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A B S T R A C T

This study created a new metrological framework for the modeling of nonlinear phase velocity, propagation, and 
aeroacoustic evaluation of multilayer silicon solar cell structures with graphene platelet (GPL)-metal layers. The 
solar cells were evaluated under the combined external sound radiation effects and airflow pressure subjected to 
coupled vibrational acoustic responses. A corrected structural modeling method using higher-order shear 
deformation theory (HSDT), where transverse shear stresses continuously vary through the thickness, and 
modified couple stress theory (MCST) to account for size-dependent phenomena at the microscale. The governing 
partial differential equations using the variational energy method were constructed, and an analytical harmonic- 
based approach is used to solve the governing equations. The Newmark’s transition is used to compute dynamic 
vibration response in order to accurately define transient outcomes. To ensure both reliability and predictive 
ability, the framework is validated with a hybrid deep neural network model (HDNNM) that uses machine 
learning to relate input parameters—GPL weight fraction, frequency stemmed from the excitation, and airflow 
velocity—to general nonlinear response performance metrics of sound pressure level and phase velocity changes. 
The contribution of the proposed mechanics-based modeling with machine learning represents a reliable method 
to evaluate metrics measured from metrology specific to solar cell structures subjected to aerodynamic acoustic 
conditions generally within the environmental regime. The findings further document the contributions of GPLs 
as strengthening or reinforcement of a structure’s stiffness and damping characteristics, which similarly enhances 
a structure’s energy conversion stability and acoustic properties. Lastly, these divergent thinking methodologies 
and experimental evidence will promote new insights into structural health monitoring, noise mitigation, and the 
evaluation of the next generation of solar energy devices.

1. Introduction

Plates and panels are fundamental structural elements in engineer
ing, commonly used in the design of buildings, bridges, and aerospace 
structures [1]. They provide essential load-bearing capacity and 
contribute to the overall stability and safety of a system [2]. Engineers 
rely on plates and panels for their efficiency in distributing forces across 
a surface, making them ideal for applications like floors, walls, and roofs 
[3]. Their versatility also extends to advanced industries, such as auto
motive and aerospace, where lightweight and high-strength materials 

are crucial [4]. Understanding the behavior of these structures under 
different loads is vital for engineers to ensure performance, durability, 
and cost-effectiveness in their designs [5].

Photovoltaic (PV) devices are essential for engineers due to their role 
in harnessing renewable solar energy, which is crucial for reducing 
dependence on fossil fuels [6]. These devices convert sunlight into 
electricity, offering a sustainable and environmentally friendly solution 
to power generation [7]. Engineers must understand the efficiency and 
material science behind PV technology to optimize system designs for 
maximum energy output [8]. As the demand for clean energy solutions 
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grows, integrating PV devices into buildings, infrastructure, and grids is 
becoming increasingly important [9]. Additionally, innovations in PV 
technology are pushing the boundaries of energy storage and off-grid 
applications, which are key to advancing sustainable engineering prac
tices [10].

Graphene nanoplatelet reinforcement has become a game-changer in 
the field of materials engineering due to its exceptional mechanical, 
electrical, and thermal properties [11]. As a one-atom-thick layer of 
carbon atoms arranged in a hexagonal lattice, graphene is renowned for 
its unparalleled strength, being over 100 times stronger than steel while 
remaining incredibly lightweight [12]. Engineers have recognized the 
potential of graphene nanoplatelets as an additive to improve the 
strength, stiffness, and durability of various materials like composites, 
plastics, and metals [13]. The incorporation of GPLs into these materials 
can enhance their mechanical properties without significantly adding to 
their weight, making them ideal for industries such as aerospace, 
automotive, and construction [14]. Engineers are leveraging these 
properties to develop advanced cooling solutions for devices like 
smartphones, laptops, and electric vehicles, as well as for improving the 
performance of batteries and supercapacitors [15]. Moreover, the high 
surface area of graphene nanoplatelets allows for better bonding with 
other materials, which further improves the composite’s performance 
[16]. Graphene’s potential for enhancing the electrical conductivity of 
materials is also attracting significant attention from engineers working 
on next-generation sensors, wearable electronics, and flexible displays 
[17]. With GPLs integrated into polymer matrices, engineers can 
develop lightweight, flexible electronics that maintain high performance 
[18]. In the realm of energy storage, GPLs can be used to create more 
efficient and durable batteries and supercapacitors, offering faster 
charge times and longer lifespans [19]. The inclusion of graphene also 
promotes the development of energy-efficient coatings, where its 
strength and corrosion resistance ensure the longevity of structures 
exposed to harsh environments [20]. One of the major challenges en
gineers face with graphene nanoplatelet reinforcement is uniform 
dispersion within a material matrix, which is essential to fully realize its 
benefits [21]. Advanced processing techniques, like sonication and 
surface functionalization, are continually being developed to overcome 
this challenge [22]. Nonetheless, as research progresses, the integration 

of graphene nanoplatelets is becoming more viable, paving the way for 
next-generation materials with properties that far exceed those of 
traditional composites [23].

Wave propagation analysis is crucial for engineers as it helps predict 
how waves, such as sound, electromagnetic, or seismic waves, travel 
through different media [24]. This understanding is essential for 
designing structures that can withstand dynamic loads, such as vibra
tions, earthquakes, or acoustic pressures, ensuring their stability and 
safety [25]. In fields like civil engineering, wave propagation analysis 
aids in assessing soil-structure interactions and predicting how buildings 
and infrastructure will respond to ground motion during earthquakes 
[26]. In electrical engineering, it allows for the optimization of signal 
transmission in communication systems, ensuring data integrity and 
reducing interference [27]. Additionally, wave propagation plays a key 
role in material science, helping engineers understand how materials 
can be engineered to absorb, transmit, or reflect different types of waves 
for applications like shielding or energy harvesting [28]. In aerospace 
and automotive industries, it is critical to reduce noise and vibration in 
vehicles, improving comfort and performance [29]. Overall, wave 
propagation analysis provides engineers with the insights needed to 
design systems and structures that can effectively manage energy 
transfer and minimize unwanted impacts [30].

The measurement of dynamic and static stability is crucial for en
gineers to ensure the safety and functionality of structures and me
chanical systems under various loading conditions [31]. Static stability 
assessment helps determine a system’s ability to resist deformation or 
failure under constant or slowly varying loads [32]. In contrast, dynamic 
stability focuses on the system’s response to time-dependent or sudden 
disturbances, such as vibrations, shocks, or aerodynamic forces [33]. 
Accurate measurement of both forms of stability enables engineers to 
predict critical thresholds, avoid instabilities like buckling or resonance, 
and design systems that maintain equilibrium under real-world condi
tions [34]. These measurements also guide material selection, structural 
optimization, and the development of advanced control strategies [35]. 
As engineering systems become more complex and lightweight, precise 
stability measurement becomes increasingly essential for innovation, 
safety, and long-term performance [36].

For the first time, a comprehensive metrological framework is 
introduced to assess the nonlinear phase velocity, Lamb wave propa
gation, and aeroacoustic characteristics of multi-layer silicon solar cell 
structures reinforced with GPL-metal layers. This framework accounts 
for the combined effects of sound radiation and airflow pressure on the 
dynamic behavior of solar cells, providing insights into vibro-acoustic 
interactions that influence performance. The model integrates HSDT, 
where shear stress is considered to vary with thickness, and the MCST to 
incorporate size-dependent effects. The underlying partial differential 
equations are resolved using a harmonic-based method and Newmark’s 
time integration approach for transient dynamic analysis. To validate 
the results, an HDNNM is employed, combining machine learning al
gorithms with physical modeling to predict nonlinear responses under 
varying excitation frequencies, airflow velocities, and GPL weight 
fractions. This innovative methodology enables precise measurement of 
nonlinear acoustic responses and vibration characteristics, marking a 
significant advancement in the metrological analysis of solar cell 
structures. The study demonstrates the enhanced resilience of GPL- 
reinforced solar cells to dynamic loads, offering new opportunities for 
optimizing solar energy systems with improved noise control, energy 
efficiency, and structural health monitoring. A schematic view of the 
current problem using a novel metrological framework is shown in 
Fig. 1.

2. Mathematical modeling

As shown in Fig. 2, silicon solar cells are provided by this study. Glass 

Fig. 1. A schematic view of the current problem using a novel metrolog
ical framework.
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Fig. 2. A two-dimensional representation of a multi-layer silicon solar cell subjected to sound radiation and airflow pressure.
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is the outermost of a solar cell’s six layers, while the GPLRC reinforced 
metal layer is the innermost. A detailed depiction of the geometry and a 
three-dimensional schematic of this structure are provided in Fig. 2.

A thorough summary of each layer’s material characteristics is pro
vided in the results section, along with further geometric details.

2.1. Material properties

It should be noted that the classical isotropic relation G = E
2(1+ν) is not 

directly applicable to GPL-reinforced composites, because the incorpo
ration of GPLs induces anisotropy. Therefore, instead of relying on 
isotropic assumptions, the effective elastic modulus of the GPLR nano
composite is calculated using a modified version of the Halpin–Tsai 
model [37–40]. Three distinct distribution models that depict the 
dispersion of GPLs along the transverse direction are shown in Fig. 3. A 
modified version of the Halpin-Tsai equation [37–40] was used to 
calculate the GPLR nanocomposite’s effective elastic modulus, yielding 
the following expression. 

E1(z) = −
3
8

1 + ξLηLVGPL

ηLVGPL − 1
× Em −

5
8

1 + ξWηWVGPL

ηWVGPL − 1
× Em. −

h
2
< z

< −
h
2
+ h1 (1) 

where ξL = 2 lGPL
tGPL

, ξW = 2 wGPL
tGPL

, V*
GPL =

gGPL(
ρGPL
ρm

)

(1− gGPL)+gGPL

, ηW =

−

1−

(
EGPL
Em

)

ξW+

(
EGPL
Em

), and ηL =

(
EGPL
Em

)

− 1
(

EGPL
Em

)

+ξL

. Here, the orientation and aspect ratio of 

GPLs, represented by ξL and ξW introduce direction-dependent stiffness, 
which highlights the anisotropic nature of the GPLR nanocomposite. In 
addition to the effective modulus, the density and Poisson’s ratio of the 
GPL-reinforced layer are obtained as weighted averages of the constit
uents, under the assumption of perfect interfacial bonding between GPLs 
and the metal matrix [41]: 

ρ1(z) = ρGPLVGPL + ρm(1 − VGPL), −
h
2
< z < −

h
2
+ h1 (2) 

ν1(z) = νGPLVGPL + νm(1 − VGPL), −
h
2
< z < −

h
2
+ h1 

The volume content of GPL inside each of the previously mentioned GPL 
dispersion patterns (shown in Fig. 3) is represented mathematically in 
the text that follows: 

Pattern 1: GPL-X : VGPL = 4V*
GPL

⃒
⃒
⃒
⃒
⃒
⃒
⃒

z + h
2 −

h1
2

h1

⃒
⃒
⃒
⃒
⃒
⃒
⃒

−
h
2
< z

< −
h
2
+ h1 (3) 

Pattern 2: GPL-O : VGPL = 2V*
GPL

⎛

⎜
⎝1 − 2

⃒
⃒
⃒
⃒
⃒
⃒
⃒

z + h
2 −

h1
2

h1

⃒
⃒
⃒
⃒
⃒
⃒
⃒

⎞

⎟
⎠ −

h
2
< z

< −
h
2
+ h1 

Fig. 3. Schematic of the various GPLRC.

Table 1 
The silicon solar cell’s material characteristics.

Layers E (GPa) ν ρ (kg/ 
m3)

h (μm) z

n-type Silicon 150 0.25 2300 0.01
−

h
2
+

h1 < z < − h3

p-type Silicon 150 0.25 2300 0.01 − h3 < z < 0
Indium Tin Oxide 70 0.35 6000 0.3 0 < z < h4

Silicon Nitride 250 0.24 3440 0.1 h4 < z < h4 + h5

Borosilicate 
Glass

69 0.23 2400 100 h4 + h5 < z <
h
2
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Pattern 3: GPL-UD : VGPL = V*
GPL −

h
2
< z < −

h
2
+ h1 

where z = − h
2 +

(k− 1)h1
NL − 1 , k = 1, ⋯, NL.These three dispersion patterns 

(GPL-X, GPL-O, and GPL-UD) are introduced to reflect the possible non- 
uniform distribution of GPLs along the thickness. The distribution 
significantly influences the effective elastic properties, as non- 
uniformity can either enhance or reduce the stiffness depending on 
the location of GPL-rich regions.

A number of GPL distribution patterns that show how material 
properties change with thickness direction are shown in Fig. 3.

Therefore, instead of applying simplified isotropic relations between 
E, ν, and ρ, the present model explicitly incorporates GPL dispersion 
patterns and interfacial bonding assumptions to capture the realistic 
effective properties of the GPLR nanocomposite layer.

A detailed presentation of GPL’s material properties can be found in 
Ref. [42]. The material characteristics utilized in the construction of the 
contemporary cantilevered solar cell are listed in Table 1.

2.2. Theoretical formulation

Higher-order shear deformation theory can be used to define the 
displacement fields u(x , y, z , t ), v(x , y, z , t ), and w(x , y, z , t ) in order to 
derive a three-dimensional elasticity and apply it to a two-dimensional 
shell. According to this theory, shear stress changes with thickness. 
Therefore, if a system were already in place, there would be [43]: 

u(x , y, z , t ) = u0(x , y, t )+ zu1(x , y, t )+ z2u2(x , y, t )+ z3u3(x , y, t )

v(x , y, z , t ) = v0(x , y, t )+ z v1(x , y, t )+ z2v2(x , y, t )+ z3v3(x , y, t )

w(x , y, z , t ) = w0(x , y, t )

The parameters for in-plane displacement are denoted by u0, and v0 in 
Eq. (4). Additionally, the displacement of a particular point (x , y) at the 
shell’s midpoint is represented by w0. Additionally, rotations around the 
y- and x -axes are represented by u1 and v1, respectively. In Taylor’s se
ries, higher-order terms are denoted as u2, v2, u3, and v3. One such 
expression for the structural strain–stress equation is Eq. (5) [44]: 
⎡

⎢
⎢
⎢
⎢
⎣

σxx

σyy

τyz

τxz

τxy

⎤

⎥
⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎣

Q11 Q12 0 0 0
Q21 Q22 0 0 0

0 0 Q44 0 0
0 0 0 Q55 0
0 0 0 0 Q66

⎤

⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎣

εxx

εyy

γyz

γxz

γxy

⎤

⎥
⎥
⎥
⎥
⎦

Q11 = Q22 =
E

1 − ν2, Q12 = Q21 =
νE

1 − ν2 Q44 = Q55 = Q66

=
E

2(1 + ν). (5) 

We have: 

E =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E1 −
h
2
< z < −

h
2
+ h1

E2 −
h
2
+ h1 < z < − h3

E3 − h3 < z < 0

E40 < z < h4

E5h4 < z < h4 + h5

E6h4 + h5 < z <
h
2

(6) 

ν =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ν1 −
h
2
< z < −

h
2
+ h1

ν2 −
h
2
+ h1 < z < − h3

ν3 − h3 < z < 0

ν40 < z < h4

ν5h4 < z < h4 + h5

ν6h4 + h5 < z <
h
2 

ρ =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ1 −
h
2
< z < −

h
2
+ h1

ρ2 −
h
2
+ h1 < z < − h3

ρ3 − h3 < z < 0

ρ40 < z < h4

ρ5h4 < z < h4 + h5

ρ6h4 + h5 < z <
h
2 

Qij are the elastic coefficients related to the x , y, and z axes, whereas 
(σxx , σyy , τyz , τxz , τxy ) indicate linear strain and (εxx , εyy , γyz , γx z , γxy ) 
represent stresses. Accordingly, the strain–displacement correlations 
could be expressed as follows [45]: 

εxx =
∂u

∂x
+

w

Rx

+
1
2

(
∂w

∂x

)2

, εyy =
∂v

∂y
+

w

Ry

+
1
2

(
∂w

∂y

)2

, γxz

=
∂w

∂x
−

u

Rx

+
∂u

∂z
, γyz =

∂v

∂z
+

∂w

∂y
−

v

Ry

, γxy =
∂v

∂x
+

∂u

∂y
+

∂w

∂x

∂w

∂y
(7) 

The variational energy technique may be used to express the current 
system’s motion equations and related boundary conditions [46,47] 
∫ t 2

t 1

(δT − δU − (δV1 + δV2))dt = 0 

where the kinetic energy is [45]: 

δT =

∫∫∫

V
ρ
(

∂u

∂t

∂δu

∂t
+

∂v

∂t

∂δv

∂t
+

∂w

∂t

∂δw

∂t

)

dV 

When airflow pressure loading causes a change in work, δV can be 
written as follows: 

δV1 = −

∫

A
qz

∂2
w

∂x 2 δwdA (10) 

In which: 

qz =
1
2

ρairV2
airsin(θair) (11) 

In this case, ρair indicates the air density, which is taken to be ρair =

1.235
[
kg/m3

]
[48], while θair and Vair stand for the wind attack angle 

and average wind speed, respectively.
Additionally, the work performed by a transverse load that is 

harmonically excited can be written as 
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δV2 = −

∫

A
q0sin(ωext t)δwdA (12) 

In this case, q0 denotes the transverse load amount, and ωext denotes the 
excitation frequency. Furthermore, the following formula is used to 
determine the strain energy [45] associated with the current system, 
considering the modified couple stress theory. 

δU =

∫ h/2

− h/2

∫∫

A

(
τxyδγxy + σxxδεxx + σyyδεyy + τxzδγxz + τyzδγyz +ms

xx χs
xx

+ms
yyχs

yy +ms
zz χs

zz +ms
yz χs

yz +ms
xz χs

xz +ms
xyχs

xy

)
dV 

Besides, χs
ij, and ms

ij w hich can be defined as: 

χs
ij =

1
2
(
φi,j +φj,i

)
(14) 

ms
ij = 2l2μχs

ij 

Also have: 

φ =
1
2

⎡

⎢
⎢
⎢
⎣

i j k
∂
∂x

∂
∂y

∂
∂z

u v w

⎤

⎥
⎥
⎥
⎦

(15) 

v here 

φx =
1
2

(
∂w0

∂y
− v1 − 2zv2 − 3z2v3

)

(16) 

φy =
1
2

(

u1 +2zu2 +3z2u3 −
∂w0

∂x

)

φz =
1
2

⎛

⎜
⎜
⎜
⎝

∂v0

∂x
+ z

∂v1

∂x
+ z2∂v2

∂x
+ z3∂v3

∂x

−
∂u0

∂y
− z

∂u1

∂y
− z2∂u2

∂y
− z3∂u3

∂y

⎞

⎟
⎟
⎟
⎠

Using the equations previously stated in Eq. (14) we obtain: 

χxx =
∂φx

∂x
=

(
∂2

w0

∂x∂y
−

∂v1

∂x
− 2z

∂v2

∂x
− 3z2∂v3

∂x

)

(17) 

χyy =
∂φy

∂y
=

(
∂u1

∂y
+2z

∂u2

∂y
+3z2∂u3

∂y
−

∂2
w0

∂x∂y

)

χzz =
∂φz

∂z
=

⎛

⎜
⎜
⎜
⎝

∂v1

∂x
+ 2z

∂v2

∂x
+ 3z2∂v3

∂x

−
∂u1

∂y
− 2z

∂u2

∂y
− 3z2∂u3

∂y

⎞

⎟
⎟
⎟
⎠

2χyz =
∂φy

∂z
+

∂φz

∂y
= (2u2 +6zu3)+

⎛

⎜
⎜
⎜
⎜
⎝

∂2
v0

∂x∂y
+ z

∂2
v1

∂x∂y
+ z2 ∂2

v2

∂x∂y
+ z3 ∂2

v3

∂x∂y

−
∂2

u0

∂y2 − z
∂2

u1

∂y2 − z2∂2
u2

∂y2 − z3∂2
u3

∂y2

⎞

⎟
⎟
⎟
⎟
⎠

2χxz =
∂φx

∂z
+

∂φz

∂x

= ( − 2v2 − 6zv3)+

⎛

⎜
⎜
⎜
⎝

∂2
v0

∂x 2 + z
∂2

v1

∂x 2 + z2∂2
v2

∂x 2 + z3∂2
v3

∂x 2

−
∂2

u0

∂x∂y
− z

∂2
u1

∂x∂y
− z2 ∂2

u2

∂x∂y
− z3 ∂2

u3

∂x∂y

⎞

⎟
⎟
⎟
⎠

2χxy =
∂φx

∂y
+

∂φy

∂x

=

(
∂2

w0

∂y2 −
∂v1

∂y
− 2z

∂v2

∂y
− 3z2∂v3

∂y

)

+

(
∂u1

∂x
+ 2z

∂u2

∂x
+3z2∂u3

∂x
−

∂2
w0

∂x 2

)

Finally, the motion equations of the current system are obtained as 
follows by incorporating Eqs. (9), (10), (12), and (13) into Eq. (8): 

δu0 :
∂nxx

∂x
+

∂nxy

∂y
+

nxz

Rx

+
1
2

∂2
n(0)

yz

∂y2 +
1
2

∂2
n(0)

xz

∂x∂y

= i 0
∂2

u0

∂t 2 + i 1
∂2

u1

∂t 2 + i 2
∂2

u2

∂t 2 + i 3
∂2

u3

∂t 2 

δv0 :
∂nyy

∂y
+

∂nxy

∂x
+

nyz

Ry

−
1
2

∂2
n(0)

yz

∂x∂y
−

1
2

∂2
n(0)

xz

∂x2

= i 0
∂2

v0

∂t 2 + i 1
∂2

v1

∂t 2 + i 2
∂2

v2

∂t 2 + i 3
∂2

v3

∂t 2 

δw0 : −

(
nxx

Rx

+
nyy

Ry

)

+
∂nxz

∂x
+

∂nyz

∂y
+

∂
∂x

(

nxx

∂w0

∂x

)

+
∂
∂y

(

nyy

∂w0

∂y

)

+
∂

∂x

(

nxy

∂w0

∂y

)

+
∂
∂y

(

nxy

∂w0

∂x

)

−
∂2

n(0)
xx

∂x∂y
+

∂2
n(0)

yy

∂x∂y
−

1
2

∂2
n(0)

xy

∂y2

+
1
2

∂2
n(0)

xy

∂x 2 − qz = i 0
∂2

w0

∂t 2 

δu1 :
∂mxx

∂x
+

∂mxy

∂y
+

mxz

Rx

− nxz +
∂n(0)

yy

∂y
−

∂n(0)
zz

∂y
+

1
2

∂2
m(0)

yz

∂y2 +
1
2

∂2
m(0)

xz

∂x∂y
+

1
2

∂n(0)
xy

∂x

= i 1
∂2

u0

∂t 2 + i 2
∂2

u1

∂t 2 + i 3
∂2

u2

∂t 2 + i 4
∂2

u3

∂t 2 

δv1 :
∂myy

∂y
+

∂mxy

∂x
+

myz

Ry

− nyz −
∂n(0)

xx

∂x
+

∂n(0)
zz

∂x
−

1
2

∂2
m(0)

yz

∂x∂y
−

1
2

∂2
m(0)

xz

∂x 2 −
1
2

∂n(0)
xy

∂y

= i 1
∂2

v0

∂t 2 + i 2
∂2

v1

∂t 2 + i 3
∂2

v2

∂t 2 + i 4
∂2

v3

∂t 2 

δu2 :
∂p

xx

∂x
+

∂p
xy

∂y
+

p
xz

Rx

− 2mxz +2
∂m(0)

yy

∂y
− 2

∂m(0)
zz

∂y
+

1
2

∂2
p(0)

yz

∂y2 +
1
2

∂2
p(0)

xz

∂x∂y

+
∂m(0)

xy

∂x
− n(0)

yz = i 2
∂2

u0

∂t 2 + i 3
∂2

u1

∂t 2 + i 4
∂2

u2

∂t 2 + i 5
∂2

u3

∂t 2 

δv2 :
∂p

yy

∂y
+

∂p
xy

∂x
+

p
yz

Ry

− 2myz − 2
∂m(0)

xx

∂x
+2

∂m(0)
zz

∂x
−

1
2

∂2
p(0)

yz

∂x∂y
−

1
2

∂2
p(0)

xz

∂x 2

−
∂m(0)

xy

∂y
+ n(0)

xz = i 2
∂2

v0

∂t 2 + i 3
∂2

v1

∂t 2 + i 4
∂2

v2

∂t 2 + i 5
∂2

v3

∂t 2 

δu3 :
∂q

xx

∂x
+

∂q
xy

∂y
+

q
xz

Rx

− 3p
xz
+3

∂p(0)
yy

∂y
− 3

∂p(0)
zz

∂y
− 3m(0)

yz +
1
2

∂2
q(0)

yz

∂y2

+
1
2

∂2
q(0)

xz

∂x∂y
+

3
2

∂p(0)
xy

∂x
= i 3

∂2
u0

∂t 2 + i 4
∂2

u1

∂t 2 + i 5
∂2

u2

∂t 2 + i 6
∂2

u3

∂t 2 

δv3 :
∂q

yy

∂y
+

∂q
xy

∂x
+

q
yz

Ry

− 3p
yz
− 3

∂p(0)
xx

∂x
+ 3

∂p(0)
zz

∂x
+3m(0)

xz −
1
2

∂2
q(0)

yz

∂x∂y

−
1
2

∂2
q(0)

xz

∂x 2 −
3
2

∂p(0)
xy

∂y
= i 3

∂2
v0

∂t 2 + i 4
∂2

v1

∂t 2 + i 5
∂2

v2

∂t 2 + i 6
∂2

v3

∂t 2

(18) 

In which: 

Q. Zhang et al.                                                                                                                                                                                                                                  Measurement 258 (2026) 119159 

6 



∫

V
dV =

∫∫

A

∫ h
2

−
h
2

dzdA =

∫∫

A

∫ −
h
2+h1

−
h
2

dzdA+

∫∫

A

∫ −
h
2+h1+h2

−
h
2+h1

dzdA

+

∫∫

A

∫ 0

− h3

dzdA+

∫∫

A

∫ h4

0
dzdA+

∫∫

A

∫ h4+h5

h4

dzdA

+

∫∫

A

∫ h
2

h4+h5

dzdA 

{nxx ,mxx , p
xx
, q

xx
} =

∫

V

{
1, z , z2, z3}σxx dV 

{
nyy ,myy , p

yy
, q

yy

}
=

∫

V

{
1, z , z2, z3}σyydV 

{nxz ,mxz , p
xz
, q

xz
} =

∫

V

{
1, z , z2, z3}τxz dV 

{
nyz ,myz , p

yz
, q

yz

}
=

∫

V

{
1, z , z2, z3}τyz dV 

{
nxy ,mxy , pxy

, q
xy

}
=

∫

V

{
1, z , z2, z3}τxydV 

{
n
(0)
ij ,m

(0)
ij , p

(0)
ij , q

(0)
ij

}
=

∫

V

{
1, z , z2, z3}mijdVi, j = x , y, z 

{i 0, i 1, i 2, i 3, i 4, i 5, i 6} =

∫

V
ρ
{
1, z , z2, z3, z4, z5, z6}dV (19) 

By substituting Eq. (19) in to Eq. (18) we will have: 

(K L +K NL1 +K NL2)U +M Ü = F(t ) (20) 

U = [u0v0w0u1v1u2v2u3v3]
T 

While K NL1 and K NL2 are known as the nonlinear elastic stiffness 
matrices, which depend linearly and quadratically on the displacement 
vector, respectively, K L is the linear elastic stiffness matrix, F(t ) is the 
dynamic load matrix, and M is the inertia matrix in this equation.

3. Solution method

3.1. Nonlinear PV

This section presents a harmonic-based method for resolving the 
basic partial differential equations (PDEs) governing the dynamic 
behavior of the system. Accordingly, the displacement fields are 
assumed in harmonic form as 

{u i(x , y, t ), v i(x , y, t ), w0(x , y, t ) }

=
{

u*
i (x , y, t ), v*

i (x , y, t ), w*
0(x , y, t )

}
e(Kx x

̅̅̅̅̅
− 1

√
+Ky y

̅̅̅̅̅
− 1

√
)sin(ωt), i 

= 1,2, 3 (21) 

By substituting Eq. (21) into Eq. (20) with F(t ) = 0, the nonlinear fre
quency and the associated mode shape are obtained. Finally, the 
nonlinear phase velocity (NPV) is given by 

NPV =
ω
Kx

(22) 

It should be emphasized that the harmonic solution method in Eq. (21) is 
based on the assumption of weak nonlinearity, where the response can 
be adequately represented by a single harmonic component. In strongly 
nonlinear regimes—such as high GPL volume fractions or high- 
frequency excitations—this approximation may introduce errors, as 
higher-order harmonics and nonlinear coupling effects become signifi
cant. In such cases, more accurate approaches, such as direct numerical 

integration or nonlinear finite element simulations, can be employed to 
validate the harmonic-based solution.

3.2. Acoustic response

The dynamic displacement response of the arch under a time- 
dependent load is assessed using Newmark’s time integration method 
in order to solve the dynamic vibration issue. The steps are described as 
follows:

Algorithm: (START)

Step 1 Initial calculation
1.1 K = K L;
1.2 Ü 0 = M − 1(F0 − K U 0)

1.3 Select time step Δt;

1.4 a0 =
1

β(Δt)2, a1 =
γ

βΔt
, a2 =

1
βΔt

, a3 =
1
2β

− 1, a4 =
γ
β
− 1, a5 =

Δt
2

(
γ
β
− 2

)

, a6 =

Δt(1 − γ), a7 = γΔt;
Step 2 Calculate results for each time step ts = 1,2,⋯, t/Δt

2.1 K̂ = K +
1

β(Δt)2 M

2.2 F̂ts = Fts + M

(

a0U ts− 1 + a2U̇ ts− 1 + a3Ü ts− 1

)

;

2.3 U ts = K̂
− 1

F̂ts

2.4 Update and save the displacement, velocity and acceleration as
Ü ts = a0(U ts − U ts− 1) − a2U̇ ts− 1 − a3Ü ts− 1

U̇ ts = U̇ ts− 1 + a6Ü ts− 1 + a7Ü ts

Step 3 Submitting U ts into K NL(U ts) and setting K = K L + K NL(U ts), replacing ts 
by ts+1 and repeating steps 2.1–2.4 for the next step.

(END)

The constant average acceleration scheme, which is defined by γ = 0.5, 
and β = 0.25, is used for all numerical calculations within the Newmark 
time integration framework. The velocity response is incorporated into 
the Rayleigh integral, which is stated in Eq. (23) to compute the acoustic 
pressure on the sandwich panel at a specific observation point (q). 

p
p
=

iωρ0

2π

∫

Ω

v(x, y, t)e− ik|p− q|

|p − q|
dΩ (23) 

where ρ0: density of the acoustic medium, k: acoustic wave number.
Eq. (24) is used to calculate the sound pressure level (SPL) in decibels 

(dB) for the sandwich panels that are displayed. 

SPL = 20Log10
p

p

pref
(24) 

where pref = 2.0 × 10− 5 Pa.

3.3. Formulation of lamb waves mathematically in the given green 
structure

The wave equation in a plate with free boundaries can be solved 
using lamb waves. There are two varieties of Lamb waves:

1. Symmetric (S) modes − Particle displacement is symmetric with 
respect to the plate’s mid-plane.

2. Antisymmetric (A) modes: the displacement of particles is anti
symmetric with respect to the plate’s mid-plane.

3.3.1. Dispersion relations
Based on the boundary conditions (stress-free plate surfaces), the 

dispersion relations for Lamb waves are as follows:
Symmetric Modes (S): 

tan(qh)tan(ph) =
− 4K2

x qp
(
K2

x − q2
)2 (25) 

Antisymmetric Modes (A): 
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tan(qh)tan(ph) =
(
K2

x − q2
)2

− 4k2qp
(26a) 

q =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ω2
NL

c2
L
− K2

x

√

, p =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ω2
NL

c2
T

− K2
x

√

(26b) 

The link between frequency ωNL, wavenumber Kx , and wave speed c is 
established by these transcendental equations.

3.3.2. Numerical implementation
To solve these equations numerically:

3.3.2.1. Input material properties.

• Longitudinal wave speed (cL)

• Shear wave speed (cT)

• Plate thickness (h)

3.3.2.2. Frequency-wavenumber relationship.

• Define a range of frequencies ωNL and wavenumbers Kx .

• For each (ωNL,Kx ), compute q and p.

3.3.2.3. Symmetric and antisymmetric modes.

• Analyze the dispersion relations’ left- and right-hand sides (LHS and 
RHS) for symmetric and antisymmetric modes.

• Calculate the residuals, or the LHS-to-RHS difference.

• Use numerical techniques (such as Newton-Raphson) to determine 
the solutions Kx for each ωNL.

3.3.3. Output for Figures

• Contour Plots

In a frequency-wavenumber domain, represent |LHS − RHS| (re
siduals) for symmetric and antisymmetric modes. 

• 3D Surface Plots

Show log10(|LHS − RHS|) or |LHS − RHS}| as functions of frequency 
and wavenumber.

4. Hybrid deep neural networks

In recent years, the application of deep learning techniques to model 
complex physical systems has gained significant attention. Among these 
techniques, Convolutional Neural Networks (CNNs) and Long Short- 
Term Memory (LSTM) networks have proven particularly effective in 
handling spatial and temporal data, respectively. When combined, as in 
the case of Convolutional LSTM (ConvLSTM) models, these methods can 
capture spatiotemporal dynamics with higher accuracy. In this study, a 
hybrid deep neural network model, termed HDNNM, is proposed, uti
lizing CNN, LSTM, and ConvLSTM architectures to effectively capture 
the vibrational characteristics of the presented green structure. This 
approach offers a powerful framework for analyzing the behavior of 
such presented green structure under various stimuli, leveraging the 
strengths of deep learning to address the intricacies of mechanical in
teractions at various conditions. Here’s a breakdown of the advantages 

and disadvantages of the hybrid deep neural network model compared 
to other algorithms in the context of analyzing electrodynamic features 
of the presented green structure:

4.1. Advantages

4.1.1. Capturing complex spatiotemporal dynamics
The combination of CNN, LSTM, and ConvLSTM in HDNNM allows 

the model to effectively capture both spatial and temporal relationships. 
CNNs excel at handling spatial dependencies, while LSTMs are adept at 
learning long-term dependencies in temporal sequences. ConvLSTM 
unifies these abilities, making it particularly suited for spatiotemporal 
problems.

4.1.2. Improved accuracy
By leveraging hybrid architectures, HDNNM can provide more ac

curate predictions and better generalization capabilities for complex 
dynamic phenomena. This advantage stems from the model’s ability to 
simultaneously consider both the geometric structure and dynamic 
behavior over time.

4.1.3. Adaptability to nonlinear phenomena
This hybrid approach can better handle nonlinearities in electro

mechanical interactions due to the diversity of architectures integrated 
into a single model. LSTM can manage dynamic variations over time, 
while CNN and ConvLSTM can detect patterns that are often missed by 
traditional algorithms.

4.1.4. Robustness in diverse conditions
HDNNM is more robust in scenarios involving variable boundary 

conditions, non-uniform geometries, and varying material properties, 
which are common in green structures. Its hybrid nature enables it to 
adapt more effectively to different types of data input.

4.2. Disadvantages

4.2.1. Higher computational complexity
The integration of CNNs, LSTMs, and ConvLSTMs increases the 

overall computational burden. Training such a hybrid model requires 
more computational resources (e.g., GPU/TPU) and a longer training 
time compared to simpler models like traditional neural networks or 
standalone CNNs or LSTMs.

4.2.2. Risk of overfitting
Due to the large number of parameters involved, there is an 

increased risk of overfitting, especially if the training dataset is not 
sufficiently large or diverse. Regularization techniques, such as dropout 
or data augmentation, become crucial to mitigate this issue.

4.2.3. Complex hyperparameter tuning
Optimizing the performance of a hybrid model like HDNNM requires 

careful tuning of a wide range of hyperparameters, including learning 
rates, the number of layers, and filter sizes for CNNs, as well as the 
number of units and memory cells for LSTMs. This makes the develop
ment process more time-consuming and expertise-dependent.

4.2.4. Difficult interpretability
Hybrid deep learning models often function as black boxes, making it 

difficult to interpret the inner workings of the algorithm. Compared to 
more traditional machine learning models, it is harder to derive explicit 
insights into the underlying physics of the system from the model’s 
parameters.

4.2.5. Potential for data scarcity issues
While the hybrid model can be powerful, its performance heavily 

depends on the quality and quantity of the training data. For rare or 
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complex phenomena where extensive datasets may not be available, the 
model could struggle to perform effectively, potentially under
performing against simpler models that are less data-hungry.

In summary, the hybrid deep neural network model offers substantial 
advantages in terms of capturing complex spatiotemporal dynamics and 
providing accurate predictions. However, it also introduces challenges 
related to computational demands, potential overfitting, and 
interpretability.

To simulate the hybrid deep neural network consisting of CNN, 
LSTM, and ConvLSTM, we need to outline the mathematical operations 
involved in each component of the hybrid model. 

• CNN (Convolutional Neural Network)

The CNN is primarily responsible for extracting spatial features from 
the input data, often represented as a grid (e.g., a 2D image or a 2D 
representation of dynamic fields). 

• Convolution Operation

For an input tensor X of shape H× W× Cin, where H is the height, W 
is the width, and Cin is the number of input channels (e.g., spatial di
mensions or frequency modes), the convolution operation with kernel K 
of size kH × kW × Cin × Cout (where Cout is the number of output chan
nels) is: 

Y(i, j, c) =
∑kH − 1

m=0

∑kW − 1

n=0

∑kH − 1

C*=0

X(i+m, j+ n,C*).K(m, n,C*,C) (27) 

where Y is the output feature map, and i, j index spatial positions. The 
kernel slides across the input tensor and performs element-wise multi
plication followed by summation. 

• Activation (e.g., ReLU)

After convolution, an activation function like ReLU is applied to 
introduce non-linearity: 

ReLU(z) = max(0, z) (28) 

• LSTM (Long Short-Term Memory Network)

LSTM is used to handle the temporal aspect of the data, capturing 
time-dependent patterns such as how the electrodynamic features 
evolve over time. The LSTM has a complex internal structure with 
memory cells and gates (input, forget, and output gates). 

• LSTM Equations

For a time step t, the input vector xt, and previous hidden state ht− 1, 
the LSTM computes the following: 

• Forget Gate:

ft = σ
(
Wf .[ht− 1, xt ] + bf

)
(29) 

• Input Gate:

it = σ(Wi.[ht− 1, xt ] + bi)

• Cell State Update:

C* = tanh(Wc.[ht− 1, xt ] + bc) (31) 

• Cell State:

Ct = ft .[Ct− 1] + it .C*)

• Output Gate:

ot = σ(Wo⋅[ht− 1, xt ] + bo) (33) 

• Hidden State:

ht = ot⋅tanh(Ct) (34) 

Here, Wf ,Wi,WC,Wo are weight matrices, bf , bi, bC, bo are biases, and σ 
denotes the sigmoid activation function. 

• ConvLSTM (Convolutional LSTM)

ConvLSTM is a variant of LSTM where the internal operations are 
replaced by convolutional operations to capture both spatial and tem
poral correlations.

4.3. ConvLSTM equations

Instead of using matrix multiplications, ConvLSTM performs con
volutional operations inside its gates. For an input tensor Xt at time step 
t, the operations are as follows: 

• Forget Gate:

ft = σ
(
Wf *[Ht− 1,Xt ] + bf

)
(35) 

• Input Gate:

it = σ(Wi*[Ht− 1,Xt ] + bi) (36) 

• Cell State Update:

C* = tanh(Wc*[Ht− 1,Xt ] + bc) (37) 

• Cell State:

Ct = ft*[Ct− 1] + it .C*) (38) 

• Output Gate:

ot = σ(Wo*[Ht− 1,Xt ] + bo) (39) 

• Hidden State:

Ht = ot*tanh(Ct) (40) 

Here, * denotes the convolution operation instead of matrix multipli
cation.
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4.4. Hybrid model (HydroDL)

To simulate the hybrid algorithm, we combine these components in a 
sequential or parallel architecture. The workflow could be: 

• Step 1: CNN for Spatial Feature Extraction

Apply the CNN layers to the input data X (e.g., spatial data repre
senting the presented green structure). 

• Step 2: LSTM for Temporal Dynamics

The output of the CNN is reshaped into a sequence and fed into LSTM 
layers to capture temporal dependencies. 

• Step 3: ConvLSTM for Spatiotemporal Modeling

Alternatively, ConvLSTM can be used either before or after the LSTM 
to model both spatial and temporal correlations simultaneously, espe
cially for data that exhibits strong spatial–temporal coupling.

5. Parametric results

5.1. Validation study

Table 2 presents a detailed comparison of the present study’s results 
for circular frequencies (ω) with those from three referenced studies 
([49–51]) under identical conditions, including a velocity (ν) of 0.3, 
Young’s modulus (E) of 210 GPa, density (ρ) of 7480 kg/m3, thickness of 
0.01 m, and the same wave numbers for both directions (Kx = Ky). The 
frequencies are provided for various modes, from Mode 2 to Mode 23, 
allowing for a comprehensive evaluation of the present model’s accu
racy and consistency with previous work. The data in Table 2 shows 
minor discrepancies in the circular frequencies between the present 
results and the references. For instance, in Mode 2, the present fre
quency (126.95 MHz) is very close to the value from Ref. [50] (128.46 
MHz) and Ref. [51] (128.27 MHz), indicating high consistency. Simi
larly, for higher modes (e.g., Mode 23), the frequencies calculated in the 
present study (16475.13 MHz) align closely with the referenced values. 
These comparisons emphasize the reliability and validation of the pre
sent study’s results against established research, providing confidence in 
the robustness of the methodology and the accuracy of the computed 
frequencies across a broad range of modes. This comparison table serves 
as an important benchmark for verifying the present study’s outcomes 
and ensuring the precision of the Lamb wave model in complex struc
tural applications.

5.2. Parametric results

Fig. 4 presents the relationship between the sound pressure level 
(SPL) and excitation frequency (ωext) for solar cell structures with 
varying weight fractions of graphene platelet layers, ranging from 0 % to 
0.3 %. The SPL is observed to exhibit a complex, nonlinear variation 
with frequency, characterized by several peaks and valleys. As the 
excitation frequency increases, the intensity of the SPL tends to rise for 
all GPL content values, with the highest SPLs corresponding to the 
greatest GPL weight fractions. Notably, the introduction of GPLs shifts 
the frequency response and amplifies the acoustic signals, particularly at 
higher frequencies, indicating an enhancement in the nonlinear aero
acoustic behavior of the system. The presence of GPLs, with their unique 
mechanical properties, likely contributes to the increased sound ab
sorption or transmission within the solar cell structure, altering its 
resonance characteristics. The nonlinear behavior observed here can be 
attributed to the changes in material stiffness and damping as a result of 
incorporating GPLs. This highlights the significant role that material 
composition plays in modulating the aeroacoustic performance of solar 

Table 2 
Comparison of present results for the circular frequencies (ω) with the results of Ref. [49–51] (ν = 0.3, E = 210[GPa], ρ = 7480

[
Kg/m3], h = 0.01[m], Kx = Ky , Rx =

Ry = ∞).

Mode number 2 5 8 11 14 17 20 23

Present 126.95 792.67 2026.76 3824.15 6177.21 9077.90 12514.75 16475.13
Ref. [50] 128.46 802.28 2050.90 3869.44 6250.88 9186.18 12664.47 16673.20
Ref. [51] 128.27 801.71 2052.38 3880.28 6285.41 9267.77 12827.37 16964.19
Ref. [49] 128.26 800.97 2047.55 3863.09 6240.55 9170.85 12643.1 16644.5

Fig. 4. The relationship between the sound pressure level and excitation fre
quency for solar cell structures with varying weight fractions of graphene 
platelet layers.

Fig. 5. The variation of sound pressure level with excitation frequency for 
different air flow velocities, expressed as a fraction of the reference velocity.
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cells, especially in the presence of turbulent air flows and external 
excitations.

Fig. 5 shows the variation of sound pressure level with excitation 
frequency for different air flow velocities, expressed as a fraction of the 
reference velocity. The curves represent air flow velocities ranging from 
0.1 V0 to 0.4 V0. As the air velocity increases, the SPL increases, 
demonstrating the enhanced acoustic response due to faster airflow. The 
frequency response exhibits complex nonlinear behavior, with pro
nounced peaks and dips at certain excitation frequencies. Higher air 
velocities result in sharper SPL variations, particularly at higher fre
quencies. The system’s acoustic response is influenced by the interaction 
between turbulent air and the solar cell structure, which changes as the 
air flow velocity increases. Faster air velocities introduce more intense 
turbulence, which in turn affects the propagation of sound waves 

through the medium, likely increasing the overall sound energy and 
leading to stronger resonance effects. The nonlinearities observed in the 
SPL with increasing air velocity suggest that the flow-induced turbu
lence has a significant impact on the acoustic characteristics, particu
larly in the nonlinear regime. This behavior is critical for understanding 
how variable air velocities influence the aeroacoustic response in solar 
cell systems under different operational conditions.

Fig. 6 displays the nonlinear phase velocity as a function of wave 
number for different air flow velocities, normalized by the reference 
velocity. The curves show a distinct nonlinear relationship between NPV 
and wave number, with higher air flow velocities resulting in higher 
NPV values across all wave numbers. The NPV decreases as the wave 
number increases, indicating the typical behavior of wave propagation 
through a nonlinear medium, where higher frequencies experience 

Fig. 6. The nonlinear phase velocity as a function of wave number for different air flow velocities, normalized by the reference velocity.

Fig. 7. The nonlinear phase as a function of wave number for different den
sities, normalized by the reference air density.

Fig. 8. The nonlinear phase velocity as a function of wave number for different 
airflow angles, normalized by the reference angle.

Q. Zhang et al.                                                                                                                                                                                                                                  Measurement 258 (2026) 119159 

11 



slower propagation speeds. At lower air flow velocities, the NPV is 
lower, reflecting the reduced energy in the system due to slower-moving 
air. As the air velocity increases, the NPV increases significantly, sug
gesting that faster air flow accelerates wave propagation by imparting 
more energy to the acoustic waves. The variation in NPV with wave 
number further highlights the complex interaction between the turbu
lent air flow and the solar cell structure. These interactions lead to the 
modification of the wave properties, particularly in the nonlinear 
regime, where the phase velocity is no longer constant but varies with 
both wave number and air velocity. The nonlinear response in this 

context plays a critical role in understanding how acoustic waves behave 
in systems subjected to varying airflow conditions.

In Fig. 7, the nonlinear phase velocity is shown as a function of wave 
number for different densities, normalized by the reference air density. 
The figure demonstrates that higher densities lead to higher NPV values 
across all wave numbers, particularly at lower wave numbers. As density 
increases, the propagation of acoustic waves is slower at lower fre
quencies, but this effect diminishes as the wave number increases. This 
behavior suggests that denser increases the inertia of the medium, 
resulting in slower acoustic wave propagation, particularly at low fre
quencies. At higher wave numbers (or higher frequencies), the effect of 
density on NPV becomes less pronounced, and the phase velocity in
creases. The nonlinear phase velocity is influenced by the density, and 
the system exhibits stronger nonlinearities as the density increases. This 
behavior indicates that changes in density, either due to environmental 
conditions or design modifications, significantly affect the acoustic 
properties of the solar cell system. By controlling the density, the 
acoustic performance of the system could be tailored, which is crucial 
for optimizing the nonlinear aeroacoustic characteristics of solar cells 
under different operational scenarios.

Fig. 8 presents the nonlinear phase velocity as a function of wave 
number for different airflow angles, normalized by the reference angle. 
The curves represent varying airflow angles, ranging from 0.1 to 0.4 of 
the reference value. As air density increases, the NPV decreases at lower 
wave numbers, reflecting the denser medium’s impact on acoustic wave 
propagation. Higher airflow angles result in a slower propagation of 
waves at lower frequencies due to increased inertia in the medium. At 
higher wave numbers (or frequencies), the NPV begins to converge 
across different airflow angles, indicating that the effect of airflow angle 
on wave speed diminishes at high frequencies. This behavior demon
strates the nonlinear relationship between airflow angle and acoustic 
wave propagation, where increased density leads to significant re
ductions in phase velocity at lower frequencies, but this effect becomes 

Fig. 9. The nonlinear phase velocity as a function of wave number for different 
graphene platelet layer weight fractions.

Fig. 10. The nonlinear phase velocity against the airflow velocity for different wave numbers.
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less pronounced at higher frequencies. The plot emphasizes the impor
tance of airflow angle in influencing the nonlinear phase velocity, which 
in turn affects the overall acoustic performance and response of the 
system under varying environmental conditions.

Fig. 9 shows the nonlinear phase velocity as a function of wave 
number for different graphene platelet layer weight fractions, ranging 
from 0 % to 1.5 %. As the gGPL increases, the NPV at a given wave 
number also increases. This trend suggests that the inclusion of GPLs in 
the material structure enhances the phase velocity of the acoustic waves. 

The presence of GPLs modifies the material properties, such as stiffness 
and damping, which directly influence the propagation speed of the 
waves. The curves show that higher GPL fractions lead to a marked in
crease in NPV, particularly noticeable at higher wave numbers (fre
quencies). This indicates that the material’s ability to transmit sound 
waves is significantly enhanced with the incorporation of GPLs, result
ing in faster wave propagation. The nonlinear response observed in this 
plot underscores the critical role of material composition in determining 
the aeroacoustic characteristics of solar cell structures, especially in 

Fig. 11. The nonlinear phase velocity as a function of airflow velocity for varying airflow angle ratios.

Fig. 12. The nonlinear phase velocity as a function of airflow velocity for 
varying densities.

Fig. 13. The nonlinear phase velocity as a function of airflow velocity for 
varying graphene platelet layer weight fractions, ranging from 0% to 1.5%.
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Fig. 14. The relationship between nonlinear phase velocity and the GPLs’ weight fraction for different wave numbers at two different values of air velocity ratio.

Fig. 15. The nonlinear phase velocity as a function of the GPL weight fraction for different airflow velocities.
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high-frequency regimes where GPLs exert a pronounced influence on 
phase velocity.

In Fig. 10, the nonlinear phase velocity is plotted against the airflow 
velocity for different wave numbers. The curves represent wave 
numbers ranging from 50 to 200, and as the airflow velocity increases, 
the NPV decreases for each wave number. This inverse relationship in
dicates that faster air flow reduces the nonlinear phase velocity, possibly 
due to the increased energy dissipation in the system. Higher airflow 
velocities cause stronger turbulent interactions between the air and the 
structure, leading to more complex acoustic behavior. The curves for 
higher wave numbers exhibit sharper decreases in NPV as the airflow 
velocity increases, indicating that high-frequency waves are more sus
ceptible to the effects of air velocity. This plot highlights how both the 
air velocity and wave number interact to influence the nonlinear phase 
velocity, underlining the importance of controlling these parameters to 
optimize the acoustic performance of solar cell structures in real-world 
conditions.

Fig. 11 illustrates the relationship between nonlinear phase velocity 
and the ratio of air velocity to reference velocity for various airflow 
angle ratios. The plot presents curves for four different airflow angle 
ratios: 0.1 (blue), 0.2 (red), 0.3 (yellow), and 0.4 (purple). As shown in 
the graph, for each airflow angle ratio, the NPV decreases significantly 
as the air velocity ratio increases. The curves exhibit a similar pattern, 
with a steep drop in NPV at lower air velocity ratios and a gradual 
leveling off as the ratio increases. This behavior suggests that the 

nonlinear phase velocity is highly sensitive to both the airflow angle 
ratio and the air velocity. For smaller airflow angle ratios (e.g., θair/θ0 =

0.1), the NPV values remain relatively higher compared to larger ratios, 
indicating a greater influence of the airflow angle on the system’s dy
namic response. As the airflow angle ratio increases, the NPV values 
decrease more sharply, reflecting a reduction in the system’s respon
siveness to the varying air velocity. The results demonstrate the complex 
interaction between airflow characteristics and the structural dynamics, 
offering valuable insights into the impact of airflow directionality on 
nonlinear vibrational behavior.

Fig. 12 illustrates the nonlinear phase velocity as a function of 
airflow velocity for varying densities, normalized by the reference air 
density. The curves represent densities from 0.1 to 0.4 of the reference 
value, showing that as the density increases, the NPV decreases for a 
given airflow velocity. At higher densities, the wave propagation is 
slower for low airflow velocities, but the effect of density diminishes as 
the airflow velocity increases. This behavior reflects the interplay be
tween density and velocity, where denser air leads to a more significant 
reduction in phase velocity at lower velocities, but faster air flows 
counteract the effect of density, leading to a less pronounced difference 
in NPV at higher velocities. The figure emphasizes the complex 
nonlinear nature of acoustic wave propagation in a medium where both 
density and airflow velocity must be considered to understand the 
overall behavior of sound waves in solar cell structures. This highlights 
the need for careful optimization of these parameters in practical 

Fig. 16. The frequency-wave number dispersion plots for symmetric and antisymmetric modes of Lamb waves, in both logarithmic and linear scales, at a fixed GPL 
weight fraction.
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Fig. 17. The 3D dispersion plots for the symmetric and antisymmetric modes of Lamb waves, displayed in both logarithmic and linear scales.

Fig. 18. Loss factor, measured as the Mean Squared Error, plotted against the number of iterations for an HDNNM.
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applications to manage noise and enhance system efficiency.
Fig. 13 shows the nonlinear phase velocity as a function of airflow 

velocity for varying graphene platelet layer weight fractions, ranging 
from 0 % to 1.5 %. The curves reveal that as the GPL weight fraction 
increases, the NPV at a given airflow velocity also increases. Specifically, 
at lower airflow velocities, the NPV values are higher for greater GPL 
content, indicating that the inclusion of GPLs enhances the wave prop
agation speed. The effect of GPLs is particularly noticeable at moderate 
airflow velocities, where the material’s influence on the acoustic wave 
properties is most pronounced. As the airflow velocity increases, the 
NPV approaches similar values across different GPL concentrations, 
suggesting that the effect of GPLs becomes less significant at higher flow 
velocities. This behavior demonstrates the strong dependence of 
nonlinear phase velocity on the material properties, such as the GPL 
content, particularly at lower to moderate airspeeds, where the mate
rial’s structure plays a more dominant role in wave dynamics.

Fig. 14 illustrates the relationship between nonlinear phase velocity 
and the GPLs’ weight fraction for different wave numbers at two 
different values of air velocity ratio. On the left panel, where Vair/V0 =

1.5, the graph depicts how the NPV increases with gGPL for increasing 
values of Kx. The curves forKx = 50, 100, 150, and 200 show distinct 
trends: as gGPL rises, the NPV tends to increase, with the higher Kx values 
showing steeper slopes. On the right panel, for Vair/V0 = 3, a similar 
pattern is observed, but the NPV values are generally higher across the 
board compared to the left panel. The curves for each Kx maintain their 
trend, but with a noticeable increase in values due to the higher air 
velocity ratio, signifying a stronger dependence of NPV on air flow ve
locity and GPLs’ weight fraction. These results highlight the influence of 
both the excitation frequency and air flow on the dynamic response of 
the system, particularly for different wave numbers.

Fig. 15 depicts the nonlinear phase velocity as a function of the GPL 

weight fraction for different airflow velocities. The curves show how the 
NPV increases with the GPL weight fraction for all airflow velocities. At 
lower GPL concentrations, the NPV is relatively low, but as the GPL 
content increases, the phase velocity also increases. The effect of airflow 
velocity on the NPV is also evident: at higher airspeeds, the NPV reaches 
higher values even for low GPL content. The trend suggests that the 
presence of GPLs enhances the propagation of acoustic waves, particu
larly at higher airspeeds, where the material’s influence on wave 
propagation becomes more pronounced. This result is significant for 
optimizing the material properties of solar cells or other acoustic 
structures, as increasing GPL concentration can improve the efficiency 
of sound wave transmission or damping, depending on the specific 
application. The figure emphasizes the nonlinear interactions between 
material composition (specifically the GPL content) and airflow velocity, 
highlighting how these factors jointly affect the system’s overall acoustic 
performance.

Fig. 16 presents the frequency-wave number dispersion plots for 
symmetric and antisymmetric modes of Lamb waves, in both logarith
mic and linear scales, at a fixed GPL weight fraction. The top-left panel 
shows the symmetric modes in a log scale, where the wave number in
creases with frequency, and a pronounced wave propagation pattern 
emerges. The intensity of the waves is depicted using a color gradient, 
with red indicating higher intensities and blue indicating lower in
tensities. The corresponding antisymmetric mode plot in the bottom-left 
panel follows a similar trend, but with a distinct pattern showing the 
behavior of antisymmetric waves. In the right panels, the same modes 
are displayed using a linear scale, providing a clearer, less compressed 
view of the dispersion relations. The symmetric modes are shown in 
blue, with the intensity color scale showing minimal variation in com
parison to the logarithmic scale, while the antisymmetric modes display 
similar results, but with a slightly different wave propagation 

Fig. 19. Various output and target points of the mentioned hybrid DNN.
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characteristic. This figure provides essential insights into the wave dy
namics and dispersion characteristics for both mode types in the pres
ence of nonlinearities.

Fig. 17 presents the 3D dispersion plots for the symmetric and anti
symmetric modes of Lamb waves, displayed in both logarithmic and 
linear scales. The figure is divided into four panels, with the top-left and 
bottom-left showing the symmetric and antisymmetric modes in loga
rithmic scale, respectively, while the top-right and bottom-right display 
the same modes in linear scale. The symmetric modes (top panels) 
exhibit a significant variation in amplitude with respect to both fre
quency and wave number, with the log scale plot (top-left) highlighting 
the steep increase in amplitude as the wave number approaches zero, 
reaching a peak at lower frequencies before leveling off. In the linear 
scale (top-right), this trend is less pronounced, and the overall amplitude 
pattern appears smoother, emphasizing the nature of wave propagation 
for symmetric modes in linear terms. The antisymmetric modes, shown 
in the bottom panels, exhibit similar characteristics but with a different 
pattern in the distribution of amplitude. The log scale plot (bottom-left) 
demonstrates a sharp peak in amplitude for lower frequencies and wave 
numbers, whereas the linear scale plot (bottom-right) reveals a 
smoother transition, indicating the wave characteristics across a broader 
spectrum. This figure effectively compares the behavior of symmetric 
and antisymmetric modes, offering insights into how different scales 
impact the representation of Lamb wave dynamics.

5.3. Outcomes of hybrid deep neural networks (HDNNs)

In recent advancements of machine learning for predicting vibra
tional features of the presented green structure, a hybrid deep neural 
network model, referred to as HydroDL, integrates CNNs, LSTM net
works, and ConvLSTM layers. This model is designed to capture and 

analyze complex spatial and temporal patterns inherent in the behavior 
of the presented green structure under various electrodynamic condi
tions. The CNNs excel in extracting spatial features from the structure’s 
grid-like data, while LSTMs are adept at learning temporal dependencies 
over sequential time steps. The ConvLSTM layers combine these 
strengths by processing spatiotemporal data, allowing the model to 
efficiently handle and predict features affected by both spatial geometry 
and temporal dynamics. The integration of these neural network ar
chitectures enables HydroDL to leverage the spatial feature extraction 
capabilities of CNNs and the sequence learning capabilities of LSTMs, 
resulting in a robust predictive model. This hybrid approach provides a 
comprehensive framework for estimating electrodynamics features, 
such as frequency and amplitude variations, in the presented green 
structure. The model’s ability to manage complex input patterns and 
temporal sequences makes it a powerful tool for advanced material 
analysis and design. Fig. 18 presents the loss factor, measured as the 
Mean Squared Error (MSE), plotted against the number of iterations 
(epochs) for an HDNNM. This model was presumably trained on a 
sequence-based dataset, where the objective is to minimize the loss over 
successive epochs. From the plot, it is evident that the loss factor exhibits 
a stepped pattern rather than a smooth, continuous decrease, which 
could indicate several key phenomena in the training process. Initially, 
the loss is relatively high, hovering around 0.058. However, as training 
progresses, the loss drops in discrete steps, reaching as low as approxi
mately 0.038. The presence of plateaus, where the loss remains constant 
over several iterations, suggests that the model might be getting stuck in 
local minima or encountering regions of the loss landscape where gra
dients are small. This behavior is not uncommon in deep learning 
models, particularly in hybrid architectures where different layers (e.g., 
CNNs, LSTMs) might adapt at different rates due to their varying char
acteristics. The sharp drops in loss indicate that at specific points, the 

Fig. 20. Error instances across different phases of a hybrid deep neural network model’s training, validation, and testing processes.
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model parameters undergo significant adjustments, possibly due to 
learning rate changes, optimization momentum, or the model over
coming a local minimum. The final steady state of the loss factor implies 
that the model has converged, though the stepwise nature of the decline 
hints at the complex dynamics within the hybrid DNN, where different 
components of the model may be contributing unevenly to the overall 
learning process.

Fig. 19 consists of four scatter plots, each representing the relation
ship between the predicted output of a model and the actual target 
values. Each subplot also includes a linear fit line and an equation 
describing the relationship between the output and target, as well as a 
diagonal reference line where Y = T, which represents a perfect pre
diction scenario.

5.3.1. Explanation of each subplot

5.3.1.1. Top left (Red fit Line).

• Equation:Output = 0.92× Target + 0.32

• The slope of 0.92 suggests that the model’s predictions are slightly 
underestimating the target values, as the slope is less than 1. The 
positive intercept of 0.32 further indicates a slight bias towards 
higher predictions when the target values are low.

5.3.1.2. Top right (Black fit Line).

• Equation:Output = 0.99× Target + ( − 0.11)

• This plot shows a near-perfect slope of 0.99, which is very close to 1, 
indicating that the model’s predictions align almost linearly with the 
target values. The small negative intercept suggests a minimal 
downward adjustment in predictions across the range of target 
values.

5.3.1.3. Bottom left (Blue fit Line).

• Equation:Output = 0.93× Target + 0.29

• Similar to the top left plot, this plot has a slope of 0.93, indicating a 
slight underestimation of target values by the model. The positive 
intercept of 0.29 suggests that predictions are biased slightly up
ward, especially at lower target values.

5.3.1.4. Bottom right (Green fit Line).

• Equation: O utput = 0.93× Target + 0.26

• This subplot is similar to the bottom left, with a slope of 0.93 and a 
positive intercept of 0.26. This indicates a consistent underestima
tion by the model across the range, with a small upward bias in 
predictions.

5.3.2. General Interpretation

5.3.2.1. Accuracy and bias. The slopes across all subplots are close to 1 
but slightly less, suggesting that the model’s predictions are generally 
accurate but tend to slightly underestimate the actual values. The pos
itive intercepts in most plots indicate a small, consistent bias in the 
predictions.

5.3.2.2. Fit line. The closeness of the fit lines to the diagonal Y = T line 
reflects the degree of accuracy of the model. The black fit line (top right) 
is the closest to Y = T, indicating that the model corresponding to this 
plot performs best in terms of minimizing both bias and variance.

5.3.2.3. Scatter distribution. The scatter of points around the fit lines 
provides a visual indication of the prediction errors. A tighter cluster of 
points around the fit line suggests lower prediction error, while more 
scattered points indicate higher error. In summary, the figure demon
strates that the model predictions are reasonably close to the actual 
targets but with a tendency to slightly underestimate the target values, 
as indicated by the slopes slightly less than 1 and the consistent positive 
intercepts.

Fig. 20 represents the distribution of error instances across different 
phases of a DNN model’s training, validation, and testing processes. The 
bar chart is segmented into three categories: Training (green bars), 
Validation (black bars), and Test (red bars), which reflect the number of 
instances where the network encounters errors during each respective 
phase. The height of each bar indicates the frequency of errors, with the 
green bars representing training errors, black bars representing valida
tion errors, and red bars representing test errors. The blue vertical line 
labeled as “Zero Error” serves as a reference for an ideal scenario where 
no errors occur across all phases. The figure shows that the model ex
periences varying levels of errors, with some instances showing zero 

Table 3 
Key hyperparameters for training the hybrid deep neural network model in 
analyzing nonlinear aeroacoustic characteristics of solar cell structures.

Hyperparameter Description Value

Learning Rate Controls the step size during 
optimization

0.01

Batch Size Number of training examples 
used in one iteration

64

Epochs Number of complete passes 
through the entire training 
dataset

500

Optimizer Algorithm used for 
minimizing the loss function

Adam

Loss Function Metric used to compute 
model error

Mean Squared Error (MSE)

Dropout Rate A fraction of neurons 
dropped during training to 
prevent overfitting

0.5

Hidden Layers 
(CNN)

Number of convolutional 
layers in the CNN part

4 layers

Filters (CNN) Number of filters in each 
convolutional layer

64

Kernel Size (CNN) Size of convolutional kernels (5, 5)
LSTM Units Number of units in the LSTM 

layer
200

LSTM Dropout Dropout applied to LSTM 
units

0.4

ConvLSTM Units Number of units in 
ConvLSTM layer

128

ConvLSTM Kernel 
Size

Size of the kernel in the 
ConvLSTM layer

(5, 5)

Regularization (L2) L2 regularization strength 0.1
Weight Initialization Method used to initialize the 

network weights
Glorot Normal

Activation Function Function applied to neurons 
in hidden layers

ReLU

Validation Split Percentage of the data 
reserved for validation

0.3

Loss Factor (α) Scaling factor applied to 
balance loss components

1.0

MSE A metric to measure the 
model’s prediction error

0.045

R2 (Coefficient of 
Determination)

A metric to measure the 
model’s fit to the data

0.96829

Training Data Size Total number of training 
samples used

10,000 samples

Parameter Range 
Covered

Range of parameters covered 
in training data

GPL weight fraction 
(0.1–0.3), Airflow velocity 
ratio (0–0.6)

Preprocessing 
Methods

Techniques used to 
normalize or preprocess the 
training data

Min-max normalization 
applied to input 
parameters
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errors in the test and validation phases, indicating good performance. 
However, the presence of bars in all three colors, particularly in the 
validation and test phases, suggests that the model has not completely 
generalized to unseen data. This error analysis provides insight into the 
model’s overfitting or underfitting tendencies and helps in diagnosing 
areas where the model’s architecture or training process might need 
improvement.

Table 3 summarizes key hyperparameters for training the hybrid 
deep neural network model in analyzing nonlinear aeroacoustic char
acteristics of solar cell structures. Key parameters include learning rate, 
batch size, epochs, and optimizers, with values tailored for effective 
convergence. The CNN, LSTM, and ConvLSTM layers are configured 
with varying numbers of filters, units, and kernel sizes to capture spatial 
and temporal dynamics. Regularization techniques, such as dropout and 
L2 regularization, are applied to prevent overfitting. Performance met
rics like RMSE and R2 are used to evaluate model accuracy, with a loss 
factor balancing error components.

Fig. 21 presents a comparison between theoretical results (TR) and 
hybrid deep neural network model results for NPV as a function of the 
GPLs’ weight fraction. Four distinct scenarios are examined, corre
sponding to different ratios of air velocity to reference velocity. The blue 
and orange curves represent the theoretical results for Vair/V0 = 1 and 
Vair/V0 = 2, respectively, while the yellow and purple curves illustrate 
the corresponding HDNNMR results under the same velocity ratios. Both 
TR and HDNNMR exhibit an increasing NPV with rising gGPL, but 
HDNNMR consistently predicts higher NPV values. The discrepancy 
between the theoretical and hybrid model results becomes more 

pronounced as gGPL increases, demonstrating HDNNMR’s greater sensi
tivity to changes in gGPL. This suggests that the hybrid deep neural 
network model is more capable of capturing the nonlinear dynamics of 
the system, offering more precise predictions compared to traditional 
theoretical methods.

6. Conclusion

This study has introduced a novel metrological framework for 
analyzing the nonlinear phase velocity, lamb wave propagation, and 
aeroacoustic behavior of multi-layer silicon solar cell structures rein
forced with GPL-metal layers. By incorporating advanced theories such 
as HSDT and MCST, we have developed a comprehensive model that 
accurately captures the mechanical and acoustic interactions in the 
presence of external sound radiation and airflow pressure. The appli
cation of the variational energy technique and harmonic-based methods 
has enabled the resolution of the governing partial differential equa
tions, while Newmark’s time integration scheme has provided precise 
simulations of dynamic vibrations. The validation of the framework 
using an HDNNM has demonstrated the effectiveness of machine 
learning in enhancing the accuracy of predictions for nonlinear acoustic 
responses and vibration characteristics. Through the integration of 
physical modeling with AI-based algorithms, we have achieved a robust 
system that can predict the effects of various parameters, such as GPL 
weight fraction and airflow velocity, on the dynamic behavior of solar 
cells. Our findings have shown that GPL reinforcement significantly 
improves the stiffness and damping properties of the solar cell 

Fig. 21. A comparison between theoretical results and hybrid deep neural network model results for NPV as a function of the GPLs’ weight fraction.
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structures, thereby enhancing their acoustic resilience and overall en
ergy conversion stability. The study has provided valuable insights into 
the role of vibro-acoustic interactions in the performance of solar cells 
under real-world operational conditions. Furthermore, it has high
lighted the potential of the proposed framework for use in structural 
health monitoring and optimization of next-generation solar energy 
devices. Overall, the methodology presented in this research has offered 
new perspectives on the metrological assessment of solar cell structures, 
marking a significant advancement in the fields of acoustic measure
ment, materials science, and energy technology. It has laid the 
groundwork for further exploration of the complex interactions between 
materials and dynamic loading conditions in solar energy systems, 
opening up new avenues for enhancing their efficiency, durability, and 
environmental resilience.
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