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ABSTRACT

This paper introduces a novel multilayer neural network technique to solve partial differential equations with non-integer de-
rivatives (FPDEs). The proposed model is a deep feed-forward multiple layer neural network (DFMLNN) that is trained using
advanced optimization approaches, namely adaptive moment estimation (Adam) and limited-memory Broyden-Fletcher-
Goldfarb-Shanno (L-BFGS), which integrate neural networks. First, the Adam method is employed for training, and then the

model is further improved using L-BFGS. The Laplace transform is used, concentrating on the Caputo fractional derivative, to

approximate the FPDE. The efficacy of this strategy is confirmed through rigorous testing, which involves making predictions

and comparing the outcomes with exact solutions. The results illustrate that this combined approach greatly improves both
precision and effectiveness. This proposed multilayer neural network offers a robust and reliable framework for solving FPDEs.

1 | Introduction

Over the past several years, Fractional Calculus (FC), which
encompasses the examination of fractional derivatives and in-
tegrals, has had a substantial influence on various academic
disciplines [1, 2]. Over time, the scope of FC applications has sig-
nificantly broadened, covering diverse domains in both science
and engineering, as outlined in a comprehensive review [3]. One
significant benefit of FC is its capacity to illustrate how contempo-
rary phenomena are influenced by their complete history, known
as the memory effect. FC is particularly valuable for representing
intricate nonlinear events and higher-order dynamics, offering
more flexibility compared to conventional Leibniz derivatives
[4]. Researchers can enhance the flexibility in analyzing specific

© 2025 John Wiley & Sons Ltd.

mathematical models by altering the order of the fractional oper-
ator from whole number values to fractional values.

Recently, academics have shown considerable interest in FPDEs
because of their wide range of applications in science and en-
gineering [5]. The increasing interest in models incorporating
fractional order derivatives, whether in time, space, or both,
stems from their ability to more precisely and effectively re-
flect a wide range of natural events. Conventional integer-order
partial differential equations (PDEs) forecast the future states
of physical systems exclusively on their present states, without
considering past data. However, when it comes to effectively rep-
resenting materials and processes that possess memory and he-
reditary qualities, where past states have a substantial influence
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on future behavior, integer-order models are inadequate. FPDEs
are particularly useful in situations like this, as they offer more
efficient methods for modeling systems.

The scarcity of explicit analytic solutions for fractional order PDEs
in existing literature emphasizes the necessity for effective and de-
pendable numerical approaches. Several sophisticated numerical
methods have been devised to estimate solutions to these equa-
tions. As an illustration, [6] utilized a modified Adomian decom-
position method to solve fractional diffusion-wave equations. In a
similar manner, [7] employed the homotopy perturbation method
to get approximate analytical solutions for Korteweg-de Vries
(KdV) equations with fractional orders. Additional research, such
as the studies conducted by [8, 9], utilized the generalized differen-
tial transform method to solve linear fractional PDEs. In contrast,
[10] suggested a finite difference scheme to address equations in-
volving time- and space-fractional derivatives.

Recent studies have employed the reproducing kernel algorithm
to solve various classes of time-fractional FPDEs. Reference
[11] addressed Robin boundary conditions in heat and fluid
flow problems, while [12] extended the approach to general
time-FPDEs in fluid dynamics. The method was also applied
to Dirichlet-type diffusion-Gordon equations in porous media
[13]. A computational technique equipped with error estimates
has been proposed to address singular Fredholm time-fractional
partial integro-differential equations [14].

Artificial neural networks (ANNs) have been increasingly pop-
ular for solving differential equations (DEs) in recent years,
particularly FPDEs. The field has made significant progress
thanks to the development of deep learning approaches that em-
ploy deep neural networks [15-17]. These networks are highly
proficient in extracting implicit information of different kinds
and have achieved exceptional success in various scientific and
engineering fields, including image classification [18], natural
language processing [19], and fault detection [20]. The univer-
sal approximation theorem states that a multilayer feed-forward
network may estimate any continuous function with arbitrary
precision, given that it has a sufficient number of hidden neu-
rons [21, 22]. Therefore, neural networks provide significant
benefits in the process of fitting functions.

Multiple researches have shown the successful application of
ANNSs in solving FPDEs. As an illustration, a particular study
utilized neural networks with radial basis functions to tackle the
problem of fractional heat conduction and wave equations [23].
A recent study implemented a neural network that utilizes sine
and cosine functions to effectively address FPDEs [24]. In addi-
tion, researchers built a neural network that utilizes Legendre
polynomials to solve equations related to fractional diffusion
in space and time [25]. The study introduced a neural network
that deals with the spatiotemporal variable-order fractional ad-
vection-diffusion equation, incorporating a nonlinear source
term. The network employs shifted Legendre orthogonal poly-
nomials with changeable coefficients as a computational tool
[26]. The authors suggested a Monte Carlo fractional physics-
informed neural network (fPINNs) to solve forward and inverse
FPDESs using a machine learning approach based on sampling.
A recent study presented a novel NN methodology to solve the
time-fractional Fokker-Planck equation [27]. The study utilized

the SLeNN-ELM approach, which is a modified version of the
Legendre neural network method, to address fractional DEs
that involve constant and proportional delays [28]. The study
conducted more research on a neural network model for the
spatio-temporal fractional-order nonlinear reaction-advection-
diffusion equation. This model utilized shifted Legendre orthog-
onal polynomials with variable coefficients as a mathematical
tool [29]. The time difference PINN was created to estimate
solutions for fractional water wave models [29]. An innovative
approach for solving FPDEs utilizing ANNs has been recently
presented [30]. A deep learning approach for solving FPDEs is
developed in [31].

This article introduces a novel approach for solving FPDEs in
the Caputo sense by employing a deep feed-forward ANN ar-
chitecture. The proposed method stands out by incorporating
a hybrid optimization strategy that combines the fast conver-
gence of the Adam optimizer with the fine-tuning capabilities
of the L-BFGS algorithm. This innovative fusion ensures both
precision and effectiveness in solving FPDEs. Furthermore,
by utilizing the Laplace transform methodology, our approach
accurately approximates the Caputo-type space-fractional de-
rivative, resulting in robust and reliable solutions. Multiple
examples demonstrate the effectiveness of our method, high-
lighting its exceptional precision and efficiency. The key con-
tributions of this work, which highlight these advancements,
are as follows:

« Introduction of a novel deep feed-forward ANN architec-
ture with two hidden layers specifically designed to approx-
imate solutions of FPDEs in the Caputo sense.

« Development of an innovative hybrid optimization tech-
nique that combines the rapid convergence of the Adam
method with the precise adjustments of the L-BFGS algo-
rithm. To our knowledge, this represents the first use of
such a combined approach for solving FPDEs.

« Application of the Laplace transform technique to ac-
curately approximate the Caputo-type space-fractional
derivative.

« Demonstration of the proposed DFMLNN model and hy-
brid optimization method's effectiveness and superiority
through various examples, including comparisons with
exact solutions to illustrate its accuracy.

The paper's structure is arranged as follows: Section 2 offers a con-
cise overview of the fundamental definitions that are pertinent to
our research. Section 3 provides a comprehensive explanation of
the building of the DFMLNN model. This includes the establish-
ment of its architecture, the framework for FPDE construction, and
the hybrid training approach. Section 4 provides multiple illustra-
tive solutions along with their respective outcomes. Section 5 pro-
vides a concise overview of the paper's contributions and findings.

2 | Preliminary Concepts
This section outlines the definitions of the fractional derivatives

used in this study and includes the Laplace transform applied to
the Caputo fractional derivative.
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Definition 2.1. For an order « > 0, the Caputo derivative is
defined as follows, according to [32, 33]:

X
L ) /d)“)(x)(x—l)s‘“‘ldl, for s—1<a<s,
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where s is a natural number.

Definition 2.2. Given the function p defined for ¢ in the
non-negative domain, the Laplace transform of p, denoted by
Z{p}, is defined through the improper integral, as outlined in
[34]:

[+

Z{pt)} =P(s) = / e~p(t)dt, 2)

0

provided that the integral in (2) exists and is convergent. The
inverse Laplace transform is defined as:

c+ico

ZHE) = = / ¢UP(s)ds. 3
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Definition 2.3. The Laplace transform of the Caputo frac-
tional derivative of order a is given in [35] as follows:

-1

Z{SDip(t)} =s"Z{p)} = Y s (,Dip)©). (@)
i=0

3 | DFMLNN Model Construction

This section focuses on employing the DFMLNN model to ad-
dress the FPDEs. We start with the framework for DFMLNN
construction, detailing the essential framework needed to
approach FPDEs with DFMLNN. Subsequently, we intro-
duce a hybrid optimization method developed based on this
framework.

3.1 | Framework for DFMLNN Construction

This subsection focuses on the utilization of a DFMLNN. The
architecture of the DFMLNN model designed for solving FPDEs
is illustrated in Figure 1. Below is a detailed description of each
component within this architecture.

Input layer: The input layer consists of two nodes, labeled x
and ¢.

First hidden layer (H1I): This layer comprises k neurons, each
labeled N, where n ranges from 1 to k. The neurons in this

layer receive weighted inputs from the input layer. The weight
from the input node x to the n-th neuron in the first hidden layer
is denoted as WEI], and the weight from ¢ is denoted as WLIZ] Each
neuron also includes a bias term bL”.

Second hidden layer (H2): This layer contains k neurons, each
denoted as N, where m ranges from 1 to k. Neurons in this
layer are connected to those in the first hidden layer through
weights w2, where w2l connects the n-th neuron of the first
hidden layer to the m-th neuron of the second hidden layer. Each

neuron in this layer also has a bias term b[mz].

Output layer: The output layer consists of a single neuron, Nlm,
which aggregates the outputs of the second hidden layer using
weights w!®! This neuron sums the contributions from each

neuron N,[n%ﬁn the second hidden layer.

N(x,t,p): The computation through the network layers is per-
formed as follows:

k
N, t,p)= Y wiIN®, ®)
m=1

where
k
N2 = ¢< > w2 NI 4 bgjl), ®)
n=1

1 1
NI = g (wltlx +wllle + I, @)

and the activation function ¢ is the hyperbolic tangent (tanh).

FPDEs processing: The output from N]m is utilized alongside
predetermined derivatives (4, 14,,%,,) to solve FPDEs, repre-
sented as:

D =H (x,t,1;,8). ®

Output decision and iterations: The solution derived from the
FPDEs is evaluated using a cost function C(p) and continues
until the maximum number of iteration is reached. p denotes
the parameters of the DFMLNN.

3.2 | Framework for FPDE Construction

Consider the following FPDEs:

Du(x,t)=H(x,t,u,uy), 0<x<1, 0<t<1, 0<a<l,

©

u(x,0) = go(x), u(0, ) =g, (), u(d,t) =gyt (10)
here Dfu(x,t) denotes the Caputo fractional derivative. The
function H (x, t, ut,uxx) represents a nonlinear source term,
while Equation (10) gives the necessary initial and boundary
conditions. The initial condition u(x, 0) = g,(x) defines the state
of the solution at time t =0, while the boundary conditions
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FIGURE1 | Architecture of DFMLNN.

ALGORITHM1 | L-BFGS two-loop recursion [38].
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u(0,t) =g,(¢) and u(l,t) = g,(t) prescribe the solution behav-
ior at the spatial endpoints x = 0 and x = 1, respectively. These
conditions together ensure that the problem is well-posed. Let's
denote the DFMLNN of problem (9) by (X, p). The DFMLNN
framework consists of two main parts: The first part ensures the
initial condition of problem (9) is met, while the second part com-
prises the output of the model (11), denoted by N(X, p), which

g

No

encompasses all the network's weights and biases. Therefore,
the DFMLNN formulation, inspired by [36], can be described
as follows:

UX,p) = A(x, t) + x(1 — x)tN(X, p) (11)

where X = (x, t)7, N(X, p)is the output of DFMLNN, p is the pa-
rameters of DFMLNN, and

A, 1) = (1 — x)g, () + X8, () + go(X) — (1 — X)go(0) — xg,(1)
12

To begin, we utilize the Laplace transform technique to approx-
imate the Caputo-type space-fractional derivative:

‘ { druen,n) } =p"T(p, )~ p* "' u(0, )

ox®

=s*[u(p, t)—p~'u(0, 1)]

13)

where u(p, t) represents the Laplace transform of u(x, t). Given
that 0 < @ < 1, we can linearize the term p* as follows:

‘map+(1—-a) (14)
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Next, we substitute this linearized term into (13), resulting in:

ox“

=ap[u(p, t)—p~'u(0, )] + A —a)[u(p, )= p~u(0, 1)]

ﬁ{ o*u(x, t) } ~(ap+(1-a)) [ﬁ(p, t)—p~tu(o, t)]
— 15)

Thus, the inverse Laplace transform gives us:

%u(x, t) N aau(x, t)

pr o T A - ol ) —u(0, 0] (16)

So (9) can be rewritten as:

du(x,t)
¢ 0x
u(x, 0)=gy(x),

+(1—a)[ux, t)—u, ] =H (x,t,u;, u), an

u©,)=g (), u, =gt
To optimize the DFMLNN, we define a cost function as
follows:

S
cp) = % Y (Ditce, 0= H x, .0, ) ) (18)

i=1

here, S represents the total count of discretized sample points
within the domain. By employing optimization algorithms to
minimize this cost function, we can fine-tune the weights and
biases of the DFMLNN to accurately approximate the solution of
the specified FPDEs.

3.3 | Hybrid Model Training Approach

This subsection outlines the hybrid optimization strategy used
in our work, which combines the strengths of the Adam method
and the L-BFGS algorithm. This two-stage approach utilizes
Adam’s fast convergence for the initial training phase and L-
BFGS's high precision for the fine-tuning phase, ensuring both
efficiency and accuracy in training neural networks.

3.3.1 | Phasel: Adam Optimizer

The Adam approach, proposed by [37], integrates the benefits
of two other improvements to stochastic gradient descent: the
adaptive gradient algorithm and root mean square propagation.
Adam calculates distinct adaptive learning rates for various pa-
rameters by approximating the first and second moments of the
gradients.

Initialization:

1. Parameter initialization: The neural network parameters p
are randomly initialized to ensure a diverse starting point.

2. Adam hyperparameters:

« Learning rate (n): Controls the step size during the gradient
descent process.

« First moment decay rate (f,): Determines the pace at which
the first moment estimations decay exponentially.

« Second moment decay rate (#,): Specifies the rate at which
the second moment estimations decay exponentially.

3. Moment vectors initialization: The initial values for the first
and second moment vectors are set to zero: m, =0 and v, = 0.
This initialization ensures that the initial estimates are unbiased
and provides a solid foundation for subsequent updates.

Initial training with Adam: The Adam algorithm begins the
training process by effectively managing large-scale optimiza-
tion through adjusting the learning rate for each parameter. The
procedure is as follows:

First moment estimate update: Refine the biased first moment
estimate to incorporate the new gradient:

m,=pim,_; + (1-p,)g. 19)

Second moment estimate update: Refine the biased second mo-
ment estimate to incorporate the new gradient's square:

V=P 4+ (1 - ﬂz)gtz (20)

Bias-corrected first moment estimate: Adjust the first moment
estimate to correct for bias introduced during initialization:

~ m;
m, = ——-

=1 b 21)
Bias-corrected second moment estimate: Adjust the second mo-
ment estimate to correct for bias introduced during initialization:

~ Yy
V=
1-p,

(22

Parameter update: Implement the adjustment to the parameters,
guiding them toward minimizing the loss function:

A~

m,;

Vo +e

here, € is a small constant (e.g., 107%) to prevent division by zero.
This step applies the refined updates to the parameters, steering
them towards minimizing the loss function.

Pr=Pi1—1 (23)

After the Adam optimization phase is completed, the final pa-
rameters, denoted as p,q,m, are stored for the subsequent phase.
These parameters act as the starting point for the L-BFGS opti-
mization phase, ensuring a well-converged initial solution.

3.3.2 | Phase 2: L-BFGS Optimization

The L-BFGS method is a limited-memory quasi-Newton approach
designed for unconstrained optimization, particularly suitable for
problems involving numerous variables. It approximates the BFGS
algorithm while using a restricted amount of memory [38].

Transition to L-BFGS: The parameters obtained from the Adam
optimization phase, denoted as p, 4., serve as the initial param-
eters for the L-BFGS optimizer:
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ALGORITHM 2 | DFMLNN algorithm.

1: Input: Prepare the training data { (x;, ;) }:;1, initial
parameters p,, learning rate n, Adam hyperparameters

(B1, By, €), maximum iterations Tpg,m and Ty _pres

: Output: t(x, t)

: Define the Problem:

: Given a FPDEs of the form (17)

: Design the DFMLNN architecture by determining the
number of layers and neurons in each layer.

: Establish the cost function as in (18)

: Phase 1: Adam Method

: Initialize my =0and v, =0

:fort =1toTyy,, do

10: Compute the gradient: g, = V,C(p,_;)

11: Update parameters using (23)

12: end for

13: Padam = pTAdam

14: Phase 2: L-BFGS method [38]

15: Use the parameters from Adam as the starting point:

Py = p o\ gam» and integer m > 0.
16: for k = 0 to Ty _ppgs do
17: Initialize Hy = ;I

(S "SI )

O 0 J O

18: Determine search direction: j, = — H, g from
Algorithm 1
19: Update parameters using (35), where a;, is chosen

to satisfy the Wolfe conditions
20: ifk > m then

21: Discard the pair {s;_,, ¥i_,, } from storage
22 break

23: end if

24: Compute and save: s, = P4 — P> Yk = 8ks1 — 8k
25: k=k+1

26: end for

27: Return U(x, t)

L-BFGS __
po = Padam

This transition capitalizes on the rapid convergence of Adam
and the precision of L-BFGS, effectively merging the advantages
of both optimization techniques.

Fine-tuning with L-BFGS: The L-BFGS optimizer fine-tunes the
parameters by utilizing a second-order approximation of the in-
verse Hessian matrix, which captures the curvature of the loss
function, enabling more accurate parameter updates. The de-
tailed procedure is as follows:

Initialization:

+ The initial inverse Hessian approximation Hy is computed
using the scaling factor y,:

H() = Ykla (24)
where
sT y
k—17k-1
Ye= T - ) (25)
yk_lyk—l

TABLE 1

Comparison of exact and DFMLNN

Example 4.1 with varying values of a.

solutions for

DFMLNN
(x,1) Exact a=1 a=0.99 a = 0.85
(0,0) 0 0 0
(0.1,0.1) 0.020000 0.020004 0.019958 0.019469
(0.2,0.2) 0.080000  0.0800009  0.079899  0.078999
(0.3,0.3) 0.180000 0.179993 0.179910 0.179396
(0.4,0.4) 0.320000 0.319991 0.320011  0.320729
(0.5,0.5) 0.500000 0.499996 0.500166  0.502731
(0.6,0.6) 0.720000 0.720001 0.720324  0.725040
(0.7,0.7) 0.979999 0.980001 0.980448  0.987100
(0.8,0.8) 1.280000 1.280001 1.280502 1.287974
(0.9,0.9) 1.619999 1.620001 1.620407  1.626233
1,1 2.000000 2.000000 2.000000  2.000000
TABLE 2 | Absolute errors for @ = 1in Example 4.1.
(x,1) AEs
(0,0) 0
(0.1,0.1) 4.85E-06
(0.2,0.2) 9.83E-07
(0.3,0.3) 6.95E-06
(0.4,0.4) 8.22E-06
(0.5,0.5) 3.39E-06
(0.6,0.6) 1.01E-06
(0.7,0.7) 1.66E-06
(0.8,0.8) 9.53E-07
(0.9,0.9) 1.66E-06
(1,1) 0
1071 §
1072 3
s
5 103 4
3
1074 4
1075 §
0 100 200 369 400 500 600
lterations
FIGURE 2 Convergence of the cost function at a =0.99 for
Example 4.1.
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FIGURE 3 | Absolute error at @ = 1, and absolute error of cost function at « = 0.99 for Example 4.1.

(a) Exact solution.
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(c) DFMLNN solution at a = 0.99.

FIGURE 4 | Visualization of the exact and numerical DFMLNN solutions at varying a values for Example 4.1.

(d) DFMLNN solution at o = 0.85.
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TABLE 3 | Comparison of exact and DFMLNN solutions for
Example 4.2 with varying values of a.

DFMLNN

(x,1) Exact a=1 =099 a=07
(0,0) 0 0 0 0
(0.1,01)  0.011000  0.011009  0.011228  0.014798
(0.2,0.2)  0.048000  0.047997  0.047825  0.057486
(0.3,0.3) 0116999  0.116983  0.116101  0.135133
(0.4,04) 0224000  0.223989  0.222560  0.251674
(0.5,0.5)  0.375000  0.375004  0.373133  0.411685
(0.6,0.6)  0.576000  0.576013  0.573801  0.623170
(0.7,0.7)  0.833000  0.833008  0.830932  0.905996
(0.8,0.8)  1.152000  1.152000  1.150640  1.270791
(09,090 1.538999  1.53899  1.538313  1.597327
(1,1) 2.000000  2.000000  2.000000  2.000000

here, s,_; is the difference in parameters and y,_, is the differ-
ence in gradients between two successive iterations.

Gradient computation: Evaluate the gradient g, of the cost func-
tion with respect to the current parameters p,:

& =V,C(py)- (26)

Search direction: Identify the direction j, for adjusting the pa-
rameters. This direction is determined by using the L-BFGS
two-loop recursion:

Je = = HiVpC(py)- 27)
The L-BFGS two-loop recursion method is as follows:

Line search: Perform a line search to determine the step length
a,, that satisfies the Wolfe conditions:

C(pe + aii) < C (i) + 10V,CT (P )i (28)

.\T. .
V,C(Pe+ayji) Ji 2 & V,CT (py )ik (29)
with0 <¢, <¢, <1

Evaluating differences: Evaluate the changes in parameters and
gradients:

Sk = Pk+1 — Pk (30)
Vi =841 — 8k (31D

Hessian update factor: Determine the factor p, to be used in up-
dating the Hessian approximation:

1

Pe= "1 32
Vi Sk 32

TABLE 4 | Absolute errors for @ = 1in Example 4.2.

(x,1) AEs
(0,0) 0
(0.1,0.1) 9.00E-06
(0.2,0.2) 2.99E-06
(0.3,0.3) 1.63E-05
(0.4,0.4) 1.08E-05
(0.5,0.5) 4.70E-06
(0.6,0.6) 1.30E-06
(0.7,0.7) 8.58E-06
(0.8,0.8) 1.19E-07
(0.9,0.9) 0
(1,1) 0

10—2 4

s
1073 4
0 100 200 300 400 500 600

Iterations

FIGURE 5 | Convergence of the cost function at a =0.99 for
Example 4.2.

Intermediate matrix V,: Formulate the intermediate matrix V
necessary for the Hessian update:

Vi=I-pysi (33)

Inverse Hessian approximation update:
Hy = VIHV, + psisp (34
An implicit modified version of H, is stored by keeping a speci-
fied number m of vector pairs{s;,y; },i =k —m, -,k — 1, where

m < 100 [39].

Parameter update: Apply the determined step length to adjust
the parameters:

Dicr1 =DPi + Xy (35

The L-BFGS optimizer enhances the precision and accuracy of the
model by refining the parameters through the implementation of
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FIGURE 6 | Absolute error at a = 1, and absolute error of cost function at a = 0.99 for Example 4.2.
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(a) Exact solution. (b) DFMLNN solution at o = 1.
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(c) DFMLNN solution at a = 0.99. (d) DFMLNN solution at a = 0.7.

FIGURE 7 | Visualization of the exact solution and the numerical solution derived using DFMLNN at varying a values for Example 4.2.
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TABLE 5 | Comparison of exact and DFMLNN solutions for
Example 4.3 with varying values of a.

DFMLNN

(x,1) Exact a=1 =099 a=0.6
(0,0) 0 0 0 0

(0.1,01) 1015222  1.015213  1.016055  1.028981
(0.2,02) 1.062258  1.06222  1.064675  1.104907
(0.3,0.3) 1144346  1.144295 1148317  1.222277
(0.4,04) 1266516  1.266450  1.271759  1.380334
(0.5,0.5)  1.435901  1.435830  1.442061  1.580305
(0.6,0.6) 1.662081  1.662024  1.668695  1.825769
(07,07)  1.671957  1.671935  1.963893  2.123118
(0.8,0.8)  2.337887  2.337888  2.343205  2.481775
(09,0.9)  2.822881  2.822892  2.826109  2.914302
(1,1) 3.436563  3.436563  3.436563  3.436563

this comprehensive approach. This method combines Adam's rapid
convergence with the careful adjustment of parameters in L-BFGS,
resulting in an ideal trade-off between training speed and accuracy.

The following algorithm outlines the DFMLNN training pro-
cess with hybrid optimization for solving FPDE:

4 | Numerical Evaluation

This section presents the numerical results derived from the pro-
posed DFMLNN model (Algorithm 2) combined with the hybrid
optimization approach. We assess the performance of our method
by solving various FPDEs. The DFMLNN model's effectiveness
and accuracy are illustrated through multiple examples. For each
example, we offer detailed comparisons between the numerical
and exact solutions, emphasizing the precision and robustness of
our approach.

Example 4.1. Consider the following FPDES [40]:

ulx,t)  0%u(x,t) ou(x,t)
ox2 ox« ot

=f(x,t), 0<x<1,0<t<1,0<a <1,

ux, t)=x2,

u,H)=t%, u(l,t)=1+t>

where f(x,=2- ZB-x -2 and for a =1, u(x,t) = X2+ 2,
According to  (10), the specifitd DFMLNN is:

X, p) =1 —x)2 +x(2 +1) +x? —x + x(1 — X)IN(X, p).

The network is trained over 600 iterations, beginning with 200
iterations using the Adam optimizer, followed by up to 400 iter-
ations with the L-BFGS optimizer. A discretized mesh grid with
11 x 11 points in both time and space is employed to thoroughly
explore the solution domain. The parameters #, and g, are set to
0.95 and 0.999, respectively, and the learning rate # is set to 0.01.

TABLE 6 | Absolute errors for @ = 1in Example 4.3.

(x,1) AEs
(0,0) 0
(0.1,0.1) 9.05E-06
(0.2,0.2) 2.93E-05
(0.3,0.3) 5.05E-05
(0.4,0.4) 6.62E-05
(0.5,0.5) 7.09E-05
(0.6,0.6) 5.68E-05
(0.7,0.7) 2.76E-05
(0.8,0.8) 1.66E-07
(0.9,0.9) 1.12E-05
L1 0
1071 §
§ 107
3
§ 1073 4
1074 4
0 100 200 300 400 500 600

Iterations

FIGURE 8 | Convergence of the cost function at a=0.99 for
Example 4.3.

Table 1 compares the exact and DFMLNN solutions for various
values of a. Asa approaches 1, the DFMLNN solution closely aligns
with the exact solution, indicating high accuracy. Table 2 presents
the absolute errors (AEs) for a = 1. The extremely small error val-
ues demonstrate the DFMLNN model's precision in predicting the
solutions, with negligible discrepancies. Figure 2 illustrates the
convergence behavior of the cost function for @ = 0.99. The cost
function decreases rapidly during the initial training phase, indi-
cating effective early-stage learning. After approximately 300 iter-
ations, the rate of decrease slows, and the cost function gradually
stabilizes, confirming successful convergence of the training pro-
cess. Figure 3 displays the absolute error at « = 1 and the absolute
error cost function at @ = 0.99. Figure 3a shows that the absolute
error is predominantly low throughout most of the domain, with
a maximum value of approximately 10~%. Figure 3b illustrates that
the overall absolute error cost remains relatively low across the do-
main, peaking at around 1072 Figure 4 provides a visualization of
the exact solution and the DFMLNN solutions for different « val-
ues. The close agreement among all sets of solutions underscores
the model's effectiveness and its strong generalization capability.
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FIGURE9 | Absolute error at a = 1, and absolute error of cost function at a = 0.99 for Example 4.3.
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(c) DFMLNN solution at a = 0.99. (d) DFMLNN solution at o = 0.6.

FIGURE 10 | Visualization of the exact solution and the numerical solution derived using DFMLNN at varying a values for Example 4.3.
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TABLE 7 | Comparison of exact and DFMLNN solutions for
Example 4.4 with varying values of a.

DFMLNN

(x,1) Exact a=1 =099 a=05
(0,0) 0 0 0 0
(0.1,0.1)  0.200000 0.2000004  1.016055  1.028981
(0.2,0.2) 0.400000 0.4000043  1.064675  1.104907
(0.3,0.3)  0.600000 0.6000082  1.148317  1.222277
(0.4,0.4)  0.800000 0.8000087  1.271759  1.380334
(0.5,0.5)  1.000000 1.0000056  1.442061  1.580305
(0.6,0.6) 1.200000 1.2000010  1.668695  1.825769
(0.707)  1.399999  1.3999978  1.963893  2.123118
(0.8,0.8)  1.600000  1.5999975  2.343205  2.481775
(09,09 1799999  1.7999997  2.826109  2.914302
(1,1) 2.000000  2.000000  2.000000  2.000000

Example 4.2. Let consider the following space FPDE of
order @ (0 < @ < 1) as [41]:

0“u(x, t) + ou(x, t)
ox“® ot

=f(x,1),0<x<1,0<t<1,
M(X,O))zxz,
u(0,t)=0,u(l,t)=(t+1)

where the exact solution for a=1 is u(x,t)=x*1+1t) and

fee, bt = %(1 + Hx** + x2 According to (10), the assigned

DFMLNN is U(X, p) = (1 + t)x +x? — x + x(1 — x)IN(X, p).

Table 3 contrasts the exact and DFMLNN solutions for various a
values. As « nears 1, the DFMLNN solution aligns closely with
the exact solution, demonstrating high precision. Table 4 de-
tails the AEs for @ = 1. The minimal error values confirm that
the DFMLNN model accurately predicts the solutions with neg-
ligible discrepancies. Figure 5 depicts the convergence trend of
the cost function for @ = 0.99. During the early training phase,
the cost function drops sharply, reflecting efficient initial learn-
ing. After about 200 iterations, the decline slows down, and the
cost function progressively levels off, indicating that the training
has successfully converged. Figure 6 presents the absolute error
for « =1 and the absolute cost function for @ = 0.99. Figure 6a
demonstrates that the absolute error remains consistently low
across the majority of the domain, with a peak value near 107,
In Figure 6b, the absolute cost function is shown to stay relatively
low throughout the domain, reaching a maximum of approxi-
mately 1072, Figure 7 illustrates the exact solution alongside the
DFMLNN solutions for various a values. The strong alignment
between these results highlights the model's accuracy and robust
generalization performance.

Example 4.3. Let consider the following FPDEs as [42]:

TABLE 8 | Absolute errors for a = 1in Example 4.4.

(x,1) AEs
(0,0) 0
(0.1,0.1) 4.91E-07
(0.2,0.2) 4.32E-06
(0.3,0.3) 8.22E-06
(0.4,0.4) 8.76E-06
(0.5,0.5) 5.60E-06
(0.6,0.6) 9.53E-07
(0.7,0.7) 2.14E-06
(0.8,0.8) 2.50E-06
(0.9,0.9) 2.38E-07
1,1 0
100 4
1071 3
51073
5
g 1073 3
1074 3
1075 4
0 100 200 300 400 500

Iterations

FIGURE 11 | Convergence of the cost function at a =0.99 for
Example 4.4.

ou(x,t)  ou(x,t)  *u(x,t)
+ -X =f(x,1),0<x<1,0<t<1,
ox« Jt 0x2 foe

u(x,0))=¢e,
u©,0=(1+)A-0),u(l, )= (1+1*)(e—1)

where f(x, t) is chosen such that the exact solution to the problem
isa=1,u(x,t) = (1+1*)(e* — t). According to (10), the assigned
DFMLNN is (X, p)=1-x)(1+2)1-0)+x(1+3)(e—)+e* —(1—x)
—xe+x(1-x)tNX, p).

Table 5 compares the exact solutions with those produced by the
DFMLNN model across different a values. As a approaches 1,
the DFMLNN results exhibit a close match with the exact solu-
tions, indicating high precision. Table 6 reports the AEs fora =1,
where the notably small error values confirm the DFMLNN mod-
el's ability to accurately approximate the solutions with minimal
deviation. Figure 8 shows the convergence behavior of the cost
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(b) Absolute error of cost function at
(a) Absolute error at a = 1. a = 0.99.

FIGURE 12 | Absolute error at @ = 1, and absolute error of cost function at & = 0.99 for Example 4.4.

(b) DFMLNN solution at o = 1.

(c) DFMLNN solution at a = 0.99. (d) DFMLNN solution at o = 0.5.

FIGURE 13 | Visualization of the exact solution and the numerical solution derived using DFMLNN at varying a values for Example 4.4.
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function for & = 0.99. The cost function decreases rapidly during
the initial stages of training, reflecting effective early learning.
After approximately 300 iterations, the rate of decrease slows,
and the function gradually stabilizes, signifying that the model
has successfully converged. Figure 9 displays both the absolute
error for « = 1 and the absolute error cost function for a = 0.99.
Specifically, Figure 9a illustrates that the absolute error remains
low across most of the domain, peaking at around 10>, Figure 9b
reveals that the cost function also stays relatively low through-
out the domain, with a maximum value close to 1072 Finally,
Figure 10 presents a comparison between the exact solution and
the DFMLNN solutions for several a values. The close correspon-
dence among these solutions emphasizes the model's effective-
ness and its strong capacity for generalization.

Example 4.4. Let consider the following FPDE [43]:

0°u(x,t) _ ou(x,t)  0’u(x,t)
ox® ot ox2
u(x,0))=x,

,0<x<1,0<t<L1,

u(0,t)y=t,u(1,t)=x

where the exact solution for a=1 is
According to  (10), the assigned
UX,p) =1 —x)t +x(1 + 1) +x(1 — x)INX, p).

ulx,t)=x+t.
DFMLNN  is

Table 7 presents a comparison between the exact solutions and
those generated by the DFMLNN model for various values of
a. As a approaches 1, the DFMLNN solutions closely align
with the exact ones, demonstrating the model's high accuracy
and reliability. Table 8 provides the AEs for a = 1, where the
consistently small values further validate the DFMLNN mod-
el's capability to produce precise approximations with mini-
mal deviation. The convergence pattern of the cost function
for @ = 0.99 is illustrated in Figure 11. A rapid decrease is ob-
served during the initial training phase, reflecting effective
early learning. After approximately 250 iterations, the rate
of decline slows, and the cost function gradually stabilizes,
indicating successful convergence of the training process.
Figure 12 highlights both the absolute error at « =1 and the
cost function behavior at a« = 0.99. In Figure 12a, the absolute
error remains consistently low across the domain, with a max-
imum of approximately 10~°. Figure 12b shows that the cost
function also maintains low values throughout, peaking near
1072 Lastly, Figure 13 visualizes the exact solution alongside
the DFMLNN-generated results for different a values. The
strong agreement between them highlights the model's ro-
bustness and excellent generalization performance.

5 | Conclusion

This study presents a novel hybrid deep learning framework
for solving FPDEs, utilizing a DFMLNN. The proposed ap-
proach introduces a two-phase optimization strategy that
combines the Adam algorithm for rapid initial convergence
with the L-BFGS algorithm for precise fine-tuning. This in-
tegration effectively leverages the complementary strengths

of both optimizers to achieve a robust balance between effi-
ciency and accuracy. A further innovation lies in incorpo-
rating the Laplace transform method to approximate Caputo
space-fractional derivatives, which significantly enhances the
framework's performance compared to traditional methods.
Extensive numerical experiments validate the model's accu-
racy and reliability, demonstrating excellent agreement with
exact solutions and minimal error margins. These results un-
derscore the effectiveness of the DFMLNN model and hybrid
training strategy in solving complex FPDEs. This approach
opens promising directions for future research in scientific
computing and the broader application of deep learning to
fractional DEs.
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