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Abstract

- Amr Abd Al-Rahman Youssef? . I. L. El-Kalla' - M. Abdel-Aty34>

In this paper, we delve into the profound ramifications of noise on qubit teleportation between the esteemed figures of
Alice and Bob, ruthlessly quantifying the negativity and distance of the transmitted information. Through the invocation
of an audacious modification to the Hamiltonian of the Jaynes—Cummings model, incorporating the ferocious power of a
kicked cavity and ultra-short laser pulses, we unleash a tempest that unrelentingly shapes the entanglement and quality of
the teleported information. Moreover, we fearlessly venture into the treacherous territory of noisy channels, including the
formidable adversaries of phase flip and double phase flip channels, as they mercilessly assail the teleported state, engendered
by the tumultuous interaction within the unforgiving depths of the kicked cavity, only to be met with our resolute projection.
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1 Introduction

The analysis of quantum algorithms based on entangle-
ment measures is an important area of research in quantum
computing [1]. Entanglement, a fundamental property of
quantum systems, plays a crucial role in the efficiency, scala-
bility, and robustness of quantum algorithms [2]. By studying
entanglement measures, we gain insights into the compu-
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tational power, resource requirements, and complexity of
these algorithms. This analysis helps in understanding the
role of entanglement in quantum tasks, identifying entangle-
ment patterns, and developing new algorithms. Ultimately, it
contributes to the advancement and optimization of quantum
computing for various applications [3-6].

Quantum teleportation, a remarkable phenomenon in the
field of quantum mechanics, holds great promise for secure
communication and quantum computing, and recently, it is
considered as an efficient tool in quantum neural network as
it get rid of prior measurements on the output state [7]. How-
ever, one of the major challenges in implementing quantum
teleportation lies in the presence of noisy channels [8—12].
Unfortunately, these channels can be noisy due to the inter-
action with the environment which causes a distortion in the
delivered information [6, 13]. The study of noisy quantum
channels has granted important results about quantum error-
correction when the process depends on the entanglement
between the sender and receiver qubits [14-18].

This followed by a successful demonstrated teleportation
of qubits for optical coherent states and a photonic qubit
[19, 20]. It is essential to prepare a pure maximally entan-
gled state like the Bell state and a noiseless channel to have
an ideal teleportation; however, this is almost a theoretical
process due to the decoherence that coexists with the mixed
quantum states. As a result, transmitting and receiving infor-
mation under noisy channels may not be trusted since partial
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or degrade information may be lost during the communica-
tion process [21, 22]. One of the most common types of noisy
channels is the phase flip channel in which the relative phase
between the energy eigenstates of the system is lost. Also,
the off-diagonal elements of the density matrix are decaying.
This is considered to be a loss of information with no loss in
energy.

The Jaynes—Cummings model and the Heisenberg model
are two important theoretical frameworks in the field of quan-
tum physics, each with its own significance in the context of
quantum teleportation [23-27]. The Heisenberg model is a
general framework used to describe the dynamics of inter-
acting spin systems. In the context of quantum teleportation,
the Heisenberg model can be used to analyze the behavior
of entangled spin systems or spin chains. These spin sys-
tems can represent qubits, and their entanglement properties
play a crucial role in the teleportation protocol. By studying
the Heisenberg model, researchers can gain insights into the
dynamics of entanglement transfer and manipulation within
the spin systems involved in the teleportation process [28].
Indeed, the Jaynes—Cummings model is the best quantum
model to describe the quantum features of the interaction
between a single two-level atom with a single cavity mode in
the presence of Kerr medium [29]. This model has been inves-
tigated in many literature studies, and nonclassical behaviors
have been obtained [30-36]. Also, a lot of experiments have
been done which lead to create entangled states that is a must
in quantum computations and quantum teleportation [37—
39]. In fact, the obstacle which faces any entangled states is
the surviving time; however, some modifications in the nature
of the electromagnetic filed can lead to a long lifetime sur-
vival [30, 40-43]. This model is particularly relevant in the
study of quantum teleportation because it provides insights
into the dynamics of entanglement generation and manipu-
lation between qubits and photons. Previous works proved
that different entanglement measurements like concurrence
and negativity provide different values for the same quantum
state [44, 45].

In this paper, we adopt the measures of distance and
negativity to comprehensively analyze the quality and entan-
glement of the teleported state, respectively, as it journeys
to its ultimate destination. We present a pioneering scheme
that involves the periodic kicking of a cavity by a sequence
of powerful classical laser pulses, in the presence of the Kerr
nonlinearity, leading to a remarkable phase shift in the field.
By employing a cavity containing a nonlinear Kerr medium,
initially prepared in a coherent state, and subjecting it to a
series of short laser pulses that linearly couple with the cav-
ity field, we demonstrate the generation of a quantum state
that can undergo further projection to significantly enhance
its properties [46, 47].

In Sect. 2, a quantum model is chosen as a two-level atom
and a boson in the coherent state under the classical magnetic
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field, Kerr medium and laser pulses. The wavefunction of a
quantum model will be evaluated. Three forms of input state
pin are constructed under effect of a single laser pulse, two
laser pulses, and three laser pulses, respectively. In Sect. 3,
the quantum phase flip channel and the double quantum phase
flip channel are selected in order to be achieved the telepor-
tation. In Sect. 3, the quantum noise and entanglement are
studied by the distance and the negativity in two channels. In
Sect. 5, a brief summary is given.

2 The Model

In this section we will investigate the modified version of
the Jaynes—Cummings model of a two-level system atom
interacting with a cavity field, while this cavity is kicked
with ultra-short laser pulses during the interaction. Under
the rotating wave approximation, the model takes the form
[46, 47]

H=wa'a+ Bo, + )(aTza2 + (ao+ + afo_)

[sl +& Y 8- kT)} : ()

k=1

where a'(a) and o4+ (0_) represent creation (annihilation)
operator and raising (lowering) Pauli operators, respectively.
(x, &1, & and T) denotes nonlinearity of the Kerr medium,
strength of the field-medium coupling and period of pulses,
respectively. We assume that the atom is initially either in
the excited state |e) or in the ground state |g); this can be
described by the state |, ¢) = cosw|e) + el sinw|g),
where ¢ denotes the relative phase of the two atomic levels.
Indeed, the wave function describes the atom in the excited
state |e); we have to take (o = 0) while for the atom being
in the ground state |g) (w = m/2). In the following, we
will consider the field to be initially in coherent state given
by 8) = 3-°° buln), where b, = v"/?e="/2/\/n! with v
denotes the intensity of the initial coherent field. Now assume
the wavefunction takes the form [48]

W) ap =D (Wen () le.n) + Vg1 (D 1g.n+ 1)), (2)
n=0

where W, , and W, ,11 are complex amplitudes of states
le,n) and |g,n + 1), respectively, with initial conditions
W, (0) = bycosm, Vg 11 (0) = b,,+1ei¢ sinw; n =
0,1,2,3,..., and ¥; o (0) = 0, where with rotating wave
approximation we then substitute in Schrédinger equation

%Nf (1)) = —iH|W¥ (1)) to get:

oW,
ot

= _iAl\pe,n (1) —i&v/n + llI'g,n-ﬁ—l )
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where A} = o(n+ 1)+ xn(n—1) + B, and A, =
wom+1)+ xn(n+1) — B are real constants. Complex
amplitudes W, , () and W, ,41 (7) are solutions of Egs. 3, 4
and are formulated as:
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- ot
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. t
+ipz sm(l%o))
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(6)

@ Springer



Arabian Journal for Science and Engineering

0.12
0.1
aeEEEL L
0.08
|3
g
g 006}
2
A < . DiSDPFl ‘;, ’
'Y ¢ - " s -
0.04} Sl : Yae’ !
i B Week Disppr>
o2 |eavse Disppr3
i .
0 1 2 3 4 5 6 7 8 9
wt
(ayn=1,v=1,T=0.1/w.
0.1 7
Disppr1
""" Disppr2
0.08 _
; 5 2 pres Dispprs
3 0.06
g
z
S 004
0.02}
o ;
0 1 2 3 4 5 6 7 8 9

wt

(¢ n=1v=5T=0.1/w.

Fig.2 Time evolution of distance for quantum double phase flip channel

where real constant pg = \/(Al —A)r+4(n+ 1)EL,

o= ((A1 =AW, (0) +24/n + 161W, 41 (0)) /1o,
and 2 = (A1 = A2) Vg nt1 (0) =24/n + 161 W, , (0))/ 110,
and the unit step function u (t — kT) is defined as [49]:

1,t > kT

0.1 < kT ,k=0,1,2,3,...

u@—kT):{ 7

It is important that complex amplitude values of excited
and ground states W, , (kT') and W, ;41 (kT') are later com-
puted by initial conditions W, , (0) and W, ,41 (0) at the
timet = KT;k =1,2,3,...,r. Values of W, , (kT') and
W, ny1 (kKT) are found successively in terms of values of
"Ije,n ((k - I)T) ’ "I’[e,n ((k - 2)T) IR “Ije,n (T) ’ \Ije,n (0) ’
Wyt (k= DT), Wiy (k=T ..., Wy 1 (T),
W, 41 (0) for k laser pulses. Hence, for the first laser pulse,
amplitudes W, , (T'), and W ;41 (T) are expressed as:

-~ (We,n (0) —isa/n + 1\pg,n+l 0) e—i(A1+ANT /2

Wen (T) =
o n+1DE—1

uoT
cos( 2 )
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For two laser pulses, amplitudes values W, , (27) and
W, ni1 (2T) are taken as:

(C1 +i&/n + lcz)

v, ,2T) = —
n 1) (n+1)&7 -1
(c2 +i&2v/n + 1c1)
n 2 = - 5
Vi1 2T) aTDE ] ©)
where

e = e MAITADT (1 (0) cos(uoT) — iy sin(uoT))

_iél §r(n+1) Wep (T) e ATHALHOT /21 _ e=itt0T ), (T
Ko
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For three laser pulses, amplitudes values W, , (37) and
W, n+1 (3T) are determined by:
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We aim to prepare an input state which is sent through
noisy quantum channels based on the state of joint atom—
field |W (1)) o (2). Geometrically, the density state of joint
atom—field par = |W(#))or (¥ (¢) | is represented by the
2 x oo—dimensional Hilbert space where 2—dimensional
Hilbert space describes geometrically the atom and the
oo—dimensional Hilbert space describes the field. The noisy
quantum channels are formed by the 2 x 2—dimensional
Hilbert space. Therefore, the density state p4 r is inadequate
for noisy quantum channels. Consequently, it is described
geometrically by 2 x 2— dimensional Hilbert subspace.
According to the density state p4r, the input state is con-
structed physically as the two hybrid qubits; the first qubit
is an atom, and the second qubit is the photon. Subse-
quently, the 2 x 2—dimensional Hilbert subspace depends
on the set of vector bases {|n, g),|n + 1,g),|n,e), |n +
1,e);n > 1} based on the two photon states |n), and
|[n 4+ 1) of the field and the ground and excited states |g),
and |e) of the atom, respectively. Consequently, we form
projectors P(n+1)g,(n+l)ga Pre ne, and P(n-l—l)g,ne ;n >0,
by local actions where the projector is P;; = p;; |j) (i
and p;; = <i |paf| j). Thus, values of projectors are

. 2 2
given by Pn+Dg,(n+l)g = |\I]g,n+l s Pne.ne = |\I’e,n}
Piygne = \Ilgyn-H\I]:,n’ and Png,(n+1)e = \Ilgynlpj,n—&—l
such thatn > 1. Thus, projectors P, +1)g,(n+1)g> Pre,ne, and
Pi+1)g,ne» and Pyg (n+1)e; 1 > 1 are used to form the input
state in the standard bases as:

b

pin = f1100)(00] + f2]01)(01] + f3110){10 + f4[11){11]

+£5100) (11| + fF111)(00] + f6l01)(10] + f[10)¢01],  (15)
-1 2 1 2
where fi = A7V |W, |7, o = AT W7, 5 =
_ 2 _ 2 _
AT W |7 fa= AT W[ fs = AT W 0,

and fo = A7 W, W}, suchthat fi+ o+ f3+ fu =1,
the normalization constant A is taken as A = |\I"g’n|2 +
}\Ilg,,,H!z + |\Ife,n|2 + |\Ife,n+1 2 ;n > 1, and bases |n), and
|g) are renamed |0), while bases |[n + 1), and |e) changed,
namely |1). We rewrite the set bases {|n, g), |n,e), |n +

Springer

1,g),|n + 1,e)} of 2 x 2—dimensional Hilbert subspace
in the set of standard bases {|0, 0), |0, 1), |1, 0), |1, 1)}.

3 Quantum Phase Flip Channel

In this section, we intend to investigate the effect of local
noisy environments on the evolution of two above input states
which were discussed in the previous section. Input state pj,
is sent through different noisy quantum channels with a deco-
herence parameter A. Consequently, each quantum channel
is investigated alone under parameters @, ¢, v, w, B, x, &1,
&, r, T, and A. Based on the approach of Kraus operators,
noisy quantum channels of two qubits given by a density state
pin Which affects one of two qubits can be given as [50, 51]:

Aow =Y _EipnEi’. (16)

i
Qout = Z (Ei by Ej) Pin (Ei ® EAI')T :
i,J

a7

where A oy and 24y represent output states of the noisy quan-
tum channels under suitable local decoherence Kraus opera-
tors E; satisfying the completeness relation ) Ej Ei =1,
where [ is the 2 x 2 identity matrix.

Currently, the input state pj, (15) is teleported through
the quantum phase flip channel and the quantum double
phase flip channel which are expressed in terms of local
Kraus operators Epp; = /1 — LI, Eppy = «/XIO) (0], and
Eppz = «/XH) (1] as Eqgs. 16, 17. The output states Apr,
and Qppr, (18, 19) can be written in what follows:

Apr (pin) = f1100) (00] + f2|01) (01]
+/3110) (10] + fa|11) (11]
+ (1= 2) (f5100) (11] + f5]11) (00|

+ f6101) (10 + f¢110) (01]). (18)
and
Qppr (oin) = £1100) (00| + £>|01) (01]
+ £3110) (10] + fa|11) (11]
+ (1 =) (f5100) (11] + fZ[11) (00|
+£6101) (10] + ££110) (01]) . (19)

In two output states App, and Qppr, f1, f2, f3, and f4
remain without change in their values but f5 and f5" are con-
tracted with 1 — X for Apg, and (1 — A)z for Qppr. Clearly,
the quantum informational data f5 and f" weaken in Qppr
comparison with Apg.
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Fig.4 Time evolution of negativity for quantum double phase flip channel

4 Discussion and Results

In the preceding sections, the quantum model consists of a
two-level atom and a boson in the coherent state which is
exposed to the classical magnetic field, Kerr medium and
laser pulses. It is provided by the Hamiltonian (1) and is
treated analytically in detail to find the time evolution of the
wavefunction as above. The input state pj, (15) is prepared
to be transferred through two noisy quantum channels. Here,
two quantum noisy channels are the quantum phase flip chan-
nel and the double quantum phase flip channel. A proposed
study of two noisy quantum channels recognizes characters
of the quantum noises in environments of two channels with
the input state pj,. In this section, characters of the quantum
noise are analyzed by two quantum measurements: the dis-
tance and negativity. The distance D is a good measure for
the quantum noise between input and output states pj, and
Pout Which is introduced as:

1
D (pin, pout) = EHpout — Pinll1- (20)

where ||O||1 = Tr~/O70. The negativity is an accuracy
measure for the entanglement and is given by:

T
gl =1
ol T

N 1)

where ,ooTl}t is the partial transpose of the state poy;.

In all figures, parameters of the Hamiltonian and decoher-
ence parameter of two channels are o =7 /4, ¢ =0, x =
0.1, & = 0.3, & = 0.2 and A = 0.05. The distance mea-
sure is firstly discussed in Figs. 1 and 2, and the negativity is
discussed later in Figs. 3 and 4 for two channels. The distance
and negativity are plotted versus the scaled time wt for two
channels. Figures 1 and 3 are related to the quantum phase
flip channel, and Figs. 2 and 4 are related to the double quan-
tum phase flip channel. Each main figure has four figures
according to parameter valuesof n = 1 and 5, v = 1 and 5,
and T = 0.1/w. Hence, Fig. 1a—d is plotted at values (n = 1,
v=1,T=01/w),n=1,v=5T =0.1/w), (n =5,
v=1,T=0.1/w)yand(n =5,v =5,T =0.1/w), respec-
tively. Influences of n, v, and 7" parameters appear clearly

@ Springer
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on behaviors of both of the distance and the negativity. In
each figure, there are three curves: bold, dashed, and dot-
ted curves which correspond to a single laser pulse, two laser
pulses and three laser pulses, respectively. The scaled time w¢
varies always from O to 10 in all figures, while ranges change
from a figure to another. Currently, we discuss and analyze
figures geometrically and physically for more details.

Figure 1 illustrates the examination of the quantum noise
in the quantum phase flip channel through the distance
between the input state pj, and the output state App(pin). The
bold, dashed and dotted curves, denoted as Dispg;, Dispg
and Dispr3, respectively, depict the variations. As the coher-
ence parameter of the electromagnetic field v increases, the
three curves exhibit rapid oscillations. Also, for a single pho-
ton n = 1 the three curves coincide that means the effect of
the electromagnetic field overcomes the laser pulses effect.
With increasing n, the three curves contract vertically; inas-
much, the effect of increasing the laser pulses is notable as
it decreases the distance for three pulses case. The ranges of
curves decrease with n and increase with v.

In Fig. 2, the quantum double phase flip channel is inves-
tigated, and the quantum noise is analyzed based on the
distance between the input state pj, and the output state
Qppr(pin)- The bold, dashed and dotted curves, symbolically
represented as Disppr;, Disppra and Dispprs3, respectively,
depict the variations. Figure 2 exhibits a similar pattern to
Fig. 1, with the same parameter values of n, v and T, but the
ranges differ, with Fig (2) having the greatest ranges, so the
phase flip channel is much efficient than double phase flip
channel.

Figures 3 and 4 delve into a detailed analysis of entangle-
ment, employing the negativity measure between the input
state pi, and the output state Apg(piy) through the quan-
tum phase flip channel and the quantum double phase flip
channel, respectively. The entanglement is precisely and
accurately measured using bold, dashed and dotted curves
denoted as Negpri, Negpro and Negpgs, respectively. In Fig.
3a, the three curves progressively display varying levels of
entanglement, with Negprs < Negppy < Negpg;. Notably,
the curve representing a single laser pulse, Negpr;, exhibits
the highest degree of entanglement, while the curve repre-
senting three laser pulses, Negppy, demonstrates the lowest
entanglement. Figure 3a also shows a sudden drop in entan-
glement for Negprs. In Fig. 3b, curve Negppz emerges as
wt approaches zero and disappears over the scaled time
period at n = 5, while curves Negpp; and Negppy exhibit
maximal entanglement with the smallest range. Thus, as n
increases, the entanglement decreases when comparing Fig.
3a.InFig. 3c, whenv = 5and T = 0.1 /w, all curves exhibit
astounding oscillations, with Negpp3 displaying the highest
entanglement and the other two curves coinciding. In Fig. 3d,
all curves demonstrate an ascending trend in entanglement,
reaching maximum peaks. As n increases, the entanglement

S @ Springer

diminishes, while larger values of v lead to increased entan-
glement, particularly for the Negpr3 curve.

Similarly, in Fig. 4, the entanglement of the quantum dou-
ble phase flip channel is investigated, with the negativity
between the input state pj, and the output state Q2ppr(pin)
represented by bold, dashed and dotted curves denoted as
Negpppys Negppr, and Negppgs, respectively. The behav-
iors of the Negppr, Negppp, and Negppg; curves in Fig. 4
mirror those of the Negpr, Negpg, and Negpgs curves in Fig.
4, respectively.

Obviously, the distance is generally low in two channels.
Consequently, output states Apg (pin) and Q2ppr (pin) are
nearly close to the input state pi,. Thus, the quantum noise
is accessible in two channels. Also, the quantum noise of
the quantum phase flip channel is less than in the quantum
double phase flip channel. In other way, the entanglement is
weakly in two channels.

5 Conclusion

In this paper, we have examined the interaction between a
two-level atom and a boson in a coherent state, subject to a
classical magnetic field, Kerr medium and laser pulses. By
computing the wavefunction of a quantum model, we have
prepared the input state pj,, which is then transmitted through
noisy quantum channels. Two examples of noisy quantum
channels, namely the quantum phase flip channel and the
double quantum phase flip channel, have been selected for
investigation. We have explored the quantum noise and entan-
glement in these channels by analyzing the output states
Apr(pin) and Qppr(pin), as well as the input state pjiy, using
measures such as distance and negativity.

The results indicate that the quantum noise in both chan-
nels is relatively low, as the distance between the input and
output states is very close. However, the double quantum
phase flip channel exhibits the highest level of quantum noise
compared to the quantum phase flip channel. Additionally,
the negativity, which is an indicator of entanglement, weak-
ens in both channels, signifying a reduction in the degree of
entanglement. Finally, our findings demonstrate the impact
of noisy quantum channels on quantum noise and entangle-
ment. The investigation sheds light on the behavior of the
system under the influence of various factors and provides
valuable insights for understanding and characterizing the
dynamics of quantum systems in the presence of noise and
in future work new types of quantum channels can be dis-
cussed.
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