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1 Introduction
The realm of quantum calculus, also referred to as
q-calculus, expands upon conventional calculus by
integrating the principles of quantum mechanics.
q-calculus, a branch of mathematics, introduces
a novel parameter denoted as q, which extends
classical calculus principles and methods. This
area demonstrates a broad spectrum of applications
spanning various fields such as mathematics, physics,
and engineering. Within the scope of q-calculus,
the theory of q-orthogonal polynomials (q-OP)
holds particular significance and has been subject to
extensive research.

The origins of the q-OP theory can be attributed
to the investigations carried out in the 1940s
and 1950s. [1], established a novel category
of polynomials known as q-polynomials in his
research. These polynomials exhibit a distinct
recurrence relation that incorporates the q-analog of
the factorial function. The theory of q-orthogonal
polynomials was extended by generalizing the
previously described polynomials, as referenced in
[2].

The q-OP polynomials form a set of orthogonal
polynomials, where orthogonality is defined with
regard to a specific weight function that is dependent
on the parameter q. These polynomials are widely
used in diverse fields of mathematics and physics,
such as number theory, combinatorics, statistical
mechanics, and quantum mechanics. Various
varieties of q-OP exist, such as q-Hermite, q-Jacobi,
q-Laguerre, and q-Gegenbauer polynomials, among
others. Every variant of q-OP possesses its own
distinct recurrence relation, weight function, and
orthogonality qualities. For a thorough examination,
refer to the extensive study documented in ([3], [4],
[5], [6], [7]).

Exploring q-OP has yielded significant
advancements and methodologies in q-calculus,
such as the q-analog of the binomial theorem,
q-difference equations, and q-special functions.
The theory of q-OP has been applied to analyze
q-integrals and q-series, which are fundamental
tools in the field of q-calculus. Recently, Jackson’s
q-exponential has been redefined as a series of
regular exponentials with clear coefficients, making
it self-contained, as referenced in [8]. This result has
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significant implications for the theory of q-orthogonal
polynomials in the current context and should be
fully acknowledged.

The theory of orthogonal polynomials has been
thoroughly examined because of its wide-ranging
applications in several branches of mathematics and
physics. Orthogonal polynomials and their analogs
have gained significance as a valuable tool for
analyzing analytic functions in the complex plane,
specifically bi-univalent functions, in recent years.

2 Preliminaries
Consider the set A consisting of functions Φ that can
be expressed in the form

Φ(ζ) = ζ+
∞∑
n=2

αnζ
n, (1)

where ζ be a complex number that lies within the open
unit diskO, and letΦ be an analytic function inO. In
addition,Φmust fulfill the normalization requirement
Φ′(0) − 1 = 0 = Φ(0). The subclass of A that
consists of functions of Eq. (1) and are univalent inO
is denoted by S . For any function Φ in the subfamily
S , there exists an inverse function denoted asΦ−1 and
defined by

ζ = Φ−1(Φ(ζ)), ϖ = Φ(Φ−1(ϖ)),

and
|ϖ| < r0(Φ); ζ ∈ O.

where

h(ϖ) = Φ−1(ϖ) = ϖ(1−ϖ3(α4 + 5α3
2 − 5α3α2)

+ϖ2(−α3 + 2α2
2)−ϖα2 + · · · )

(2)
The definition of the subclass Σ in the set S involves
specifying the category of bi-univalent functions in
O, as expressed by equation (1). Examples of the
class Σ functions include

Φ1(ζ) =
ζ

1− ζ
, Φ2(ζ) = log

(
1

1− ζ

)
and

Φ3(ζ) =
1

2
log

(
1 + ζ

1− ζ

)
.

The inverse functions that correspond to the
aforementioned functions:

h1(ϖ) =
ϖ

1 +ϖ
, h2(ϖ) =

e2ϖ − 1

e2ϖ + 1

and
h3(ϖ) =

eϖ − 1

eϖ
.

The implementation of differential subordination
of analytical functions has the potential to offer
considerable benefits to the domain of geometric
function theory. The authors in [9], proposed the
original differential subordination problem, which
has subsequently been examined in greater detail
in [10]. The book referenced in [11], provides a
comprehensive overview of the advancements made
in the field, along with their respective dates of
publication.

This article presents an overview of q-calculus,
initially introduced by Jackson and subsequently
explored by numerous mathematicians, [12],
[13], [14], [15], [16]. It focuses on introducing
key concepts and definitions within the realm
of q-calculus. Additionally, it highlights the
significance of the q-difference operator, widely
employed in scientific disciplines such as geometric
function theory. Emphasizing that q lies within
the interval (0, 1), the study extensively draws on
fundamental definitions and properties of qcalculus,
as documented in [7].

Definition 1. [12]. Let 0 < q < 1. The q-bracket
[k]q is formally defined as such

[κ]q =



1−qκ

1−q , if 0 < q < 1, κ ∈ C \ {0}

qκ−1 + · · ·+ q2 + q + 1 if κ ∈ N

1 if q → 0+, κ ∈ C \ {0}

κ if q → 1−, κ ∈ C \ {0}

Definition 2. [12]. The q-derivative, also known
as the q-difference operator, of a function Φ is
defined by

∂q Φ(ζ) =



Φ(ζ)−Φ(qζ)
ζ−qζ , if 0 < q < 1, ζ ̸= 0

Φ′(0) if ζ = 0

Φ′(ζ) if q → 1−, ζ ̸= 0

Consider two complex parameters ε and ϱ such
that the real part of ε and ϱ is greater than zero. The
generalized Mittag-Leffler type function was initially
proposed by [16], through

Mϱ, ε(ζ) =
∞∑
κ=0

ζκ

Γ(ε κ+ ϱ)
(ζ ∈ C). (3)
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The study, [17], and independently, [18], have
recently introduced a Mittag-Leffler function of the
Le Roy type, defined by:

Fγ
ϱ, ε(ζ) =

∞∑
κ=0

ζκ

(Γ(ε κ+ ϱ))γ
(ζ ∈ C). (4)

Assuming that ℜe{ε} > 0 and ℜe{ϱ} > 0, [19],
introduced the q-Mittag-Leffler-type function, as

Mϱ, ε(ζ; q) =
∞∑
κ=0

ζκ

Γq(ε κ+ ϱ)
(ζ ∈ C). (5)

The study, [20], recently proposed a normalization
of the q-analog of the Le Roy-type Mittag-Leffler
function, denoted by Mγ

ϱ, ε(ζ; q) where ( ζ ∈ O).
This normalization is given by

Mγ
ϱ, ε(z; q) = ζ +

∞∑
κ=2

(
Γq(ϱ)

Γq(ε (κ− 1) + ϱ)

)γ

ζκ,

(6)
where ℜe(ϱ) > 0, ε ∈ C \ {0,−1,−2, · · ·}. The
gamma function, denoted by Γq, where q ∈ (0, 1),
can be alternatively defined by

Γq(1 + ζ) = (1− qϖ)(1− q)−1Γq(ζ). (7)

The linear operator qFγ
ϱ, ε : A → A can be defined

using the concept of convolution (or the Hadamard
product) by

qFγ
ϱ, εΦ(ζ) = Mγ

ϱ, ε(z; q) ∗ Φ(ζ)

= ζ +
∑∞

κ=2

(
Γq(ϱ)

Γq(ε (κ−1)+ϱ)

)γ
aκζ

κ,

= ζ +
(

Γq(ϱ)
Γq(ε+ϱ)

)γ
a2ζ

2 +
(

Γq(ϱ)
Γq(2ε+ϱ)

)γ
a3ζ

3 + · · · .
(8)

where q ∈ (0, 1), γ > 0, ℜe(ϱ) > 0,
ε ∈ C \ {0,−1,−2, · · ·} and Γq of the form
(7).

The G($)
q (ℓ, ζ), referred to as the q-UP, are a set

of orthogonal polynomials that are defined on the
interval [−1, 1]. These polynomials are defined with
respect to the weight function (1 − ℓ2)$−

1

2 on the
same interval, and feature a q-analog. The study, [5],
identified a category of q-generalized polynomials,
commonly referred to as q-UP, which are essentially
the following polynomials

G(λ)
q (ℓ, ζ) =

∞∑
n=0

C(λ)
n (ℓ; q)ζn, (ℓ ∈ [−1, 1], ζ ∈ O) .

(9)

The study, [6], in 2006, discovered the initial terms of
UP’s q-analog in 2006, which listed below:

C(λ)
0 (ℓ; q) = 1

C(λ)
1 (ℓ; q) = 2[λ]qℓ

C(λ)
2 (ℓ; q) = 2

(
[λ]q2 + [λ]2q

)
ℓ2 − [λ]q2

(10)

Orthogonal polynomials have been utilized in the
examination of bi-univalent functions. The utilization
of orthogonal polynomials in the examination
of bi-univalent functions has yielded significant
outcomes and perspectives in the realm of geometric
function theory. In contemporary literature, there
has been a surge of interest among scholars in
exploring subsets of bi-univalent functions that
are linked to orthogonal polynomials, specifically
those related to Ultraspherical and Chebyshev
polynomials. Estimations for the initial coefficients
of functions were discovered. Nevertheless, the
issue of establishing precise coefficient limits for
|αn|, (n = 3, 4, 5, · · ·), is yet to be resolved, as
indicated in several sources ([21], [22], [23], [24],
[25], [26], [27], [28], [29], [30], [31], [32], [33], [34],
[35]).

On the other hand, in 2023, [24], constructed
various categories of analytic bi-univalent functions
utilizing q-UP. The present study derives the
Fekete–Szegö inequalities and coefficient bounds
|α2| and |α3| for functions that are members of the
aforementioned subclasses.

The main aim of this research is to commence an
inquiry into the attributes of bi-univalent functions
through the utilization of the q-analog of Le Roy-type
functions and Mittag-Leffler functions that are
associated with q-Ultraspherical polynomials. To
achieve this goal, the following definitions are taken
into account.

3 Definition and examples
This section introduces new subcategories of
bi-univalent functions. The subclasses are established
by utilizing the q-analog of Le Roy-type functions,
namely the Mittag-Leffler functions that are
subordinated to the q-UP. In this paper, it is assumed
that q ∈ (0, 1) and ℓ ∈

(
1
2 , 1
]
, unless explicitly stated

otherwise.
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Definition 3. For 0 ≤ ϑ ≤ 1 and η ∈ C \ {0}, a
bi-univalent function Φ of the form (1) is said to be in
the class BΣ(ϑ, η, ϱ, ε, γ,G(λ)

q (ℓ, ζ)) if the following
subordinations are satisfied:

1+
1

η

(
∂q

(
qFγ

ϱ, εΦ(ζ)
)
+ϑζ∂2

q

(
qFγ

ϱ, εΦ(ζ)
)
−1
)
≺ G(λ)

q (ℓ, ζ),

(11)
and

1+
1

η

(
∂q

(
qFγ

ϱ, εh(ϖ)
)
+ϑζ∂2

q

(
qFγ

ϱ, εh(ϖ)
)
−1
)
≺ G(λ)

q (ℓ, ζ).

(12)
The expressions for h(ϖ), qFγ

ϱ, ε, and G(λ)
q are

obtained from equations (2), (8), and (9), respectively.

Example 1. Let ϑ = 1, η ∈ C \ {0}. A
function f ∈ Σ given by (1) is said to be in
the class BΣ(1, η, ϱ, ε, γ,G(λ)

q (ℓ, ζ)) if the following
subordinations are satisfied:

1+
1

η

(
∂q

(
qFγ

ϱ, εΦ(ζ)
)
+ζ∂2

q

(
qFγ

ϱ, εΦ(ζ)
)
−1
)
≺ G(λ)

q (ℓ, ζ),

(13)
and

1+
1

η

(
∂q

(
qFγ

ϱ, εh(ϖ)
)
+ζ∂2

q

(
qFγ

ϱ, εh(ϖ)
)
−1
)
≺ G(λ)

q (ℓ, ζ).

(14)
The expressions for h(ϖ), qFγ

ϱ, ε, and G(λ)
q are

obtained from equations (2), (8), and (9), respectively.

Example 2. Let ϑ = 1 and η ∈ C \ {0}.
A function f ∈ Σ given by (1) is said to be in
the class BΣ(0, η, ϱ, ε, γ,G(λ)

q (ℓ, ζ)) if the following
subordinations are satisfied:

1 +
1

η

(
∂q

(
qFγ

ϱ, εΦ(ζ)
)
− 1
)
≺ G(λ)

q (ℓ, ζ),

and
1 +

1

η

(
∂q

(
qFγ

ϱ, εh(ϖ)
)
− 1
)
≺ G(λ)

q (ℓ, ζ).

The expressions for h(ϖ), qFγ
ϱ, ε, and G(λ)

q are

obtained from equations (2), (8), and (9), respectively.

Example 3. Let 0 ≤ ϑ ≤ 1, η ∈ C \ {0} and
q → 1−. A function f ∈ Σ given by (1) is said to be in
the class BΣ(ϑ, η, ϱ, ε, γ,G(λ)

1 (ℓ, ζ)) if the following
subordinations are satisfied:

1+
1

η

((
1Fγ

ϱ, εΦ(ζ)
)′

+ ϑζ
(
qFγ

ϱ, εΦ(ζ)
)′′

− 1
)
≺ G(λ)

1 (ℓ, ζ),

and

1+
1

η

((
1Fγ

ϱ, εh(ϖ)
)′

+ϑζ
(
qFγ

ϱ, εh(ϖ)
)′′

−1
)
≺ G(λ)

q (ℓ, ζ).

(15)
The expressions for h(ϖ), qFγ

ϱ, ε, and G(λ)
q are

obtained from equations (2), (8), and (9), respectively.

4 The natural initial Taylor
coefficients of the class
BΣ(ϑ, η, ϱ, ε, γ,G(λ)

q (ℓ, ζ))

Initially, the estimates for the coefficients of the class
BΣ(ϑ, η, ϱ, ε, γ,G(λ)

q (ℓ, ζ)), as defined in Definition
3.1, are provided.

Theorem 1. Let f ∈ Σ given by (1) belongs to the
class BΣ(ϑ, η, ϱ, ε, γ,G(λ)

q (ℓ, ζ)). Then

|a2| ≤
2|η[λ]q| (Γq(ϱ+ ε))γ ℓ.

√
2 (Γq(2ϱ+ ε))γ [λ]qℓ√√√√√√√√√

(Γq(ε))
γ

∣∣∣∣4[3]q[λ]2q([2]qϑ+ 1)η (Γq(ϱ+ ε))2γ ℓ2−

[2]2q(1 + ϑ)2 (Γq(ε))
γ (Γq(2ϱ+ ε))γ ×(

2
(
[λ]q2 + [λ]2q

)
ℓ2 − [λ]q2

)∣∣∣∣

,

and

|a3| ≤ 2|[λ]qη|ℓ
[3]q([2]qϑ+1)

(
Γq(2ϱ+ε)
Γq(ε)

)γ
+
(

4η|[λ]q|ℓ
[2]q(1+ϑ)

)2 (Γq(ϱ+ε)
Γq(ε)

)2γ
.

Proof. If Φ belongs to the class
BΣ(ϑ, η, ϱ, ε, γ,G(λ)

q (ℓ, ζ)). As per Definition
3.1, the presence of certain analytic functions ω
and v can be established, satisfying the conditions
ω(0) = v(0) = 0, and |ω(ζ)| < 1, |v(ϖ)| < 1 for all
ζ,ϖ ∈ O. Under these conditions, we can express Φ
as follows

1+
1

η

(
∂q

(
qFγ

ϱ, εΦ(ζ)
)
+ϑζ∂2

q

(
qFγ

ϱ, εΦ(ζ)
)
−1
)
= G(λ)

q (ℓ, ω(ζ)),

(16)
and

1+
1

η

(
∂q

(
qFγ

ϱ, εh(ϖ)
)
+ϑζ∂2

q

(
qFγ

ϱ, εh(ϖ)
)
−1
)
= G(λ)

q (ℓ, v(ϖ)),

(17)
By utilizing equations (16) and (17), we can derive
the following expression.

1 + 1
η

(
∂q

(
qFγ

ϱ, εΦ(ζ)
)
+ ϑζ∂2

q

(
qFγ

ϱ, εΦ(ζ)
)
− 1
)

= 1 + C
(λ)
1 (ℓ; q)c1ζ +

[
C

(λ)
1 (ℓ; q)c2 + C

(λ)
2 (ℓ; q)c21

]
ζ2 + · · · ,

(18)
and

1 + 1
η

(
∂q

(
qFγ

ϱ, εh(ϖ)
)
+ ϑζ∂2

q

(
qFγ

ϱ, εh(ϖ)
)
− 1
)

= 1 + C
(λ)
1 (ℓ; q)d1ϖ +

[
C

(λ)
1 (ℓ; q)d2 + C

(λ)
2 (ℓ; q)d21

]
)ϖ2 + · · · .
(19)

It is generally understood that if

|ω(ζ)| =
∣∣∣c1ζ + c2ζ

2 + c3ζ
3 + · · ·

∣∣∣ < 1, (ζ ∈ O),

and

|v(ϖ)| =
∣∣∣d1ϖ + d2ϖ

2 + d3ϖ
3 + · · ·

∣∣∣ < 1, (ϖ ∈ O),
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then, for all ȷ ∈ {1, 2, 3, · · ·}, we know

|cȷ| ≤ 1 and |dȷ| ≤ 1. (20)

In view of (1), (2), from (18) and (19), we obtain

1 + [2]q(1+ϑ)
η

(
Γq(ϱ)

Γq(ε+ϱ)

)γ
a2ζ +

[3]q([2]qϑ+1)
η ×(

Γq(ϱ)
Γq(2ε+ϱ)

)γ
a3ζ

2 + · · · = 1 + C
(λ)
1 (ℓ; q)c1ζ+[

C
(λ)
1 (ℓ; q)c2 + C

(λ)
2 (ℓ; q)c21

]
ζ2 + · · · ,

and

1− [2]q(1+ϑ)
η

(
Γq(ε)

Γq(ϱ+ε)

)γ
a2ϖ + [3]q([2]qϑ+1)

η ×(
Γq(ε)

Γq(2ϱ+ε)

)γ
(2a22 − a3)ϖ

2 + · · · = 1 + C
(λ)
1 (ℓ; q)d1ϖ

+
[
C

(λ)
1 (ℓ; q)d2 + C

(λ)
2 (ℓ; q)d21

]
ϖ2 + · · · .

By comparing the pertinent coefficients in (18) and
(19), we arrive at the following.

[2]q(1 + ϑ)

η

(
Γq(ε)

Γq(ϱ+ ε)

)γ

a2 = C
(λ)
1 (ℓ; q)c1,

(21)

− [2]q(1 + ϑ)

η

(
Γq(ε)

Γq(ϱ+ ε)

)γ

a2 = C
(λ)
1 (ℓ; q)d1,

(22)
[3]q([2]qϑ+1)

η

(
Γq(ε)

Γq(2ϱ+ε)

)γ
a3 = C

(λ)
1 (ℓ; q)c2+

C
(λ)
2 (ℓ; q)c21,

(23)
and

[3]q([2]qϑ+1)
η

(
Γq(ε)

Γq(2ϱ+ε)

)γ
(2a22 − a3) =

C
(λ)
1 (ℓ; q)d2 + C

(λ)
2 (ℓ; q)d21.

(24)
It follows from (21) and (22) that

c1 = −d1, (25)

and

a22 = 1
2

(
η[C(λ)

1 (ℓ;q)]
[2]q(1+ϑ)

)2 (
Γq(ϱ+ε)
Γq(ε)

)2γ (
c21 + d21

)
c21 + d21 = 2

(
[2]q(1+ϑ)

η[C(λ)
1 (ℓ;q)]

)2 (
Γq(ε)

Γq(ϱ+ε)

)2γ
a22.

(26)
Adding (23) and (24), we get

2[3]q([2]qϑ+1)
η

(
Γq(ε)

Γq(2ϱ+ε)

)γ
a22 = C

(λ)
1 (ℓ; q)(c2 + d2)

+C
(λ)
2 (ℓ; q)(c21 + d21).

(27)

Substituting the value of (c21 + d21) from (26), we
obtain

a2
2 =

η2 (Γq(2ϱ+ ε))γ (Γq(ϱ+ ε))2γ
[
C

(λ)
1 (ℓ; q)

]3
(c2 + d2)

2 (Γq(ε))
γ

{
[3]q([2]qϑ+ 1)η (Γq(ϱ+ ε))2γ

[
C

(λ)
1 (ℓ; q)

]2
−[2]2q(1 + ϑ)2 (Γq(ε))

γ (Γq(2ϱ+ ε))γ C
(λ)
2 (ℓ; q)

}
,

Applying for the coefficients c2 and d2 and using (10),
we obtain

|a2| ≤
2|η[λ]q| (Γq(ϱ+ ε))γ ℓ.

√
2 (Γq(2ϱ+ ε))γ [λ]qℓ√√√√√√√√√

(Γq(ε))
γ

∣∣∣∣4[3]q[λ]2q([2]qϑ+ 1)η (Γq(ϱ+ ε))2γ ℓ2−

[2]2q(1 + ϑ)2 (Γq(ε))
γ (Γq(2ϱ+ ε))γ(

2
(
[λ]q2 + [λ]2q

)
ℓ2 − [λ]q2

)∣∣∣∣

,

By subtracting (24) from (23), and using c21 = d21, we
get

2[3]q([2]qϑ+1)
η

(
Γq(ε)

Γq(2ϱ+ε)

)γ
(a3 − a22)

= C
(λ)
1 (ℓ; q) (c2 − d2) .

(28)

Then, in view of (25) and (26), Eq. (28) becomes

a3 =

{
η

2[3]q([2]qϑ+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ

C
(λ)
1 (ℓ; q) (c2 − d2)+

1
2

(
η

[2]q(1+ϑ)

)2 (
Γq(ϱ+ε)

Γq(ε)

)2γ [
C

(λ)
1 (ℓ; q)

]2 (
c21 + d21

)
.

}
Thus applying (10), we conclude that

a3 ≤ 2|[λ]qη|ℓ
[3]q([2]qϑ+1)

(
Γq(2ϱ+ε)
Γq(ε)

)γ
+(

4η|[λ]q|ℓ
[2]q(1+ϑ)

)2 (Γq(ϱ+ε)
Γq(ε)

)2γ
This completes the proof of Theorem.

5 The Fekete-Szegö functional

The authors in [36], established a precise limit for
the functional µa22 − a3. The limit was derived
using real values of µ (0 ≤ µ ≤ 1) and has been
commonly known as the classical Fekete-ö outcome.
Establishing precise boundaries for a given function
within a compact family of functions f ∈ A, and
for any complex µ, poses a formidable challenge.
The Fekete-ö inequality for functions belonging to
the class BΣ(ϑ, η, ϱ, ε, γ,G(λ)

q (ℓ, ζ)) is examined in
view of [37], finding.

Theorem 2. Let Φ ∈ Σ defined by (1) and
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belongs to the class BΣ(ϑ, η, ϱ, ε, γ,G(λ)
q (ℓ, ζ)) and

µ is real number. Then, we have∣∣a3 − µa22
∣∣ ≤

2|η[λ]q|ℓ
[3]q([2]qϑ+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ

, |H(µ)| ≤ η
2[3]q([2]qϑ+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ

4 |η[λ]qH(µ)| ℓ, |H(µ)| ≥ η
2[3]q([2]qϑ+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ

where

H(µ) =

(1−µ)

2(Γq(ε))
γ η

2 (Γq(2ϱ+ ε))γ (Γq(ϱ+ ε))2γ
[
C

(λ)
1 (ℓ; q)

]2
{

[3]q([2]qϑ+ 1)η (Γq(ϱ+ ε))2γ
[
C

(λ)
1 (ℓ; q)

]2
−

[2]2q(1 + ϑ)2 (Γq(ε))
γ (Γq(2ϱ+ ε))γ C

(λ)
2 (ℓ; q)

} .

Proof. For f ∈ BΣ(ϑ, η, ϱ, ε, γ,G(λ)
q (ℓ, ζ)) as is in

(1), from the equations (27) and (28), we have

a3 − µa2
2 =

2 (Γq(ε))
γ

{
[3]q([2]qϑ+ 1)η (Γq(ϱ+ ε))2γ

[
C

(λ)
1 (ℓ; q)

]2
−[2]2q(1 + ϑ)2 (Γq(ε))

γ (Γq(2ϱ+ ε))γ C
(λ)
2 (ℓ; q)

}
= C

(λ)
1 (ℓ; q)

([
H(µ) +

ηC
(λ)
1

(ℓ;q)

2[3]q([2]qϑ+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ
]
c2

+

[
H(µ)− ηC

(λ)
1

(ℓ;q)

2[3]q([2]qϑ+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ
]
d2

)
where

H(µ) =

(1−µ)

2(Γq(ε))
γ η

2 (Γq(2ϱ+ ε))γ (Γq(ϱ+ ε))2γ
[
C

(λ)
1 (ℓ; q)

]2
{

[3]q([2]qϑ+ 1)η (Γq(ϱ+ ε))2γ
[
C

(λ)
1 (ℓ; q)

]2
−

[2]2q(1 + ϑ)2 (Γq(ε))
γ (Γq(2ϱ+ ε))γ C

(λ)
2 (ℓ; q)

} .

Then, we conclude that
∣∣a3 − µa22

∣∣ ≤
∣∣ηC(λ)

1
(ℓ;q)
∣∣

[3]q([2]qϑ+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ

, |H(µ)| ≤ η
2[3]q([2]qϑ+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ

2

∣∣∣C(λ)
1 (ℓ; q)

∣∣∣ |H(µ)| , |H(µ)| ≥ η
2[3]q([2]qϑ+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ

Which completes the proof of Theorem 2.

6 Corollaries
The following corollaries, which roughly match
Examples 1, 2 and 3, are produced by Theorems 1
and 2.

Corollary 1. IfΦ is an element ofΣ defined by (1)
and belongs to the class BΣ(1, η, ϱ, ε, γ,G(λ)

q (ℓ, ζ)),

then we can state the following

|a2| ≤
2|η[λ]q| (Γq(ϱ+ ε))γ ℓ.

√
2 (Γq(2ϱ+ ε))γ [λ]qℓ√√√√√√√√√

(Γq(ε))
γ

∣∣∣∣4[3]q[λ]2q([2]q + 1)η (Γq(ϱ+ ε))2γ ℓ2−

4[2]2q (Γq(ε))
γ (Γq(2ϱ+ ε))γ ×(

2
(
[λ]q2 + [λ]2q

)
ℓ2 − [λ]q2

)∣∣∣∣

,

a3 ≤ 2|[λ]qη|ℓ
[3]q([2]q+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ

+
(

4η|[λ]q |ℓ
2[2]q

)2 (
Γq(ϱ+ε)

Γq(ε)

)2γ

,

and
∣∣a3 − µa22

∣∣ ≤
2|η[λ]q|ℓ

[3]q([2]q+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ

, |H(µ)| ≤ η
2[3]q([2]q+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ

4 |η[λ]qH(µ)| ℓ, |H(µ)| ≥ η
2[3]q([2]qϑ+1)

(
Γq(2ϱ+ε)

Γq(ε)

)γ

where

H(µ) =

(1−µ)

2(Γq(ε))
γ η

2 (Γq(2ϱ+ ε))γ (Γq(ϱ+ ε))2γ
[
C

(λ)
1 (ℓ; q)

]2
{

[3]q([2]q + 1)η (Γq(ϱ+ ε))2γ
[
C

(λ)
1 (ℓ; q)

]2
−

4[2]2q (Γq(ε))
γ (Γq(2ϱ+ ε))γ C

(λ)
2 (ℓ; q)

} .

Corollary 2. IfΦ is an element ofΣ defined by (1)
and belongs to the class BΣ(0, η, ϱ, ε, γ,G(λ)

q (ℓ, ζ)),
then we can state the following

|a2| ≤
2(Γq(ε))

−γ
2 |η[λ]q| (Γq(ϱ+ ε))γ ℓ.

√
2 (Γq(2ϱ+ ε))γ [λ]qℓ√√√√√√√

∣∣∣∣4[3]q[λ]2qη (Γq(ϱ+ ε))2γ ℓ2 − [2]2q (Γq(ε))
γ ×

(Γq(2ϱ+ ε))γ
(
2
(
[λ]q2 + [λ]2q

)
ℓ2 − [λ]q2

)∣∣∣∣
,

a3 ≤ 2|[λ]qη|ℓ
[3]q

(
Γq(2ϱ+ε)

Γq(ε)

)γ

+
(

4η|[λ]q |ℓ
[2]q

)2 (
Γq(ϱ+ε)

Γq(ε)

)2γ

,

and∣∣a3 − µa22
∣∣ ≤

2|η[λ]q|ℓ
[3]q

(
Γq(2ϱ+ε)

Γq(ε)

)γ

|H(µ)| ≤ η
2[3]q

(
Γq(2ϱ+ε)

Γq(ε)

)γ

,

4 |η[λ]qH(µ)| ℓ, |H(µ)| ≥ η
2[3]q

(
Γq(2ϱ+ε)

Γq(ε)

)γ

,

where

H(µ) =
(1− µ)η2 (Γq(2ϱ+ ε))γ (Γq(ϱ+ ε))2γ

[
C

(λ)
1 (ℓ; q)

]2
2 (Γq(ε))

γ

{
[3]qη (Γq(ϱ+ ε))2γ

[
C

(λ)
1 (ℓ; q)

]2
−

[2]2q (Γq(ε))
γ (Γq(2ϱ+ ε))γ C

(λ)
2 (ℓ; q)

} .
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Corollary 3. IfΦ is an element ofΣ defined by (1)
and belongs to the class BΣ(ϑ, η, ϱ, ε, γ,G(λ)

1 (ℓ, ζ)),
then we can state the following

|a2| ≤
2|ηλ| (Γ(ϱ+ ε))γ ℓ.

√
2λ (Γ(2ϱ+ ε))γ ℓ√√√√√√√ (Γ(ε))γ

∣∣∣∣12λ2([2]qϑ+ 1)η (Γ(ϱ+ ε))2γ ℓ2−

4λ(1 + ϑ)2 (Γ(ε))γ (Γ(2ϱ+ ε))γ
(
2 (1 + λ) ℓ2 − 1

)∣∣∣∣
,

a3 ≤ 2|λη|ℓ
3(2ϑ+1)

(
Γ(2ϱ+ε)

Γ(ε)

)γ

+
(

4ηλℓ
2(1+ϑ)

)2 (
Γ(ϱ+ε)
Γ(ε)

)2γ

,

and
∣∣a3 − µa22

∣∣ ≤


2|ηλ|ℓ
3(2ϑ+1)

(
Γ(2ϱ+ε)

Γ(ε)

)γ

|H(µ)| ≤ η
6(2ϑ+1)

(
Γ(2ϱ+ε)

Γ(ε)

)γ

4 |ηλH(µ)| ℓ, |H(µ)| ≥ η
6(2ϑ+1)

(
Γ(2ϱ+ε)

Γ(ε)

)γ

where

H(µ) =
(1− µ)η2 (Γ(2ϱ+ ε))γ (Γ(ϱ+ ε))2γ

[
C

(λ)
1 (ℓ; 1)

]2
2 (Γ(ε))γ

{
3(2ϑ+ 1)η (Γ(ϱ+ ε))2γ

[
C

(λ)
1 (ℓ; 1)

]2
−

4(1 + ϑ)2 (Γ(ε))γ (Γ(2ϱ+ ε))γ C
(λ)
2 (ℓ; 1)

} .

7 Conclusion
In this study, we have explored the coefficient
challenges associated with each of the innovative
subclasses of bi-univalent functions as defined in
Definitions 3.1 within the open unit disk O. These
subclasses encompass BΣ(ϑ, η, ϱ, ε, γ,G(λ)

q (ℓ, ζ)),
BΣ(1, η, ϱ, ε, γ,G(λ)

q (ℓ, ζ)), BΣ(0, η, ϱ, ε, γ,G(λ)
q (ℓ, ζ)) ,

and BΣ(ϑ, η, ϱ, ε, γ,G(λ)
1 (ℓ, ζ)) . We have provided

estimates for the Taylor-Maclaurin coefficients |α2|
and |α3|, as well as evaluations for the Fekete-Szego
functional problem for functions within each of these
bi-univalent function classes.

Upon specializing the parameters in our primary
findings, we have identified several additional new
results. It is anticipated that the q-defferintegral
operator will have broad applications across various
scientific domains, including mathematics and
technology.

Acknowledgment: The publication of this research
has been supported by the Deanship of Scientific
Research and Graduate Studies at Philadelphia
University- Jordan.

Statment: During the preparation of this work the
author(s) used Geogebra 6 and Mathematica
welform in order to check the calculations. After
using this tools, the author(s) reviewed and edited
the content as needed and take(s) full responsibility
for the content of the publication.

References:
[1] Carlitz L, Some polynomials related to the

Hermite polynomials, Duke Mathematical
Journal, 26, 2, 1959, 429-444.

[2] Askey R, Wilson J, Some basic hypergeometric
orthogonal polynomials that generalize Jacobi
polynomials.Memoirs of the American
Mathematical Society, 54,319, 1985, 01-55.

[3] Kiepiela K, Naraniecka I, Szynal J, The
Gegenbauer polynomials and typically real
functions. J. Comput. Applied Math., 153, 2003,
273-282.

[4] Koekoek R, Swarttouw R F, The Askey-scheme
of hypergeometric orthogonal polynomials and
its q-analogues, Delft University of Technology,
1996.

[5] Askey R, Ismail M E H, A generalization of
ultraspherical polynomials, In Studies in Pure
Mathematics; Birkhäuser, Basel, 1983.

[6] Chakrabarti R, Jagannathan R, Mohammed S N,
New connection formulae for the q-orthogonal
polynomials via a series expansion of the
q-exponential, J. Phys. Math. Gen., 39,2006,
12371.

[7] Gasper G, Rahman M, Basic Hypergeometric
Series, Cambridge University Press, 2004.

[8] Quesne C, Disentangling q-Exponentials: A
General Approach, Int. J. Theor. Phys., 43, 2004,
545-559.

[9] Miller SS, Mocanu PT, Second Order
Differential Inequalities in the Complex Plane, J.
Math. Anal. Appl., 65, 1978, 289-305.

[10] Miller SS, Mocanu PT, Differential
Subordinations and Univalent Functions, Mich.
Math. J., 28, 1981, 157-172.

[11] Miller SS, Mocanu PT, Differential
Subordinations. Theory and Applications,
Marcel Dekker, New York, 2000

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2024.23.73

Ala Amourah, Abdullah Alsoboh, 
Jamal Salah, Khamis Al Kalbani

E-ISSN: 2224-2880 720 Volume 23, 2024



[12] Alsoboh, A., Oros, G.I. A Class of Bi-Univalent
Functions in a Leaf-Like Domain Defined
through Subordination via q-Calculus,
Mathematics 2024, 12, 1594.

[13] Aldweby H, Darus M, On a subclass of
bi-univalent functions associated with the
q-derivative operator, Journal of Mathematics
and Computer Science, 19, 1, 2019, 58-64.

[14] Al-Salam WA, Some fractional q-integrals
andq-derivatives, Proc. Edinburgh Math. Soc.,
15, 2, 1966, 135-140.

[15] Agarwal RP, Certain fractional q-integrals and
q-derivatives, Proc. Cambridge Philos., 66,
1969, 365-370.

[16] Wiman A, Über den Fundamentalsatz in der
Teorie der Funktionen E(x), Acta Mathematica,
29, 1905, 191-201.

[17] Schneider W, Completely monotone
generalized Mittag–Leffler functions, Expo
Math., 14, 1996, 03-16.

[18] Garra R, Polito F, On some operators involving
Hadamard derivatives, Int. Transf. Spec. Funct. ,
14, 2013, 773-782

[19] Sharma SK, Jain R, On some properties of
generalized q-Mittag Leffler function,
Mathematica Aeterna, 4, 6, 2014, 613-619.

[20] Alsoboh A, Amourah A, Darus M, Rudder C R,
Studying the Harmonic Functions Associated
with Quantum Calculus,Mathematics, 11, 10,
2023, 2220.

[21] Alsoboh, A., Çağlar,M., Buyankara, M.,
Fekete-Szegö Inequality for a Subclass of
Bi-Univalent Functions Linked to
q-Ultraspherical Polynomials, Contemporary
Mathematics 2024, 5, 2366–2380.

[22] Amourah A, Alsoboh A, Ogilat O, Gharib GM,
Saadeh R, Al Soudi M, A Generalization of
Gegenbauer Polynomials and Bi-Univalent
Functions, Axioms, 12,2, 2023,128.

[23] Tariq Al-Hawary, Ala Amourah, Abdullah
Alsoboh, Osama Ogilat, Irianto Harny, Maslina
Darus. Applications of q- Ultraspherical
polynomials to bi-univalent functions defined by
q- Saigo’s fractional integral operators. AIMS
Mathematics, 2024, 9(7): 17063-17075. doi:
10.3934/math.2024828

[24] Altinkaya S, Yalcin S, Estimates on coefficients
of a general subclass of bi-univalent functions
associated with symmetric q-derivative operator
by means of the Chebyshev polynomials, Asia
Pac. J. Math., 4, 2017, 90-99.

[25] Sakar FM, Akgül A, Based on a family of
bi-univalent functions introduced through the
Faber polynomial expansions and Noor integral
operator, AIMS Mathematics, 7, 4, 2022,
5146–5155.

[26] Bulut S, Coefficient estimates for a class of
analytic and bi-univalent functions, Novi Sad J.
Math., 43, 2013, 59-65.

[27] Bulut S, Magesh N, Abirami C A,
Comprehensive class of analytic bi-univalent
functions by means of Chebyshev polynomials,
J. Fract. Calc. Appl., 8, 2017, 32-39.

[28] Bulut S, Magesh N, Balaji VK, Initial bounds
for analytic and bi-univalent functions by means
of Chebyshev polynomials, Analysis, 11, 2017,
83-89.

[29] Buyankara M, Çağlar M, On Fekete-Szegö
problem for a new subclass of bi-univalent
functions defined by Bernoulli polynomials,
Acta Universitatis Apulensis, 71, 2022, 137-145.

[30] Çağlar M, Cotîrlă L-I, Buyankara M,
Fekete-Szegö Inequalities for a New Subclass of
Bi-Univalent Functions Associated with
Gegenbauer Polynomials, Symmetry, 14, 2022,
1572.

[31] Deniz E, Certain subclasses of bi-univalent
functions satisfying subordinate conditions, J.
Classical Anal., 2, 1, 2013, 49-60.

[32] Kamali M, Çağlar M, Deniz E, Turabaev M,
Fekete-Szegö problem for a new subclass of
analytic functions satisfying subordinate
condition associated with Chebyshev
polynomials. Turkish Journal of Mathematics,
45, 3, 2021, 1195-1208.

[33] Magesh N, Bulut S, Chebyshev polynomial
coefficient estimates for a class of analytic
bi-univalent functions related to pseudo-starlike
functions, Africa Mathematica, 29, 2018,
203-209.

[34] Illafe M, Yousef F, Haji Mohd M,
Supramaniam S. Initial Coefficients Estimates
and Fekete–Szegö Inequality Problem for a
General Subclass of Bi-Univalent Functions
Defined by Subordination, Axioms, 12, 3, 2023,
235.

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2024.23.73

Ala Amourah, Abdullah Alsoboh, 
Jamal Salah, Khamis Al Kalbani

E-ISSN: 2224-2880 721 Volume 23, 2024



[35] Alatawi A, Darus M, Alamri B, Applications of
Gegenbauer Polynomials for Subfamilies of
Bi-Univalent Functions Involving a Borel
Distribution-Type Mittag-Leffler Function,
Symmetry, 15, 4, 2023, 785.

[36] Fekete M , Szegö, G. Eine Bemerkung Ãber
ungerade schlichte Funktionen, J. Lond. Math.
Soc., 1, 1933, 85-89.

[37] Zaprawa P, On the Fekete-Szegö problem for
classes of bi-univalent functions, Bulletin of the
Belgian Mathematical Society-Simon Stevin, 21,
1, 2014, 169-178.

Contribution of Individual Authors to the
Creation of a Scientific Article (Ghostwriting
Policy)
The authors equally contributed in the present
research, at all stages from the formulation of
the problem to the final findings and solution.

Sources of Funding for Research Presented in a
Scientific Article or Scientific Article Itself
No funding is granted.

Conflicts of Interest
The authors have no conflicts of interest to declare
that are relevant to the content of this article.

Creative Commons Attribution License 4.0
(Attribution 4.0 International , CC BY 4.0)
This article is published under the terms of the
Creative Commons Attribution License 4.0
https://creativecommons.org/licenses/by/4.0/deed.en
_US

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2024.23.73

Ala Amourah, Abdullah Alsoboh, 
Jamal Salah, Khamis Al Kalbani

E-ISSN: 2224-2880 722 Volume 23, 2024

https://creativecommons.org/licenses/by/4.0/deed.en_US
https://creativecommons.org/licenses/by/4.0/deed.en_US

	Introduction
	 Preliminaries
	Definition and examples
	 The natural initial Taylor coefficients of the class B( ,,,,,G()q(,)) 
	The Fekete-Szegö functional
	Corollaries
	Conclusion



