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Tis research paper introduces the novel subclass Υϑ,β,μ
Σ (􏽥q) of bi-univalent functions that are connected to Fibonacci numbers. Our

main contributions in this study involve establishing constraints on the absolute values of the second coefcient |a2| and the third
coefcient |a3| for functions within this specifc subclass. In addition, we provide solutions to Fekete–Szegö functional problems.
Furthermore, our investigation reveals intriguing outcomes resulting from the specifc parameter values used in our main fndings.

1. Introduction and Preliminaries

Te Fibonacci numbers form a recursive sequence of in-
tegers. Te sequence is defned recursively as F0 � 0, F1 � 1,
and for n≥ 2,Fn � Fn− 1 + Fn− 2.Tis sequence is generated by
adding the two preceding terms [1]. It starts with the fol-
lowing elements: the given sequence follows the Fibonacci
sequence pattern, where each number is the sum of the two
previous numbers.

Te Fibonacci numbers have unique characteristics and
are applied in various felds. Fractal patterns are evident in
the growth of biological entities, such as tree branching and
leaf arrangement. Tese concepts have diverse applications
in mathematics and science, including number theory,
physics, and geometry. Te Fibonacci sequence can be
generated using various methods, such as matrix multipli-
cation, generating functions, and combinatorial techniques.
Tis sequence exhibits intriguing features and connections
with mathematical entities such as the golden ratio, Pell
numbers, and Lucas numbers. Moreover, Fibonacci num-
bers are used in fnancial markets, particularly in technical
analysis. Traders and analysts rely on Fibonacci retracement
levels to identify potential support and resistance levels on

fnancial charts, aiding in making well-informed trading
decisions. Te signifcance of Fibonacci numbers is apparent
in multiple felds such as mathematics, computer science,
biology, and fnance. Tis is due to their natural appearance
and unique mathematical characteristics. By understanding
and utilizing Fibonacci numbers, we can enhance our
comprehension of the inherent patterns in nature and access
useful problem-solving and analytical tools [2].

One possible approach is to use mathematical analysis or
computational techniques that leverage the properties of
Fibonacci numbers in the study or implementation of bi-
univalent functions. Fibonacci numbers often demonstrate
intriguing mathematical properties related to sequences,
series, and mathematical structures. Tese properties could
be applied in the analysis of functions, particularly bi-
univalent functions, especially in cases where un-
derstanding the behavior or properties of these functions
involves intricate mathematical patterns or sequences.
Furthermore, studying Fibonacci numbers could spark new
mathematical techniques or approaches that may be useful
in the analysis or manipulation of bi-univalent functions.
Mathematical concepts and tools that are developed in one
area of mathematics frequently have unforeseen applications
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in seemingly unrelated felds. In conclusion, exploring
mathematical connections and utilizing the properties of
Fibonacci numbers could potentially result in insights,
techniques, or approaches that improve the understanding
or application of bi-univalent functions in mathematical
analysis and computation.

Let A denote the class of analytic functions in the open
unit disk ∇ � ς: |ς|< 1{ } with f(0) � 0 and f′(0) � 1 and
having the following form:

f(ς) � ς + 􏽘
∞

n�2
anς

n
, (ς ∈∇). (1)

Let Q denote the class of functions of the form as follows:

q(ς) � 1 + q1ς + q2ς
2

+ q3ς
3

+ · · · , (ς ∈∇). (2)

Here, q(ς) is analytic and is called Carathéodory func-
tions with Re q(ς)􏼈 􏼉> 0 (see [3]). Also, q ∈ Q if a Schwarz
function w exists and q(ς) � 1 + w(ς)╱1 − w(ς). Let Q(α)

and 0≤ α< 1 be the class of analytic functions q in ∇ with
q(0) � 1 and Re q(ς)􏼈 􏼉> 0. Recently, Sokół [4] and Dziok
et al. [5] investigated categories SL(􏽥q), comprising shell-
like functions characterized by ςf′(ς)/f(ς)≺ 􏽥q(ς) and
KSL(􏽥q), consisting of convex shell-like functions char-
acterized by 1 + ς2f″(ς)/f′(ς)≺ 􏽥q(ς). Here, 􏽥q(ς) � 1+

τ2ς2/1 − τς − τ2ς2, with τ � 1 −
�
5

√
/2 ≈ − 0.618 as defned in

[6, 7]. It is essential to note that the function 􏽥q is univalent in
|ς|< 3 −

�
5

√
/2 ≈ − 0.38, but it is not univalent in ∇. Since τ

satisfes the equation τ2 � 1 + τ, this expression can be
employed to calculate higher powers τn as a linear combi-
nation of lower powers, ultimately reducing to a combina-
tion of τ and 1. Fibonacci numbers σn are generated from
these recursive relationships.

τn
� σnτ + σn− 1. (3)

Also, Raina and Sokół [7] taking τς � t proved that

􏽥q(ς) �
1 + τ2ς2

1 − τς − τ2ς2
� 􏽘
∞

n�1
σn− 1 + σn+1( 􏼁τnςn

, (4)

where

σn �
(1 − τ)

n
− τ

�
5

√ ,

τ �
1 −

�
5

√

2
, n � 1, 2, · · · .

(5)

Tis proves that

σ0 � 0,

σ1 � 1,

σn+2 � σn + σn+1, n � 0, 1, 2, · · · .

(6)

Hence,

􏽥q(ς) � 1 + 􏽘
∞

n�1
􏽥qnς

n

� 1 + σ0 + σ2( 􏼁τς + σ1 + σ3( 􏼁τ2ς2 + 􏽘
∞

n�3
σn− 3 + σn− 2 + σn− 1 + σn( 􏼁τnςn

� 1 + τς + 3τ2ς2 + 4τ3ς3 + 7τ4ς4 + 11τ5ς5 + · · · .

(7)

We note that 􏽥q∈ Q(α) with α �
�
5

√
/10 ≈ 0.2236 (see [7]).

For two analytic functions f and g in ∇, if there exists an
analytic function w such that

w(0) � 0, |w(ς)|< 1 and

f(ς) � g(w(ς)), (ς ∈∇),
(8)

where f is said to be subordinate to g and is denoted by
f≺g or f(ς)≺g(ς).

Also, when g is univalent in ∇,

f(0) � g(0) and

f(∇) ⊂ g(∇)⟺f≺g, (ς ∈∇).
(9)

Further, for all functions f ∈ A univalent in ∇, we will
denote it byS. So, everyf ∈ S has an inversef− 1, defned by

f
− 1

(f(ς)) � ς(ς ∈∇) and

f f
− 1

(w)􏼐 􏼑 � w |w|< r0(f); r0(f)≥
1
4

􏼒 􏼓,

(10)

where

f
− 1

(w) � w − a2w
2

+ 2a
2
2 − a3􏼐 􏼑w

3

− 5a
3
2 − 5a2a3 + a4􏼐 􏼑w

4
+ · · · .

(11)

A function f ∈ A belongs to the set Σ, which includes all
bi-univalent functions within ∇ if both f(ς) and f− 1(ς) are
univalent within ∇. Additional information about properties
of the class Σ can be found in [8–28].

Motivated by the works of Ali et al. [29] and Orhan et al.
[30], the following will be introduced.

2 International Journal of Mathematics and Mathematical Sciences

 6396, 2024, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1155/2024/8169496 by Jordan H

inari N
PL

, W
iley O

nline L
ibrary on [20/07/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Defnition 1. A function f ∈ A is in the class Υϑ,β,μ
Σ (􏽥q),

where β and μ≥ 0, ϑ≥ 1, if the following equation is satisfed:

(1 − ϑ)
f(ς)
ς

􏼠 􏼡

μ

+ ϑ f′(ς)( 􏼁
1− μ

+ βςf″(ς)≺ 􏽥q(ς) �
1 + τ2ς2

1 − τς − τ2ς2
, (ς ∈∇), (12)

and g is the inverse of f given by (11),

(1 − ϑ)
g(ω)

ω
􏼠 􏼡

μ

+ ϑ g′(ω)( 􏼁
1− μ

+ βςg″(ω)≺ 􏽥q(ς) �
1 + τ2w2

1 − τw − τ2w2, (w ∈∇), (13)

where τ � 1 −
�
5

√
/2 ≈ − 0.618.

If we specify the value of ϑ, β, and μ where τ � 1 −
�
5

√
/2,

the class Υϑ,β,μ
Σ (􏽥q) is reduced to many subclasses. For

example,

(i) If ϑ � 1, a function f(ς) � ς + a2ς2 +

a3ς3 + · · · ∈ Υβ,μ
Σ (􏽥q) � Υ1,β,μ

Σ (􏽥q), where β and μ≥ 0, if
the following equation is satisfed:

f′(ς)( 􏼁
1− μ

+ βςf″(ς)≺ 􏽥q(ς) �
1 + τ2ς2

1 − τς − τ2ς2
, (ς ∈∇),

(14)

and for g given by (11),

g′(ω)( 􏼁
1− μ

+ βςg″(ω)≺􏽥q(ς) �
1+ τ2w2

1 − τw − τ2w2, (w ∈∇).

(15)

(ii) If ϑ � 1 and β � 0, a function f(ς) � ς + a2ς2 +

a3ς3 + · · · ∈ ΥμΣ(􏽥q) � Υ1,0,μ
Σ (􏽥q), where μ≥ 0, if the

following equation is satisfed:

f′(ς)( 􏼁
1− μ ≺ 􏽥q(ς) �

1 + τ2ς2

1 − τς − τ2ς2
, (ς ∈∇), (16)

and for g given by (11),

g′(ω)( 􏼁
1− μ ≺ 􏽥q(ς) �

1 + τ2w2

1 − τw − τ2w2, (w ∈∇). (17)

(iii) If ϑ � 1 and β � μ � 0, a function f(ς) � ς+

a2ς2 + a3ς3 + · · · ∈ ΥΣ(􏽥q) � Υ1,0,0
Σ (􏽥q), if the follow-

ing equation is satisfed:

f′(ς)≺ 􏽥q(ς) �
1 + τ2ς2

1 − τς − τ2ς2
, (ς ∈∇), (18)

and for g given by (11),

g′(w)≺ 􏽥q(ς) �
1 + τ2w2

1 − τw − τ2w2, (w ∈∇). (19)

(iv) If β � 0, a function f(ς) � ς + a2ς2 + a3ς3 + · · · ∈
Υϑ,μ
Σ (􏽥q) � Υϑ,0,μ

Σ (􏽥q), where ϑ≥ 1 and μ≥ 0, if the
following equation is satisfed:

(1 − ϑ)
f(ς)
ς

􏼠 􏼡

μ

+ ϑ f′(ς)( 􏼁
1− μ ≺ 􏽥q(ς) �

1 + τ2ς2

1 − τς − τ2ς2
, (ς ∈∇), (20)

and for g given by (11),

(1 − ϑ)
g(ω)

ω
􏼠 􏼡

μ

+ ϑ g′(ω)( 􏼁
1− μ ≺ 􏽥q(ς) �

1 + τ2w2

1 − τw − τ2w2, (w ∈∇). (21)

(v) If β � 0 and μ � 1, a function f(ς) � ς + a2ς2 +

a3ς3 + · · · ∈ ΥϑΣ(􏽥q) � Υϑ,0,1
Σ (􏽥q), where ϑ≥ 1, if the

following is satisfed:
(1 − ϑ)

f(ς)
ς

􏼠 􏼡 +ϑ≺􏽥q(ς) �
1+ τ2ς2

1 − τς − τ2ς2
, (ς ∈∇), (22)

International Journal of Mathematics and Mathematical Sciences 3

 6396, 2024, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1155/2024/8169496 by Jordan H

inari N
PL

, W
iley O

nline L
ibrary on [20/07/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



and for g given by (11),

(1 − ϑ)
g(ω)

ω
􏼠 􏼡 + ϑ≺ 􏽥q(ς) �

1 + τ2w2

1 − τw − τ2w2, (w ∈∇),

(23)

(vi) If β � 0 and μ � 0, a function f(ς) � ς + a2ς2 +

a3ς3 + · · · ∈ ΥϑΣ(􏽥q) � Υϑ,0,0
Σ (􏽥q), where ϑ≥ 1, if the

following equation is satisfed:

(1 − ϑ) + ϑ f′(ς)( 􏼁≺ 􏽥q(ς) �
1 + τ2ς2

1 − τς − τ2ς2
, (ς ∈∇),

(24)

and for g given by (11),

(1 − ϑ) + ϑ g′(ω)( 􏼁≺ 􏽥q(ς) �
1 + τ2w2

1 − τw − τ2w2, (w ∈∇).

(25)

(vii) If μ � 0, a function f(ς) � ς + a2ς2 + a3ς3 + · · ·

∈ ΥϑΣ(􏽥q) � Υϑ,β,0
Σ (􏽥q), where β≥ 0, ϑ≥ 1, if the fol-

lowing equation is satisfed:

(1 − ϑ) + ϑ f′(ς)( 􏼁 + βςf″(ς)≺ 􏽥q(ς) �
1 + τ2ς2

1 − τς − τ2ς2
, (ς ∈∇), (26)

and for g given by (11),

(1 − ϑ) + ϑ g′(ω)( 􏼁 + βςg″(ω)≺ 􏽥q(ς) �
1 + τ2w2

1 − τw − τ2w2, (w ∈∇). (27)

To prove our results, we need the following lemma.

Lemma 2 (see [31]). If c ∈ C, then |ci|≤ 2 for each i, where C

is the family of all functions c analytic in ∇ for which

Re c(ς){ }> 0, c(ς) � 1 + c1ς + c2ς
2

+ · · · , (ς ∈∇). (28)

2. Estimation of Coefficients and Fekete–Szegö

Inequality for the Function Class Υϑ,β,μ
Σ (􏽥q)

In this section, we estimate the Taylor–Maclaurin co-
efcients and Fekete–Szegö inequality for functions in the
class Υϑ,β,μ

Σ (􏽥q).

Theorem 3. Let f(ς) given by (1) be in the function class
Υϑ,β,μ

Σ (􏽥q), where β, μ≥ 0, and ϑ≥ 1. Ten,

a2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤

�
2
5

􏽳

|τ|, a3
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
|τ|(5 + τ[2μ(1 − 4ϑ) + 6ϑ + 12β])

[μ(1 − 4ϑ) + 3ϑ + 6β]5
,

(29)

and for ε ∈ R,

a3 − εa2
2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌≤

|τ|

μ(1 − 4ϑ) + 3ϑ + 6β
; 0≤ |ϵ(ε)|≤

|τ|

4[μ(1 − 4ϑ) + 3ϑ + 6β]
,

4|ϵ(ε)|; |ϵ(ε)|≥
|τ|

4[μ(1 − 4ϑ) + 3ϑ + 6β]
,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(30)

where 5 � τ[μ2(3ϑ + 1) + μ(1 − 11ϑ) + 6ϑ + 12β] + 2(1 − 3τ)

[μ(1 − 3ϑ) + 2(ϑ + β)]2 and ϵ(ε) � (1 − ε)τ2/25.

Proof. Since f ∈ Υϑ,β,μ
Σ (􏽥q), then there exist two functions u

and u, analytic in ∇ with u(0) � v(0) � 0, |u(ς)|< 1, and
|v(w)|< 1 for all ς, w ∈∇. So, from (7) and (8), we have

(1 − ϑ)
f(ς)
ς

􏼠 􏼡

μ

+ ϑ f′(ς)( 􏼁
1− μ

+ βςf″(ς) � 􏽥q(u(ς)),

(31)

and for f− 1 � g,

4 International Journal of Mathematics and Mathematical Sciences
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(1 − ϑ)
g(ω)

ω
􏼠 􏼡

μ

+ ϑ g′(ω)( 􏼁
1− μ

+ βςg″(ω) � 􏽥q(v(ς)).

(32)

Using the fact that q≺ 􏽥q and q(ς) � 1 + q1ς + q2ς2 +

q3ς3 + · · ·, therefore, we defne

t(ς) �
1 + u(ς)
1 − u(ς)

� 1 + t1ς + t2ς
2

+ · · · . (33)

Note that t(ς) ∈ Q. As a consequence,

u(ς) �
t(ς) − 1
t(ς) + 1

�
t1

2
ς + u2 −

u
2
1
2

􏼠 􏼡
ς2

2

+ u3 − u1u2 +
u
3
1
4

􏼠 􏼡
ς3

2
+ · · · ,

(34)

and

􏽥q(u(ς)) � 1 + 􏽥q1
u1

2
ς + u2 −

u
2
1
2

􏼠 􏼡
ς2

2
+ u3 − u1u2 +

u
3
1
4

􏼠 􏼡
ς3

2
+ · · ·􏼠 􏼡

+ 􏽥q2
u1

2
ς + u2 −

u2
1
2

􏼠 􏼡
ς2

2
+ u3 − u1u2 +

u3
1
4

􏼠 􏼡
ς3

2
+ · · ·􏼠 􏼡

2

+ 􏽥q3
u1

2
ς + u2 −

u2
1
2

􏼠 􏼡
ς2

2
+ u3 − u1u2 +

u3
1
4

􏼠 􏼡
ς3

2
+ · · ·􏼠 􏼡

3

+ · · ·

� 1 +
􏽥q1u1

2
ς +

1
2

u2 −
u
2
1
2

􏼠 􏼡􏽥q1 +
u
2
1
4

􏽥q2􏼠 􏼡ς2

+
1
2

u3 − u1u2 +
u
3
1
4

􏼠 􏼡􏽥q1 +
u1

2
u2 −

u
2
1
2

􏼠 􏼡􏽥q2 +
u
3
1
8

􏽥q3􏼠 􏼡ς3 + · · · .

(35)

Similarly, there exists a function v ∈ A such that
|v(w)|< 1 in ∇ and q(w) � 􏽥q(v(w)). Terefore, the function

d(w) �
1 + v(w)

1 − v(w)
� 1 + d1w + d2w

2
+ · · · ∈ Q. (36)

It follows that

v(w) �
d(w) − 1
d(w) + 1

�
v1

2
w + v2 −

v
2
1
2

􏼠 􏼡
w

2

2

+ v3 − v1v2 +
v
3
1
4

􏼠 􏼡
w

3

2
+ · · · ,

(37)

and

􏽥q(v(w)) � 1 + 􏽥q1
v1

2
w + v2 −

v
2
1
2

􏼠 􏼡
w

2

2
+ v3 − v1v2 +

v
3
1
4

􏼠 􏼡
w

3

2
+ · · ·􏼠 􏼡

+ 􏽥q2
v1

2
w + v2 −

v21
2

􏼠 􏼡
w2

2
+ v3 − v1v2 +

v31
4

􏼠 􏼡
w3

2
+ · · ·􏼠 􏼡

2

+ 􏽥q3
v1

2
w + v2 −

v21
2

􏼠 􏼡
w2

2
+ v3 − v1v2 +

v31
4

􏼠 􏼡
w3

2
+ · · ·􏼠 􏼡

3

+ · · ·

� 1 +
􏽥q1v1

2
w +

1
2

v2 −
v
2
1
2

􏼠 􏼡􏽥q1 +
v
2
1
4

􏽥q2􏼠 􏼡w
2

+
1
2

v3 − v1v2 +
v
3
1
4

􏼠 􏼡􏽥q1 +
v1

2
v2 −

v
2
1
2

􏼠 􏼡􏽥q2 +
v
3
1
8

􏽥q3􏼠 􏼡w
3

+ · · · .

(38)
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By (31), (32), (35), and (38), we have

[μ(1 − 3ϑ) + 2(ϑ + β)]a2 �
u1τ
2

, (39)

μ(μ − 1)(3ϑ + 1)

2
􏼢 􏼣a

2
2 +[μ(1 − 4ϑ) + 3ϑ + 6β]a3 �

1
2

u2 −
u
2
1
2

􏼠 􏼡τ +
3u

2
1

4
τ2, (40)

− [μ(1 − 3ϑ) + 2(ϑ + β)]a2 �
v1τ
2

, (41)

and

μ2(3ϑ + 1) + μ(3 − 19ϑ) + 12ϑ + 24β
2

􏼢 􏼣a
2
2 − [μ(1 − 4ϑ) + 3ϑ + 6β]a3, (42)

�
1
2

v2 −
v
2
1
2

􏼠 􏼡τ +
3v

2
1

4
τ2. (43)

From (39) and (41), we get

u1 � − v1 (44)

and

2[μ(1 − 3ϑ) + 2(ϑ + β)]
2
a
2
2 �

u
2
1 + v

2
1􏼐 􏼑τ2

4
. (45)

Adding (40)–(42), we have

μ2(3ϑ + 1) + μ(1 − 11ϑ) + 6ϑ + 12β􏽨 􏽩a
2
2 �

1
2

u2 + v2( 􏼁τ −
1
4

u
2
1 + v

2
1􏼐 􏼑τ +

3
4

u
2
1 + v

2
1􏼐 􏼑τ2. (46)

By substituting (45) in (46), we get

a
2
2 �

u2 + v2( 􏼁τ2

2 τ μ2(3ϑ + 1) + μ(1 − 11ϑ) + 6ϑ + 12β􏽨 􏽩 + 2(1 − 3τ)[μ(1 − 3ϑ) + 2(ϑ + β)]
2

􏼐 􏼑
. (47)

Now, using Lemma 2, we get

a2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
�
2

√
|τ|

������������������������������������������������������������
τ μ2(3ϑ + 1) + μ(1 − 11ϑ) + 6ϑ + 12β􏽨 􏽩 + 2(1 − 3τ)[μ(1 − 3ϑ) + 2(ϑ + β)]

2
􏽱 . (48)

Ten, by subtracting (42) from (40), we get

a3 �
u2 − v2( 􏼁τ

2[2μ(1 − 4ϑ) + 6ϑ + 12β]
+ a

2
2. (49)

Hence, by Lemma 2, we have

a3
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
u2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 + v2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑|τ|

2[2μ(1 − 4ϑ) + 6ϑ + 12β]
+ a2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2

≤
2|τ|

[2μ(1 − 4ϑ) + 6ϑ + 12β]
+ a2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
2
.

(50)
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By (48), we obtain

a3
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
|τ|(5 + τ[2μ(1 − 4ϑ) + 6ϑ + 12β])

[μ(1 − 4ϑ) + 3ϑ + 6β]5
, (51)

where 5 � τ[μ2(3ϑ + 1) + μ(1 − 11ϑ) + 6ϑ + 12β] + 2(1 −

3τ) [μ(1 − 3ϑ) + 2(ϑ + β)]2.

From (49), we get

a3 − εa2
2 �

u2 − v2( 􏼁τ
2[2μ(1 − 4ϑ) + 6ϑ + 12β]

+(1 − ε)a2
2. (52)

By substituting (47) in (52), we get

a3 − εa2
2 �

u2 − v2( 􏼁τ
2[2μ(1 − 4ϑ) + 6ϑ + 12β]

+
(1 − ε) u2 − v2( 􏼁τ2

25

� ϵ(ε) +
|τ|

2[2μ(1 − 4ϑ) + 6ϑ + 12β]
􏼠 􏼡u2 + ϵ(ε) −

|τ|

2[2μ(1 − 4ϑ) + 6ϑ + 12β]
􏼠 􏼡v2,

(53)

where ϵ(ε) � (1 − ε)τ2/25. Taking the modulus of (53), we have

a3 − εa2
2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌≤

2|τ|

[2μ(1 − 4ϑ) + 6ϑ + 12β]
; 0≤ |ϵ(ε)|≤

|τ|

2[2μ(1 − 4ϑ) + 6ϑ + 12β]
,

4|ϵ(ε)|; |ϵ(ε)|≥
|τ|

2[2μ(1 − 4ϑ) + 6ϑ + 12β]
.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(54)

□
3. Some Corollary Functions in
Subclass Υϑ,β,μ

Σ (􏽥q)

In this section, we provide specifc examples of subclasses
within Υϑ,β,μ

Σ (􏽥q).

Corollary  . Let f(ς) ∈ Υβ,μ
Σ (􏽥q), where β and μ≥ 0. Ten,

a2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤

��
2
51

􏽳

|τ|, a3
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
|τ| 51 + 6τ[2β − μ + 1]( 􏼁

3[2β − μ + 1]51
, (55)

and for ε ∈ R,

a3 − εa2
2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌≤

|τ|

3[2β − μ + 1]
; 0≤ |ϵ(ε)|≤

|τ|

12[2β − μ + 1]
,

4|ϵ(ε)|; |ϵ(ε)|≥
|τ|

12[2β − μ + 1]
,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(56)

where 51 � 2τ[2μ2 − 5μ + 6β + 3] + 8(1 − 3τ)[β − μ + 1)]2

and ϵ(ε) � ((1 − ε)τ2)/251.

Corollary 5. Let f(ς) ∈ Υμ
Σ(􏽥q), where μ≥ 0. Ten,

a2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤

��
2
52

􏽳

|τ|, a3
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
|τ| 52 + 6τ[1 − μ]( 􏼁

3[1 − μ]52
, (57)

and for ε ∈ R,

a3 − εa2
2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌≤

|τ|

3[1 − μ]
; 0≤ |ϵ(ε)|≤

|τ|

12[1 − μ]
,

4|ϵ(ε)|; |ϵ(ε)|≥
|τ|

12[1 − μ]
,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(58)

where 52 � 2τ[2μ2 − 5μ + 3] + 8(1 − 3τ)[1 − μ]2 and ϵ(ε) �

(1 − ε)τ2/252.

Corollary 6. Let f(ς) ∈ ΥΣ(􏽥q). Ten,

a2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
|τ|

�����
4 − 9τ

√ ,

a3
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
2(2 − 3τ)|τ|

3(4 − 9τ)
,

(59)

and for ε ∈ R,

a3 − εa2
2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌≤

|τ|

3
; 0≤ |ϵ(ε)|≤

|τ|

12
,

4|ϵ(ε)|; |ϵ(ε)|≥
|τ|

12
,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(60)

where ϵ(ε) � (1 − ε)τ/4(4 − 9τ).

Corollary 7. Letf(ς) ∈ Υϑ,μ
Σ (􏽥q), where μ≥ 0 and ϑ≥ 1.Ten,

a2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤

��
2
53

􏽳

|τ|, a3
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
|τ| 53 + τ[2μ(1 − 4ϑ) + 6ϑ]( 􏼁

[μ(1 − 4ϑ) + 3ϑ]53
, (61)

and for ε ∈ R,
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a3 − εa2
2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌≤

2|τ|

[2μ(1 − 4ϑ) + 6ϑ]
; 0≤ |ϵ(ε)|≤

|τ|

2[2μ(1 − 4ϑ) + 6ϑ]
,

4|ϵ(ε)|; |ϵ(ε)|≥
|τ|

2[2μ(1 − 4ϑ) + 6ϑ]
,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(62)

where 53 � τ[μ2(3ϑ + 1) + μ(1 − 11ϑ) + 6ϑ] + 2(1 − 3τ)

[μ(1 − 3ϑ) + 2ϑ]2 and ϵ(ε) � (1 − ε)τ2/253.

Corollary 8. Let f(ς) ∈ Υϑ
Σ(􏽥q), where ϑ≥ 1. Ten,

a2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤

��
2
54

􏽳

|τ|, a3
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤
|τ| 54 + 2τ[1 − ϑ]( 􏼁

[1 − ϑ]54
, (63)

and for ε ∈ R,

a3 − εa2
2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌≤

|τ|

1 − ϑ
; 0≤ |ϵ(ε)|≤

|τ|

4[1 − ϑ]
,

4|ϵ(ε)|; |ϵ(ε)|≥
|τ|

4[1 − ϑ]
,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(64)

where 54 � τ[μ2(3ϑ + 1) + μ(1 − 11ϑ) + 6ϑ] + 2(1 − 3τ)

[μ(1 − 3ϑ) + 2ϑ]2 and ϵ(ε) � (1 − ε)τ2/254.

4. Conclusions

In this study, we introduced a new subclass of standardized
analytic functions and bi-univalent functions related to
Fibonacci numbers. Tis subclass is denoted as Υϑ,β,μ

Σ (􏽥q).
Bounds for the Taylor coefcients |a2| and |a3| were de-
termined, and solutions to Fekete–Szegö functional prob-
lems were provided for functions falling under this category.
Tis research could pave the way for further exploration into
the development of new categories of analytic and bi-
univalent functions associated with Fibonacci numbers.

In future research, the study can be extended to various
conic regions, such as three-leaf domains, Ozaki-type bi-
close-to-convex, and bi-concave functions involving
a modifed Caputo’s fractional operator linked with a three-
leaf function [32].
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starlike functions related to shell-like curves,” Mathematica
Slovaca, vol. 66, no. 1, pp. 135–140, 2016.

[8] H. M. Srivastava, A. K. Mishra, and P. Gochhayat, “Certain
subclasses of analytic and bi-univalent functions,” Applied
Mathematics Letters, vol. 23, no. 10, pp. 1188–1192, 2010.

[9] A. Amourah, B. A. Frasin, S. R. Swamy, and Y. Sailaja,
“Coefcient bounds for Al-Oboudi type bi-univalent func-
tions connected with a modifed sigmoid activation function
and k-Fibonacci numbers,” Te Journal of Mathematics and
Computer Science, vol. 27, no. 02, pp. 105–117, 2022.

[10] F. Yousef, T. Al-Hawary, and G. Murugusundaramoorthy,
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