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This study presents a comprehensive investigation of nonlinear wave propagation and
the phase—group velocity characteristics in three-dimensional functionally graded mate-
rial (3D-FGM) skew nanoplates, with a focus on concrete building applications. The
hyperbolic shear deformation theory of higher order is employed to account for the geo-
metrical nonlinear response using Von Karman strain assumption and nonlocal strain
gradient theory (NSGT) capturing the nanoscale size dependency. The nonlinear govern-
ing equations of motion that describe the dynamic behavior under wave excitation are
derived using Hamilton’s principle. Because of the complexity of the system, obtaining
an exact analytical solution is difficult; therefore, an efficient iterative finite element tech-
nique is formulated. More specifically, isoparametric-to-standard element conversion in
the framework allows computational efficiency while minimizing inaccuracies. The model
is validated for some of these cases against the literature, where available, confirming
the ability of this methodology to capture wave phenomena. The effects of gradient
index, nanoplate skewness, nonlocal parameters, and thickness-to-length ratios on the
wave characteristics are also discussed extensively. The results have shown pronounced
dispersion and shifts in mode shapes, which are affected by material gradation, nonlocal
effects. These results are important for wave-based sensing, nondestructive evaluation,
and structural health monitoring of advanced nanostructures. The model proposed here
shows an ability to capture complex waves for high-angle boundaries as well as those that
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demonstrate omega-squared behavior, thus validating the suitability of the approach for
physics-driven materials with complex wave propagation.

Keywords: Nonlinear wave propagation; 3D-FGM; phase and group velocity; nonlocal
strain gradient theory; concrete building applications; higher-order hyperbolic shear
deformation theory.

1. Introduction

Functionally graded materials (FGMs) are crucial for engineering as they offer tai-
lored properties that can be optimized for specific applications, improving material
performancel By varying the composition and microstructure gradually over the
material’s volume, FGMs enhance strength, durability, and resistance to thermal,
mechanical, and environmental stresses’l This property gradient allows engineers
to design components that are more efficient, lightweight, and resistant to failure
under extreme conditions® FGMs are particularly valuable in aerospace, automo-
tive, and civil engineering, where materials are subjected to high-temperature gradi-
ents, mechanical loading, and wear# As the demand for high-performance materials
increases, FGMs provide a versatile solution to meet the complex requirements of
modern engineering challenges

Nonlinear wave mechanics is essential for engineers because it provides a deeper
understanding of wave behaviors in complex materials and structures, which are
often subjected to extreme conditions!® Unlike linear wave theory, nonlinear wave
mechanics accounts for phenomena such as wave amplification, shock formation,
and frequency shifts, which are critical in real-world applications? Engineers can
apply nonlinear wave principles to design more efficient systems for vibration con-
trol, acoustics, and signal processing in industries like aerospace, automotive, and
civil engineering® The study of nonlinear waves also enables the prediction of mate-
rial failure, fatigue, and the dynamic response of structures under nonlinear loading
conditions? As engineering challenges become more complex, incorporating nonlin-
ear wave mechanics ensures more accurate designs and enhanced safety and perfor-
mance. 1V

Stability analysis is a fundamental aspect of engineering that ensures the safety,
reliability, and performance of structures under various loading conditions™' It
involves evaluating how structures respond to external forces and predicting the
point at which they may lose equilibrium, leading to failure or excessive deforma-
tion 2 This analysis is crucial in identifying potential failure modes such as buckling,
vibration instability, or collapse, which can result in catastrophic consequences/l?
Engineers rely on stability analysis to design structures that not only meet safety
standards but also optimize material use, reduce costs, and enhance longevity*
By considering factors like load distribution, boundary conditions, and material
properties, stability analysis helps engineers understand the dynamic behavior of
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structures in both static and dynamic environments!?! The application of stabil-
ity principles extends across various fields, including civil, mechanical, aerospace,
and materials engineering!% In modern design, particularly with advanced mate-
rials like composites and functionally graded materials, stability analysis is even
more critical due to complex interactions between various physical factors, such as
temperature, moisture, and electrical fields.2 Overall, stability analysis serves as a
cornerstone of engineering design, ensuring that structures can perform safely and
efficiently throughout their service life 18 Stability analysis also plays a crucial role
in the development of innovative structural systems, enabling engineers to push
the boundaries of design while maintaining safety and functionalityX? Addition-
ally, with the increasing complexity of modern engineering materials and structures,
advanced stability analysis techniques, including nonlinear and dynamic approaches,
are becoming essential to accurately predict behavior under extreme conditions 2

Nanostructures play a critical role in enhancing the performance and durability
of concrete in building applications1?

In this work, for the first time, this paper investigates nonlinear wave prop-
agation and the phase—group velocity behavior in three-dimensional functionally
graded skew nanoplates, specifically for concrete building applications. Utilizing a
higher-order hyperbolic shear deformation theory (HHSDT), the structural formu-
lation accounts for Von Karman’s geometrical nonlinearity to capture moderate to
large deformations and integrates the nonlocal strain gradient theory (NSGT) to
incorporate nanoscale effects. The governing equations of motion are derived using
Hamilton’s principle and discretized through a refined finite element method. To
enhance computational accuracy and stability, isoparametric elements are trans-
formed into standard elements. Due to the analytical intractability of the non-
linear system, an efficient iterative numerical strategy is developed. The effects
of material gradation, nanoplate skewness, length-scale parameters, and thick-
ness variations are thoroughly examined. The results reveal that nonlocal and
gradient effects significantly influence wave propagation behavior, particularly at
higher frequencies where nonlinearity and nanoscale interactions are most promi-
nent. This study offers valuable insights for the design and dynamic analysis of
advanced FGM nanostructures, with implications for structural health monitor-
ing, ultrasonic sensing, and the development of next-generation concrete-based
nanoengineered devices. The proposed framework demonstrates robust predic-
tive capabilities for wave mechanics in functionally graded nanoplates, captur-
ing both geometric and material nonlinearities. The novelties of this work can
be divided into four fields: (1) First investigation of nonlinear wave propagation
in 3D FGM skew nanoplates for concrete applications. (2) Integration of NSGT
with higher-order shear deformation for nanoscale effects of skew nanoplate. (3)
Refined finite element method with isoparametric-to-standard element conversion
enhances computational accuracy and stability. (4) Comprehensive analysis of
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material gradation, nanoplate skewness, and nanoscale effects on wave propaga-
tion.

2. Effective Material Properties
2.1. Three-directional functionally graded materials (3D-FGM)

As the name suggests, FGM exhibit changes in properties across their struc-
ture. These property changes are typically described using mathematical functions.
Among the various options, the power-law function is the most widely used, partic-
ularly within a Cartesian coordinate framework %!

Bl 2) = Bt (B = ) (3) 7 (5) 7 (05+.3)7

=) (2 (5 0502

a
Ny ny
(@, 4, %) = pm + (Pec — pPm) (%) (%) (05+ h)

Assigning specific values to the power indices n,, n, and n,, effectively removes
material gradation along the corresponding directions. The elastic characteristics
of the two constituent materials forming the functionally graded composite used in
this analysis are listed in Table [I} Given that the study focuses on the dynamic
response of the structure, the mass densities of the materials are also included in
the table. The functionally graded material in question is a metal-based composite,
featuring a nonuniform distribution of aluminum oxide (AloO3) concrete within a

steel fiber-reinforced concrete 2223

2.2. Mathematical modeling

This paper includes the key assumptions and modifications made in the modeling
process. Specifically, Von Karman’s strain assumptions are used to model geomet-
rical nonlinearity, while the NSGT captures nanoscale size-dependent effects. A
continuous material distribution in the thickness direction is assumed to model the
three-dimensional functionally graded material (3D-FGM). Additionally, the har-
monic wave excitation is applied at the surface to study wave propagation. These

Table 1. The material properties of the 3D FGMs rectangular
plate 22123

Ceramic (AloO3 concrete) Metal (Steel fiber-reinforced concrete)

E. = 348.43 x 10° [pa] Epn = 235 x 10° [pa]
ve = 0.2400 U, = 0.2700
pe =2 170 [%] pm = 2 800 [%]
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Fig. 1. Schematic representation of a 3D FGM nanoplate.

assumptions and modifications are necessary to balance computational efficiency
with accuracy in modeling wave dynamics. Consider a skewed plate whose geomet-
ric configuration is illustrated in Fig. [} referenced within a Cartesian coordinate
framework.

2.3. The nonlocal strain gradient theory

Traditional elasticity theory, which relies on local material point assumptions, falls
short in describing the size-dependent responses observed in micro and nanoscale
structures. To address these limitations, advanced frameworks such as nonlo-
cal elasticity and strain gradient theories have been introduced, offering better
insight into scale-dependent material behavior. Each of these models is tailored
to specific scales and application contexts. To leverage the advantages of both
approaches, a unified framework known as the NSGT has been developed and
applied in various studies. The fundamental formulation of this theory is presented
below?!:

0ij = 12 0ijmm = Cijki(ekl — €kt mm)- (2)

In addition to the traditional stress tensor o;;, strain tensor €;;, and elasticity ten-
sor Cj;i; defined in classical linear elasticity, the NSGT introduces two additional
material-specific parameters. These are the nonlocal coefficient p© and the length
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scale parameter [, which accounts for strain gradient effects. The Laplacian opera-
tor in the formulation is denoted using repeated indices as [,,,,. By individually
activating either the nonlocal parameter or the gradient length scale parameter,
one can retrieve the original nonclassical models of nonlocal elasticity and strain
gradient theory, respectively.

(1= p>V?oi; = ti,
(3)

2
0ij = Gjki(€ij — U“€ij.mm),

2 2 .
where V2 = % + %2 represents the Laplacian operator.

2.4. Displacement field and strains
In this work, the displacement field of the sandwich plate is characterized using the
HHSDT, as detailed in the following equation®4:
u(a%l.% %7t) = uO(xaya t) + _‘7:(2)‘(1/1(.%, y7t) + G(Z)u’2(xvyat)7
U(x,% %7t) = UO(x7y7t) + T(Z)Ul(xay7 t) + g(Z)Z}Q(Q?,y, t)a (4)
w(x,% %71/-) = wo(x7y7t)'
Terms wq, vq, tto, 1, 1,2, and vg represent seven unknown displacement
functions defined on the mid-surface of the plate, while 7 (x), G(x) serve as the
thickness-dependent shape functions. Various forms of these shape functions have

been proposed in previous research. In the present study, newly developed hyper-
bolic expressions for #(x) and G(x) are utilized and are formulated as follows?*:

T(%):Q~t&mh<%)—&-<I>-sinh<%z)7 o)
5
ﬁ@:zwith)+®ﬂm<%)

where

B 5hcosh (g)
4 [tanh2 (%) + cosh (g) — 1] ’

B 5h [tanh2 (%) — 1]
4 [tanh2 (%) + cosh (g) — 1] '

The strain fields of the plate are as follows:
e=c'+7el + ng,

Y=F v+ G2+ s
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where
2
U0,z + 05(w07x) Ul,x U2 2
0 _ 2 1 2 _
g = 70,y + 0.5(11}073) , & = U1,y , €&° = vy ,
U0,y + %0,z + wW0,2U0,y Uly + UM,z Uy + V2.2

o w & 7 Y wo. 2
R P R P REAR B RTRE B i B
The linear constitutive relations of the plates are as follows:
oc=De, T=D,, (9)
where

oc={0. 0, Ty} . T={rex Ty}

Ci1 G2 O

Gs O
D= |C2 G2 0|, Dg;=
0 0 c 0 Cua
66 (10)
E(z,y,x) _
Cll - 622 - 1 — (’U x,y7%))27 C12 - U($7y’z)cll’
E(x,y,%)

Caa = G5 = Cop = 21t o(z g, %)

In this context, E(x) represents Young’s modulus, while v denotes Poisson’s
ratio. It is important to note that Poisson’s ratio is considered constant and uniform
for all materials involved. Additionally, the time derivatives of the strain components
are included in the constitutive relations, leading to the final governing equations
expressed as follows:

(1—p2V?) 040 = (1 — PV?)(Cr1€00 + Ci28,y),

(1-p*V?) oy, =(1- lzvz)(clgsm + C2284y),

(1= 12V 7y = (1= BV2)(Caaerye), (11)
(1= 1>V 7, = (1 — zzvz)(c%cm),

(1- 2VQ)TM (1- ZQVQ)(C66c7zy)~

2.5. Hamilton’s principle

The governing equations are obtained through the application of Hamilton’s prin-
ciple, which is expressed in the expanded form below for this specific case?®:

/t (611 — 6T)dt = 0. (12)
0
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The change in strain energy for the present study is expressed as follows:
Ol = / (O’zéEL + Tij(S’}/ij) dV = / [O’zwdé‘xx + O'yy(Sé‘yy + Tyz(S’yyz
1% %

+ sz(S’wa + T$y67zy]dv (13)

The change in kinetic energy for the current analysis is represented as follows:

Ou 06w  Ov dév  Ow 00w

By inserting JI1, and §7 into Eq. , performing integration across the thick-
ness, applying integration by parts with respect to # and g, and grouping the
coefficients of duwq, dw1, dusa, dvg, 0211, v2, and dwrg, the resulting governing equa-
tions are derived as follows:

8%$ 8%2 122

Sug P oy tig — 9701y — Iy %y = 0, (15a)
dvo 32\[;y + 525;( — 950d0 — 970¢ — 95 0de =0, (15b)

A
O : 82‘2&7& _'_ag/zcy — My, — I Mo — {1 — I3 4y =0, (15d)
duy : 32{;‘ + 82[;‘ — My, — I o — 101 — I 2 = 0, (15e)
by : 22 8;’;‘»’ B — Iy — i — i = 0, (151)
s 22 8;’; g — 90— 93 = 0. (15g)

Furthermore, the natural boundary conditions associated with the variations in
displacement components are given by the following equations:

dug=0 or Npzfe+ Npyny, =0, (16a)
dvog=0 or MNp,Ne+ N,yuhy, =0, (16b)

dwo=0 or <%%+%z +%y6 >A

(%x T o, 2 a O 4 Ay, a;;) A, =0,  (16¢)
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Jur =0 or Mypiy + My, =0, (16d)
dv1 =0 or My,n, + M,n, =0, (16e)
dus =0 or Ppuh, + Pyyn, =0, (16f)
dvo =0 or PN, + 2,0, =0, (16g)
where
%m- U.TZ M$$ az.T
Nyy :// Oyy | dV, Myy :/7(’5) X | oyy | dV,
%y_ Tzy Mxy 6uzy
Pro | o
xTxr xTxr o 6 .
[?yy :/g(z)x [ayy dv, e ] :/l “ dV,
%z 0ty
szy_ Tzy ¥
M$ | 6 x 6 z
F7 :/f/(%) < Uy dV, |:?xz:| :/g/(%) Uy dV,
My, | 79 Py 0ty
5} = [ (s ()bl g))dedyds,
595 = /V(T(%) x {1, (%), G(x)}p(2,y, x))dzdydz,
{502,002, 552 = /V(G(Z) x{L, F(x),G(2)} p(@, ¢, %)) dxdydx,
{75”,711}0,7;”}:/‘/({1,%,T(%)}P(m,y,%))dxdyd%,
o) = [ () % 15 (), 6ol ),
{502,002, 5%} = /V(G(%) x {1, F(x), G(%)}p(2z,y, x))dzdydz,
5 = [ (olesg0))dadyis. (17)
v

The equations expressed explicitly through the displacement components take
the following final form:
ONeze | 0Ny

+

(SLLO : (1 - lQVQ) <M 8y

) (1= V)= g0ty — 90y — 901) = O,

(18a)
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0 15)
o (1= 2% (2 4 T8 ) (1= 29 =i - 7~ 557) =0,

Oz
(18b)
8%:{: a%x 3w0 6w0
oz oy (‘Nm N,
dwp : (1 —12V?) 5 5 5
wo wo
"oz (% 5y ) (% oz )
+ (1= p®V2) (=45 10) = 0, (18c)
OM,yy  OM,
. 1 _ 2 2 XX xrY _ .
+(1 - u?V?) <_j%ff° - “1> =0, (18d)
_,72 U2
oM,
Sv1: (1 —12V?) ( Bx Mw>
+ (1= p?V2) (=55 b — 57 b1 — 95 9) = O, (18e)
Sus s (1—12V2) (a?“ 8% ffm)
ox
+ (1= p®V2) (=95 %o — i — 55'%ii2) = 0, (18f)
ov,, 0P
(11202 zy Yy
+ (1= p?V2)(=J5 10 — 97201 — I3 02) = 0. (18g)

2.6. Theoretical formulation and coordinate mapping

The coordinate system of this transformed domain is represented by (£,7). This
mapping process aligns with the standard practice of converting an isoparametric
element into a standard element within the finite element method. The transforma-
tion is carried out using the following relation 20

This approach uses the coordinates of the four corner nodes (z;,y;) for i =
1,2, 3,4 in the physical domain, along with the shape functions #;(£, n) associated
with each node, which are defined as follows2®

7‘& = (_1)i+1(1_5i_§)(1_7li_77)» i:1727314' (19)
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Using the chain rule, the first- and second-order derivatives of any function with
respect to z, ¥ can be converted into derivatives with respect to &, n. Consequently,
the transformation matrices are formulated as follows2%:

*{} *{}
o o) | 9= oy o¢
Oz 1) % *{} 1, go1) 9 1) ()
=7 = —J3 17 - ,
87{} 11 57{} ayg 22 /21711 87{} S22 on?
Ay an 9?{} on o*{}
Dzdy 2}3%)
(20)
in which,
oz by o o
P N
11 %% 9 21 8772 8772 )
on on x 0%y
L 080n 0€0n |
o¢ ¢ ¢ 08
2 2
g = | (9% % 9z Oy (21)
on on on on
dwda Dydy 1(020y Ozdy
L 0¢ On o0& dn 2\ 06 0n  On o)

Using the transformation matrices described above, the equations of motion can
be reformulated within the £ —n coordinate system. Moreover, while the differential
area element is represented as dzdy in the # —y coordinate system, its counterpart
in the transformed computational domain is expressed as follows20:

dady = |51|ddn. (22)

Here, | 411 represents the determinant of the matrix ;.
3. Solution Procedure
Considering the problem’s geometry and boundary conditions, an effective approach

for the solution is to express the displacement using a harmonic representation, given
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by the following equation?”:

wo = Upexplkx + ky)i, vo= VYoexplkx + ky)i, wo= Wpexp(kz + ky)i,
w1 = U explkz + ky)i, v1=Nexplka +ky)i, ws= Uexplkz+ ky)i,
vo = Vhexp(kz + ky)i.
(23)

Substituting Eqs. (17), (20), (1), 2), and into Eqs. (18a)—(18g)) leads to
the derivation of a system of ordinary differential equations.
Ko Uo(t) + KioVo(t) + Kz Wo(t) + Kia Wi (t) + Kis Wi (t) + Kig i (t)
+ Kir Us(t) + KisVa(t) = 711 Uo(t) + 7212V (t) + 7213 W (L) + 722140 (1)
+mis V(L) + mieUa(t) + 17 V5(t), (24a)
Kor Uo () + Koo Vo(t) + Koz Wo(t) + Koa Wi (t) + Kos Ui (t) + Kas Vi (t)
+ Koy Un(t) + KosVa(t) = 77201 Uo(t) + 77222V (t) + 7203 W (L) + 72224 L1 (2)
+ 125V (L) + 17226 Un (t) + 77297 V5 (1), (24b)
Ka1 Uo(t) + KooV (t) + Kazs Wo(t) + Koa Wi (t) + Koz Wy (1) + Kae T (t)
+ K7 V1 (t) + Kag Ua(t) + Kzo Va(t) + K10 Uo(t) Wo(t) + K11 Vo (t) Wo(t)
+ Ka12 U (1) Wo (t) + Ka13 V1 (1) Wh(t) + Kara Ua(t) Wo(t) + Ka15Va(t) Wh(t)
= 31 Uo(t) + 7232V (t) + 1233 Wo () + 7234 Ty (t) + 17235V () + 77236 s (1)

+ 7 1A(t), (24c)
Kur Uo () + Kaz Vo(t) + Kaz Wo(t) + Kaa Wi (t) + Kus Ui (t) + Kas W (2)

+ Kir U (t) + KasVa(t) = 7241 Uo () + 77242V () + 7243 Wo (t) + 744 Thi (1)

+ s Vi (t) + 746 Ta () + 247 95(t), (24d)
Ko Uo(t) + Koo Mo (t) + Koz Wh () + Koa W (1) + Koz U (1) + Kee A (1)

+ Kor o (t) + KosVa(t) = 751 TUo(t) + 752V (t) + 7253 Wh(t) + 254 T (2)

+ 55 V(L) + 256 Un (t) + 7257 V5 (1), (24e)
Ko Uo(t) + Koo Mo (t) + Koz Wh () + Koa Wy (t) + Kos U (1) + Koo A (1)

+ Ko7 Un (t) + Ko Va(t) = 7261 Uo(t) + 7262V () + 17263 W (t) + 72641 (1)

+ a5 Vi (t) + 266 o (t) + 7267 T5(1), (24f)
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K Uo (1) + Kaa Vo (t) + Kea Wo(t) + Kea W (1) + Kas Us (t) + Kas VA (1)
+ Ky Un(t) + Kes Vo (t) = 7281 Uo (t) + 17282V (t) + 7283 Wo(t) + 77284 Tl (2)
+ 783N (t) + 7286 Ua (t) + 77287 V5 (1) (24g)
Since the inertia terms g(t), ¥(t), Wo(t), @ (t), T (t), Ux(t), and %5 have

negligible influence, they are omitted from Egs. (24al), (24b]), (24d)), (24e), (241,
and (24¢g). These equations can then be solved independently, and the resulting

solutions are substituted back into Eq. (24c).
Wo(t) + I Wo(t) + RWg(t) + T3 W (t) = 0. (25)

Here, 7, through 73 represent both linear and nonlinear components related to
Wp. Using the harmonic balance method, %, can be approximated by the following

expression:
M
Wh(t) = Aycos(£n). (26)
k=0
In this expression, 2y is a constant, while 2;(¢ = 0,2,3,..., M) are unknown

functions that vary with time. The variable 7 is defined as wt + 6, where 0r repre-
sents the initial phase angle, and w denotes the nonlinear natural frequency of the
nanoplates. Since the amplitude of the nanoplates depends on this nonlinear fre-
quency, w itself is time-dependent during damped vibrations, expressed as w = w(t).
For the following analysis, the parameter M in Eq. is set to six, so the equation
can be rewritten accordingly.

W(t) = (Ao + Ay cosn + As cos 20 + Az cos 31 + Ay cos 47
+ A5 cos 5n + Ag cos 67). (27)

By substituting Eq. into Eq. and equating the coefficients of cos(kn)
to zero, the following equation is derived.

dw\”
cos(#£n) : {'yn — 52 (w + tdt) } s +712Re1 + 113R42 = 0,
(£=0,1,2,3,4,5,6). (28)

Here, y11 = %1, Y12 = % and ;3 = J3; the functions K1 and Rgo are associated
with the parameter %y, with their detailed forms given in Eqgs. (29al)—(29u)).

1 1 1 1 1 1
Ri1 = 207 + A1 Ao + AsAg + A3Ay + AR5 + AU, (29b)
1
Ry = ig[f + 2, 2As + 2ApAs + AoAy + AzA5 + Ay Ag, (29¢)
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R31 =

Roz2 =

22023 + A Ag + A1 Ay + AoAs + A3As, (29d)
%mg + AoAg + 2AoAg + AqAg + A As, (29¢)
= 25 + A Ag + AoAs + 21 A, (29f)
= %2{3 + 22026 + 2125 + Aoy, (29g)
A + memz - ngm + ngmﬁ + gmomf + gmomé + 2%2@
+ g%mﬁ - ;momg + ;momg + gmlmgmg + %mlmgm - gmlmms
22158 + 5 W5 + S, (20h)

3. 3 3 3 3 3
= ZQ({‘ + 3221, + 12@% + 12{39(3 + ZQ@% + 12@2(5 + 5%%@

+ gw@, - ;mlmi + gmlmg + gm{g + 30201 Ao + 3AoAoAs
3 3
+ 320 AW + 3AoWaAs + 3AoAs Ao + 521 Ao + 52 AsAs

3 3 3 3 3
+ 5911914916 + 59[29[3914 + imzm:ﬂl@' + 5912914915 + §Ql2m5916

3
+ §9l3914916, (291)

= %mg + 32215 + 22@% + 22@2(4 + 29{5% + %mgm + Zmi%

+ gmomf + ;%9@ + gmzaﬁ + g%mg - g%mg + 320020, 23
3 3
+ 320U + 3AAsAs + 3AoAsAg + 521 AaUs + 52 AU

3 3 3 3 3
+ §Ql19139[4 + 59(1913916 + 5911%19[5 + §9l19159[6 + §Ql39[49[5

3
+ §Ql39159167 (29j)

1 3 3 3 3 3
= 191% + 1?@ + 3202203 + 52@2{3 - 1212{9(5 + 59[5913 + 1913215

+ Zmlmg - gmgmi + %mgm‘g + gmgmg + 3200 2A;Aa + 3AA; Ay
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3 3 3
+ 3%[09[29[5 + 39[09[39[6 + 5%[19[29[4 + 59[19[2916 + 5%19[39[5
3 3 3 3 3
+ 52[1914Ql6 + 5912913Ql4 + 52[291@15 + 59129l5916 + 59[49159%,
3. 3 3 3 3 3
Raz = UG+ 332, + JATAy + TARA + T + ZAA, 4 SAA,
3 3 3 3 3
+ ngmﬁ + 5%9@ + 1%9@ + 59149@ + 59(42[3 + 3202, Az
3 3 3
+ oA A5 + 3ApAAs + 52[19122[3 + 59119[2915 + 59112l39[6
3 3 3 3
5 WA U5+ 5 AoAaU + 5 AsAas + 5 AUz A,
3 3 3 3 3 3
Rsp = T3+ 3ALAs + AT + JATAs + TALAs + ZATA; 4 SATA;
3 2 3 2 3 2 3 2
+ 02+ JAT + AT+ DA + 3o A + 3AoWa A
3 3 3 3
+3UAoWs + S WA + 5 AaAg + 5 AoWss + 5 Ao
3 3
5 As s + 5 AaAs s,

1 3 3 3 3 3
Rgy = ng’ + 322206 + 52@% + ZQ@%‘ + 52@% + 5%{32[6 + 52@1%

(29K)

(291)

(29m)

3 3 3 3 3
+ ng% + ng + 5%%@ + Z%mi + 19142@ + 32021 A5 + 3AA2Ay

+ gﬂﬂlﬂlg + 29119129[5 + 2911913914 + 29‘29[39[5 + 2913914215,
%(fé) ) m(ﬁ)m
5’{1 Rl()%) 19@7
R = &) - S,
Kg(/é) _ %2 79129[( )

~ (% % %
K4(2) :9{4(2)*59@2[4(1 )7
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= (% 7 3 VA
= (£ v 3 VA

It is important to highlight that the coupled nonlinear equations presented in
Eq. are of particular significance. Due to their complexity, obtaining exact
analytical solutions is nearly impossible. Therefore, an efficient iterative approach
is employed to solve them, as outlined below:

A+ {2 (AU — = V211) + 713;%2 R — R}
(£2 — D)y Ay + 250523

(£=0,2,3,4,5,6).  (30)

)

In this context, ®\” (for I = 0,1,2,3,4,5,6; n = 1,2; i = 0,1,2,...) repre-
sents the value of the ith iteration for ®;,, and the variable 7%5(21) is defined in

Eqgs. (29aH29u]). Furthermore, the parameter d4 in Eq. is given by the following
equation:

(31)

s, [t A<,
AT\ -1, if A > 1

The nonlinear natural frequency of a temperature-dependent functionally graded
viscoelastic nanoplate can be determined by substituting the expressions for 2;(i =
0,2,3,4,5,6) into Eq. , specifically for the case when £ = 1.

%fot \/%1 n 7127(11@); Y13 R12(t) dt,  t>0
w(t) = ' . (32a)
\/711 + Y12Ri1(t = 0) + y13Ri2(t = 0)’ f—0
Ay
%fot \/1 n 7127(11(72 +m7139(12(t)dt’ £>0
w(t) Jwo = s . (32b)
\/1+7129(11@:0)‘*"71317(12(75:0), f=0
Y1124

The linear natural frequency of the nanostructure, denoted by wp, is defined

as wo = /7,,- By applying Egs. , (322), and (32b)), the expression for %} in
Eq. can be simplified to a form that depends only on two unknowns: 2; and
f. To determine these coeflicients, the following initial conditions can be applied:

Wo(t = 0) = A*/h, (33a)
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% = 0. (33Db)
t=0
Here, 20* denotes the initial displacement. At this stage, all variables have been
determined, including 6 and the coefficients ; for i = 0, 1,...,6. With these results,
the nonlinear natural frequency of the nanoplate can be readily evaluated using
Egs. and . Moreover, the nonlinear phase, and group velocities can be

calculated using the following equation®:

Phase velocity = %,
(34)
. dw(t)
G locity = ——.
roup velocity I

4. Results and Discussion
4.1. Validation

Table [2| presents a comparative analysis of circular frequencies (w) for various wave
numbers (k), computed using the present study against values from Refs. 29H31L
The material and geometric parameters are consistent across all sources: Poisson’s
ratio (v = 0.3), Young’s modulus (E = 210 GPa), density (p = 7480kg/m?), and
plate thickness (h = 0.01m). The wave numbers analyzed range from 2 to 23. While
this study validates the model against existing numerical results, we acknowledge
the absence of experimental data for further validation. Due to the lack of experi-
mental test data for wave propagation in FGMs at the nanoscale, this study relies
on comparisons with published numerical studies. As shown, the present method
yields frequencies that closely align with those from the referenced works, exhibit-
ing minimal deviation. For instance, at k = 11, the present result is 3824.08, while
Refs. 29H31|report 3869.44, 3880.28, and 3863.09, respectively. This close agreement
highlights the accuracy and reliability of the proposed methodology. The slight dif-
ferences observed can be attributed to numerical precision, solution methods, or
boundary condition implementations. These findings substantiate that the model
effectively captures the dynamic response of the system under study. However, the

Table 2. Comparison of the current findings for circular frequencies (w) with those reported in
Refs. [29-31] (v = 0.3, E = 210 [GPa], p = 7480[KG/m?3], h = 0.01[m]).

Wave number (k) 2 5 8 11 14 17 20 23
Present 126.89 792.57 2026.68 3824.08 6177.12 9077.80 12514.68 16475.00
Ref. 29 128.46 802.28 2050.90 3869.44 6250.88 9186.18 12664.47 16673.20
Ref. [30 128.27 801.71 2052.38 3880.28 6285.41 9267.77 12827.37 16964.19
Ref. 31 128.26  800.97 2047.55 3863.09 6240.55 9170.85 12643.1 16644.5
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Fig. 2. The wave propagation characteristic as a function of the power index n, = n, = n. for
different dimensionless length scale parameters.

absence of experimental validation remains a limitation, which will be addressed in
future work through comparisons with available experimental data, if accessible.

4.2. Parametric result

Figure [2(a) presents the group velocity (1000-3500m/s) as a function of the
power index n, = n, = n, for different dimensionless length scale parameters
(% = 0,0.05,0.1,0.15). The results demonstrate that increasing the power index
reduces phase velocity, indicating that stronger material gradation slows wave prop-
agation. The inclusion of length scale effects (I/h > 0) further decreases phase veloc-
ity, highlighting the significance of small-scale interactions in nanostructures. The
HHSDT effectively captures these trends, confirming its superiority over classical
elasticity models. The reduction in group velocity with higher [/h suggests that
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nonlocality introduces additional wave dispersion, which is crucial for seismic wave
analysis in nanostructures. The smooth, consistent curves validate the model’s abil-
ity to handle bidirectional FGM while accounting for nonlocal and strain gradient
effects. This figure underscores the importance of considering both material hetero-
geneity and nanoscale physics in dynamic structural analysis. Figure b) illustrates
phase velocity variations with respect to the FG power index for different length
scale parameters. The higher velocity range compared to Fig. [2| suggests a differ-
ent structural configuration or boundary condition. The results show a consistent
decline in phase velocity with increasing FG power index, reinforcing the impact
of material gradation on wave speed. Nonlocal effects further suppress phase veloc-
ity, demonstrating their damping influence. The HHSDT model accurately predicts
these trends, confirming its ability to handle complex material distributions and
nanoscale effects. The nonlinearity in the curves at lower FG power index val-
ues indicates strong sensitivity to length scale interactions, which is critical for
high-frequency wave propagation. This figure highlights the necessity of advanced
theoretical frameworks, such as ¢-3DHT, for precise seismic response predictions in
nanostructures. Figure c) illustrates the ratio of group velocity to phase velocity
(0.38-0.54) as a function of n, = n, = n,. The results show a gradual decline
in the ratio with increasing n, = n, = n,, indicating enhanced dispersion in
steeper material gradients. The HHSDT model accurately predicts this behavior,
demonstrating its capability to analyze wave energy transmission in functionally
graded nanostructures. The figure provides valuable insights into the role of mate-
rial gradation in modulating wave dispersion, which is critical for seismic engineering
applications.

Figure [3[a) examines group velocity (1000-3500m/s) as a function of the FG
power index for varying nonlocal parameters. The results show that a higher FG
power index and p/h reduce group velocity, indicating slower energy propaga-
tion in steeper material gradients and stronger nonlocal interactions. The nonlin-
ear behavior at a low FG power index suggests dominant nonlocal effects, while
the smoother decline at higher values reflects material gradation’s influence. The
HHSDT model successfully predicts these trends, confirming its robustness in
analyzing wave energy transmission in nanostructures. The findings are particu-
larly relevant for seismic engineering, where accurate group velocity predictions are
essential for understanding wave attenuation and energy dissipation in advanced
materials. Figure b) presents the relationship between maximum velocity and the
power index for different nonlocal parameters (u = 0.05,0.1,0.15) in functionally
graded nanostructures. The results demonstrate several key trends regarding wave
propagation characteristics in these advanced materials. The data shows that max-
imum velocity decreases significantly with increasing nonlocal parameter u, with
values ranging from approximately 3500m/s at p = 0.05-2000m/s at p = 0.15
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Fig. 3. The wave propagation characteristic as a function of the power index n, = n, = n. for
different dimensionless nonlocal parameters.

when n, = n, = n, = 0. This reduction in wave velocity highlights the substan-
tial influence of nonlocal effects on dynamic behavior, where stronger nonlocality
(higher ) corresponds to greater wave attenuation and dispersion. The trend is
consistent across all power index values, indicating that nonlocal effects remain
dominant regardless of material gradation. Furthermore, the figure reveals that
increasing the power index (n, = n, = n,) from 0 to 5 leads to a gradual decrease
in maximum velocity for each p value. This suggests that material property gra-
dation, represented by the power index, interacts with nonlocal effects to modify
wave propagation characteristics. The most pronounced velocity reduction occurs
at lower power indices (0 < n, = n, =n, < 1), with the curve flattening at higher
values. These findings have important implications for the design of functionally
graded nanomaterials in seismic applications. The combined effects of nonlocality
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and material gradation must be carefully considered when predicting wave propa-
gation behavior, particularly for high-frequency vibrations where these factors sig-
nificantly influence energy transmission and dissipation. The results underscore the
need for advanced theoretical models, such as the HHSDT, that can accurately
capture these complex interactions in nanostructured materials. The smooth, well-
defined curves in the figure validate the robustness of the computational approach,
providing reliable data for engineering applications where precise control of wave
propagation is required. This analysis contributes to the fundamental understanding
of wave mechanics in functionally graded nanostructures, offering valuable insights
for material design and optimization in seismic-resistant applications. Figure c)
presents the ratio of group velocity to phase velocity against FG power index for
different p/h values. The decreasing ratio with increasing FG power index indicates
greater wave dispersion in strongly graded materials. Nonlocal effects (11/h > 0) fur-
ther reduce the ratio, highlighting their damping role in wave energy transmission.
The HHSDT model accurately captures these trends, demonstrating its effectiveness
in predicting dynamic responses in 3D-FGM nanostructures. The results emphasize
the importance of considering both material gradation and nanoscale effects in seis-
mic wave analysis. This figure provides critical insights for designing nanostructures
with controlled wave dispersion and energy dissipation properties.

Figure [4[a) depicts group velocity (1000-8000m/s) as a function of wave num-
ber for different length scale parameters (% = 0,0.005,0.01,0.015). The results
show that higher I/h values increase group velocity, reflecting the stiffening effect
of strain gradients. The HHSDT model effectively reconciles these trends with
nonlocal effects, providing a comprehensive understanding of wave dynamics in 3D-
FGM nanostructures. The figure highlights the model’s accuracy in predicting high-
frequency wave responses, which is essential for seismic-resistant material design.
Figure [d|b) depicts phase velocity (2000-16000m/s) as a function of wave number
(0-1001/nm) for different I/h values. Unlike nonlocal effects, higher [/h increases
phase velocity, indicating a stiffening effect due to strain gradients. The HHSDT
model reconciles these competing mechanisms (nonlocal softening versus strain gra-
dient hardening), providing a comprehensive understanding of wave propagation in
3D-FGM nanostructures. The results highlight the model’s ability to predict high-
frequency wave responses accurately, which is crucial for seismic applications. The
figure underscores the necessity of advanced theoretical approaches in analyzing
nanostructures under dynamic loading conditions. Figure c) plots the ratio of
group velocity to phase velocity against wave number (0-1001/nm) for different
dimensionless length scale parameters (% = 0,0.005,0.01,0.015). The decreasing
trend in the ratio with increasing wave number confirms strong wave dispersion.
Higher [/h values reduce the ratio, emphasizing the role of strain gradient effects in
wave energy transmission. The HHSDT model effectively captures these dispersion
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Fig. 4. The wave propagation characteristic as a function of the wave number for different dimen-
sionless length scale parameters.

characteristics, demonstrating its capability to model high-frequency wave behav-
ior in 3D-FGM nanostructures. The results suggest that microscale interactions
significantly influence wave propagation, particularly in seismic applications where
dispersion effects are critical. The figure validates the model’s accuracy in predicting
dynamic responses, making it a valuable tool for nanoengineered material design.
Figure a) presents group velocity variations with respect to wave number
for different nonlocal parameters. The results show that higher u/h values reduce
group velocity, indicating slower energy propagation due to nonlocal interactions.
The HHSDT model accurately predicts these trends, confirming its ability to handle
nanoscale effects in wave dynamics. The figure underscores the significance of non-
locality in modulating wave energy transmission, particularly in seismic-resistant
nanomaterials. The smooth, consistent curves validate the model’s robustness in
analyzing complex wave behaviors under varying material and scale conditions.
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Fig. 5. The wave propagation characteristic as a function of the wave number for different dimen-
sionless nonlocal parameters.

Figure [5(b) depicts phase velocity (0-12000m/s) as a function of wave num-
ber for different u/h values. The results reveal that nonlocal effects significantly
reduce phase velocity, demonstrating their softening influence on wave propaga-
tion. The HHSDT model effectively reconciles these effects with material gra-
dation, providing a comprehensive understanding of wave dynamics in 3D-FGM
nanostructures. The figure highlights the model’s accuracy in predicting high-
frequency wave responses, which is essential for seismic engineering applications.
The findings emphasize the need for advanced theoretical frameworks to capture
nanoscale interactions in dynamic analyses. Figure c) illustrates the ratio of
group velocity to phase velocity (0.1-0.6) as a function of wave number for dif-
ferent nonlocal parameters (% = 0,0.05,0.1,0.15). The decreasing trend in the
ratio with increasing wave number indicates strong wave dispersion, particularly at
higher frequencies. Nonlocal effects further reduce the ratio, demonstrating their
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damping influence on wave energy transmission. The HHSDT model effectively
captures these dispersion characteristics, highlighting its capability to predict
dynamic responses in 3D-FGM nanostructures. The results emphasize the impor-
tance of considering nonlocal interactions in high-frequency wave propagation,
which is critical for seismic applications. This figure provides valuable insights into
the interplay between material properties and nanoscale effects on wave disper-
sion.

5. Conclusion

This study has investigated the nonlinear dynamic stability and phase/group
velocity characteristics of waves in three-dimensional functionally graded skew
nanoplates, specifically for concrete building applications. A HHSDT has been
employed to model the structural behavior, accounting for von-Karman geomet-
rical nonlinearity to capture large deformations, while the NSGT has been inte-
grated to address nanoscale effects. The governing equations of motion have been
derived using Hamilton’s principle and have been solved numerically through
an advanced finite element method, where isoparametric elements have been
converted to standard elements to optimize computational stability and accu-
racy. Due to the nonlinear nature of the system, an efficient iterative solu-
tion strategy has been developed and validated. This study has investigated
the nonlinear dynamic behavior and wave propagation characteristics of waves
in functionally graded skew nanoplates. Key findings have shown that material
gradation, nonlocal effects, and nanoscale interactions have significantly influ-
enced phase and group velocities, particularly at higher frequencies. The HHSDT
model has provided superior accuracy over traditional models in predicting
wave behavior in such materials. These insights have proven crucial for seis-
mic engineering, structural health monitoring, and nondestructive testing. Future
research could explore multi-field coupling effects, temperature dependence, and
anisotropy, further advancing nanostructure design for optimized dynamic perfor-
mance in engineering applications. Here are five highlights based on the current
results:

(1) Material gradation decreases both phase and group velocities, especially with
higher FG power indices.

(2) Nonlocal effects significantly reduce phase and group velocities, emphasizing
the impact of nanoscale interactions.

(3) Lower FG power indices show greater sensitivity of phase velocity to material
gradation and nonlocal effects.

(4) Group and phase velocity ratios decrease as the FG power index increases,
indicating enhanced wave dispersion.
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(5) Higher u/h values lead to slower energy propagation, highlighting the influence

of nonlocal interactions on waves.
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