ2Υ2 −Υ2Ψ2∥+ ∥Υ2Ψ1 −Ψ1Υ2∥+ ∥Υ1Ψ2 −Ψ2Υ1∥

≤ 1

2
∥Υ1∥∥Ψ1∥+

1

2
∥Ψ2∥∥Υ2∥+

1

2
∥Υ2∥∥Ψ1∥+

1

2
∥Υ1∥∥Ψ2∥ (by Lemma 2.5)

=
1

2
(∥Ψ1∥+ ∥Ψ2∥)∥Υ1∥+

1

2
(∥Ψ1∥+ ∥Ψ2∥)∥Υ2∥

=
1

2
(∥Ψ1∥+ ∥Ψ2∥)(∥Υ1∥+ ∥Υ2∥).
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Theorem 3.6. Let Υ ∈ Mn(C) be accretive-dissipative with Cartesian decomposition Υ = Υ1 + iΥ2. Then

r(ΥΥ∗ −Υ∗Υ) ≤ r(Υ1)r(Υ2)

Proof. Consider Υ∗ = Υ1 − iΥ2, then ΥΥ∗ −Υ∗Υ = 2iΥ2Υ1 − 2iΥ1Υ2.

Now r(ΥΥ∗ −Υ∗Υ) = r(2iΥ2Υ1 − 2iΥ1Υ2)

≤ ∥2iΥ2Υ1 − 2iΥ1Υ2∥ (by 2)
= 2∥Υ1Υ2 −Υ2Υ1∥

≤ 2(
1

2
)∥Υ1∥∥Υ2∥ (by Lemma 2.5)

= r(Υ1)r(Υ2).

Example Let Υ =

(
1 + i −1 + i
−1 + i 1 + i

)
=

(
1 −1
−1 1

)
+

(
1 1
1 1

)
i.

Here, Υ1 =

(
1 −1
−1 1

)
,Υ2 =

(
1 1
1 1

)
, and Υ∗ =

(
1− i −1− i
−1− i 1− i

)
. Then

r(ΥΥ∗ −Υ∗Υ) ≤ r

(
1 −1
−1 1

)
r

(
1 1
1 1

)
.

Now, since σ(Υ1) = {0, 2}, then r(Υ1) = 2. Also, σ(Υ2) = {0, 2}, then r(Υ2) = 2. Thus,

r(ΥΥ∗ −Υ∗Υ) ≤ (2)(2) = 4.

4 Conclusion

In this paper, some results related to spectral radius for special kind of matrices which are accretive-dissipative
were given with their proofs. A particular example was presented to illustrate the results. The importance of
our results is that it makes it easy to find bounds for sums, differences, and commutators of these matrices
using only the spectral radius of the real and imaginary parts since these matrices are positive semidefinite and
their spectrum is positive.
For future works, one may try to find the spectral radius for 2×2 block matrices involving accretive-dissipative
matrices.

References

[1] A. Abu-Omar and F. Kittaneh (2015),Notes on some spectral radius inequalities,Studia Math, 2875, 97-
109.

[2] R. Bhatia and F. Kittaneh (2009), The singular values of A + B and A + iB, Linear Algebra its Appli-
cations, 431,1502-1508.

[3] P.R. Halmos, A Hilbert Space Problem Book, 2nd edition, Springer-Verlag, New York, 1982.

[4] J. C. Hou and H.K.Do (1995), Norm inequalities for positive Operator Matrices, Integral Equations
Operator Theory,22, 281-294.

[5] F. Kittaneh (2004), Normal inequalities for sums and differences of positive operators, Linear Algebra
its Applications,383,85-91.

DOI: https://doi.org/10.54216/IJNS.250327
Received: March 17, 2024 Revised: June 10, 2024 Accepted: October 27, 2024

310



International Journal of Neutrosophic Science (IJNS) Vol. 25, No. 03, PP. 307-311, 2025

[6] F. Kittaneh (2005), Spectral Radius Inequalities for Hilbert Space operators, American Mathematical
Society, 134,385-390.

[7] F. Kittaneh (2007), Inequalities for commutators of positive operators, Journal of Functional Analysis,
250, 132-143.

[8] F. Kittaneh and M. Sakkijha (2019), Inequalities for accretive-dissipative matrices, Linear and Multilinear
Algebra, 67, 1037-1042.

[9] M. Sakkijha and S. Hasan (2024), Hadamard Determinant Inequalities for Accretive-Dissipative Matri-
ces, International Journal of Mathematics and Computer Science, 19,111-116.

DOI: https://doi.org/10.54216/IJNS.250327
Received: March 17, 2024 Revised: June 10, 2024 Accepted: October 27, 2024

311


	1 Introduction
	2 Basic Lemmas
	3 Main Results
	4 Conclusion

