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Propagation of optical solitons
and dispersive solitary wave
structure in complex media to the
nonlinear integrable system via
computational technique
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Mohammed El-Meligy®’, Nazar Mohammad®* & Khalid A. Alnowibet®

The nonlinear complex Shynaray-IIA (S-11A) system is investigated in the present study. The main
objective of this research to explore optical soliton solutions of the nonlinear complex Shynaray-IlA
system using the auxiliary equation method. The obtained solutions exhibit novel and diverse physical
structures, including periodic waves, peakon dark, bell bright, kink waves, peakon bright, anti-kink
waves, bell dark, breather solitons, mixed bright and dark, mixed kink bright and dark, and mixed anti-
kink bright and dark wave solitons. Furthermore, using Mathematica software, three-dimensional,
two-dimensional, and contour plots have been generated to illustrate the physical behavior of the
derived solutions by assigning appropriate constant parameters through symbolic computation. The
obtained solutions are original, novel, and have not been previously examined for the Shynaray-

IIA system. These results are expected to be useful for studying nonlinear phenomena in physical
sciences and engineering. The proposed method is significant for addressing new problems and
applying previously untested approaches, leading to the derivation of several exact and optical soliton
solutions. The results demonstrate the simplicity, power, and efficiency of this technique for analyzing
a variety of nonlinear problems in both real and complex forms.

Keywords Optical solitons, Nonlinear Shynaray-1IA system, Auxiliary equation method, Symbolic
computation, Solitary wave structure, Analytical solutions.

Nonlinear equations play a vital role in engineering, science, and modern technology. Since linear theory has
its limitations, it has become necessary to employ nonlinear analysis to study the dynamics of multi-scale and
complex systems. Nonlinear partial differential equations (NLPDEs) form a fundamental part of nonlinear
theory and have been widely used to investigate nonlinear phenomena in diverse fields such as quantum physics,
chemistry, optical fibers, biology, nonlinear dynamics, computational fluid dynamics, ocean engineering,
nonlinear optics, quantum mechanics, fluid mechanics, communication systems, and optical systems, among
others!=. It is not only important to understand the analysis of NLPDEs (including integrability analysis and the
construction of exact solutions), but such analyses are also essential in many practical contexts. The extensive
applications of nonlinearities across research communities highlight their significance and establish them as
a crucial domain within the mathematical sciences. Consequently, in recent years, there has been a notable
increase in research focused on exploring soliton solutions of NLPDEs. Whether a soliton is temporal or spatial
depends on whether the localization of light occurs in time or in space during wave propagation.
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Over the past several decades, extensive research has been conducted on nonlinear evolution equations
(NLEEs)®. These equations have numerous applications across various areas of nonlinear science, including
physics, mechanics, fiber optics, hydromechanics, and other disciplines that employ such models to describe
complex physical processes'?!4. Nonlinear equations are widely used in mathematical physics and engineering
and have gained considerable importance, thereby driving the need for comprehensive understanding and
analysis. Optical solitons, which are localized solitary wave packets, play a significant role in enabling high-
speed data transmission through fiber optics and powering all-optical devices. The convergence of mathematical
sciences, computational technology, and practical applications highlights the growing prominence of nonlinear
partial differential equations in modern scientific research. One field that has recently attracted significant
attention is the study of optical solitons in nonlinear materials.

The use of symbolic computations has also led to the development of numerous effective methods for obtaining
soliton solutions in a wide range of nonlinear systems'>~!°. Examples of such models include the nonlinear
Schrédinger equations?®-%2, the fractional Phi-4 equation?, the Nizhnik-Novikov-Veselov equation®*?°, the
Manakov equation?, the Akbota equation?’, the Whitham-Broer-Kaup equation?3, the Kadomtsev-Petviashvili
modified equal width equation?, and the integrable Kairat-X equation®. Nonlinear models are extensively
applied in diverse fields such as neural networks, economics, natural sciences, data analysis, image processing,
optics, plasma physics, and fluid dynamics. Optical solutions of NLPDEs have been derived through a variety
of analytical techniques. These include the generalized exponential rational function approach®', improved
modified extended tanh function approach™, the (G' /G)—expansion approach??, auxiliary equation approach™,
trial equation method®®, the planar dynamical system approach’, extended simple equation approach®-%,
modified Sardar sub equation approach?’, sine-cosine method*!, improved F-expansion approach®’, exp
(—®(n))—function technique®’, Kudryshov auxiliary equation approach®!, the extended modified rational
expansion approach?>#, the Riccati Bernoulli sub optimal differential equation approach?’, extended direct
algebraic mapping approach?, and modified extended auxiliary equation mapping method*. Other techniques
have also been employed to solve various nonlinear models, such as sensitivity analysis and finite-difference
time-domain methods®>>!. These approaches are among the most widely accepted methods for generating exact
solutions of NLPDEs. Solitary wave solutions can be obtained from different nonlinear scenarios using relatively
simple procedures. Moreover, these methods have the advantage of being applicable to problems involving large
balancing numbers.

The integrable S-IIA equation is a nonlinear partial differential equation that plays a prominent role in
quantum field theory and quantum mechanics. It describes the behavior of elementary particles as well as the
propagation of dislocations in crystals. Research on the S-IIA equation has primarily focused on the recurrence
nature of initial states, optical soliton interactions in collisionless fluids, solitons in condensed matter physics,
and nonlinear wave equations.

In this study, the proposed complex nonlinear Shynaray-I1A system is given as>?~>:
iqr + gzt — 1(vq)e =0,
iry — rae — i(rv)e =0,

2

K (gr)e = 0.

w

(1)

(2

Here, 1t and @ are constants, while v, r, and q are the complex unknown functions that depend on the spatial
variable x and time ¢. In the past, several studies have investigated the S-IIA equation using different approaches.
Recently, Faridi et al. explored soliton solutions of the S-IIA equation by employing the Sardar sub equation and
extended direct algebraic approaches. Tipu et al. obtained soliton solutions of the S-IIA equation through the
®%—model expansion technique®. Altalbe et al. derived exact fractional soliton solutions of the M-fractional
S-IIA equation using three schemes, namely the exp, function method, the modified simple equation method,
and the Kudryashov approach®. Khan et al. studied exact solutions of the S-IIA equation based on the improved
Sardar sub equation approach®. Amer et al. determined soliton solutions of the nonlinear S-IIAE via the
modified extended tanh scheme™.

In this investigation, we examined various structural soliton and solitary wave solutions including peakon
dark solitons, bell bright solitons, kink waves, peakon bright solitons, anti-kink waves, bell dark solitons, mixed
bright and dark solitons, mixed kink bright and dark solitons, mixed anti-kink bright and dark solitons, and
diverse forms of periodic wave solitons for the nonlinear complex S-ITA equation by employing the auxiliary
equation approach. The main focus of this research is the examination of optical soliton solutions, which has
broadened to encompass a variety of physical domains. The auxiliary equation method is one of the most widely
accepted techniques for constructing soliton solutions of nonlinear partial differential equations®”%. Soliton
solutions can be extracted from different nonlinear equations using this simple approach, which offers the added
advantage of being applicable to problems involving large balancing numbers. The remaining sections of the
present study are organized as follows: Section 2 provides a brief description of the proposed methodology,
namely the auxiliary equation method. Section 3 presents the mathematical formulation of the proposed system.
Section 4 applies the proposed approach to the governing model to examine the varieties of soliton solutions.
Section 5 offers a graphical explanation of the obtained solutions. Section 6 discusses the novelty and innovation
of the work. Finally, Section 7 presents the conclusion and outlines the study’s perspective.

Brief description of proposed methodology

The nonlinear equation with partial derivative of space and time consider as:
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R(q7 qtaq17qtt7qrzy~--) =0. (2)

While R called function of polynomial to the ¢¢, ¢ . To get the nonlinear ordinary differential equation (NLODE),
then apply the transform of wave as:

q(m,t):h(g)ei@, O =—kx+At+E, (=x— pt. (3)

Where k, A, Z, and p are parameters. Substituting Eq.(3) in Eq.(2), then obtained nonlinear ordinary differential
equation (NLODE).

S (R, he, hees heee, o) = 0. (4)

Let us the solution in generalized form of Eq.(4) given as:

Q)= big' Q). (5)
i=0
The function ¢(¢) satisfying the given equation.
(¢©) = 71620 + ¥26°(0) + Vs (0). ©
While V1, Va2, V3, are parameters. The Eq.(6) having these exact solutions as: Case-I
V1Vasech? (@)
p(z) =— when V; > 0.

2
V2 - V1V (1 — tanh (7@))

Case-I1

B 2V 1sech (\/V71C) when V3 —4V1Vs > 0.

P = V3 —4V1V;5 — sech (VV1() - Vo

To calculate the value of integer # then apply the homogeneous balance rule on Eq.(4). Substitute the Eq.(5)
in Eq.(4) and collect each cofactors of ¢°((), then to secure the algebraic equations then make each cofactors
equal to zero. To calculate the unknown values to solve the algebraic equations through any computation tool.
Inserting the calculated values in Eq.(5) and examined the exact solutions of Eq.(2).

The complex nonlinear Shynaray-lIA equation
Ifr = €, (e = £1), then S-1IA equation secured in this form as:

iqt + qot — i(qv)x = 0,

2 (7)
ne 2\ _
Uz — = (|CI\ )t =0.
While @, 1 and € are ordinary parameters. The wave transformation taken as
a(z,t) = n(Q)e'®,  v(a,t) =v(0), ®

O=—kr+At+Z, =z — gpt.

Where k, =, p, A are called the ordinary constants. Set the Eq.(8) in the first part of Eq.(7). We separate
imaginary and real parts secured as:

oh + AL — K)h+ rshp+i (A — p(1 — k)R —hp—hp =0. ©)
’ 2 ’
W+ 2 o, (10)
w
We integrate the Eq.(10), secured as:

I ) (1n)

w

Set Eq.(11) in Eq.(9), we separated the real and imaginary parts then secured the real part as:
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" 2
ol + A1 —r)hi— SR B 0. (12)
w
Imaginary part secured as:
’ 2 "o’
(A—p(1—r)h +3p%h - (13)

Construction of optical soliton solutions of governing model
Applied homogeneous balance rule on Eq.(12), examined n = 1. The generalized solutions given as:

h(¢) = bo + bip(C). (14)

Substitute the Eq.(9) in Eq.(8) and collect each cofactors of ¢*((), then secured the algebraic equations by
making each cofactors equal to zero. Solved these equations through Mathematica tool and calculated the
unknown values as:

Set-1
V@ V2 V@ V3 (Va +12V3)
bp=——F—"—F7——, h=——"—F+——, k=1, Vi = 2 (15)
22/ Vo Ve 32V3
The optical soliton solutions are examined in complex functions form of Eq.(1) through inserting the Eq.(15)
into Eq.(14).
Vaovo@ (V% —V1V3 <(tanh (%\/V1(95 — pt)) — 1)2 + 4sech? (%\/Vl(:r — pt))))
q1 (.T,t) =
2v2/ev/Vap (V1 Vs (tanh (3v/Vile - o) —1)° - V3) (16)
ei(—rw:+At+E)’
(1) pep? [ Va/m (V% —Vi1Vs ((tanh (%\/Vl(x — pt)) — 1) 2 + 4sech? (1 (x — pt
vi(x,t) = — ——
= 2V2Vey/Vap (V175 (tanh (2v¥i(e - pt) - 1)° - V3)
Ez(me»AH»E)7
(1) Vavw (V% —V1Vs ((tanh (%\/Vl(x - pt)) - 1) 2 + 4sech? ( VVi(z — pt
q2\T, = -
2v2/eV/ Vs (V1V3 (tanh (%\/Vl(x - pt)) ) - V2
ei(fer»AH»E)’
(z.1) pep? Vavw (V% —V1Vs3 ((tanh (%\/Vl(:r - pt)) - 1) 2 + 4sech? ( (z — pt
vo(x,t) = — —— [ —
: w 2v2v/ev/Vapu (V1V3 (tanh (%\/Vil(x — pt)) - 1) 2 — (19)
ei(—mc+Af,+E)7
Set-II
2 -
bo — Va/@ B = V2V V3@ K1 V= V3 (Va2 +12V3) (20)

22/ Vo  ew 32V3

The optical soliton solutions are examined in complex functions form of Eq.(1) through inserting the Eq.(20)
into Eq.(14).

8V1V3sech(ﬁ(z—@t))

Vo -V

(z,t) (VZ V3’4V1V3+56Ch(v Vl(z’m)) 2) i(— kot At+E) (21)
z,t) = e ,

@ 2v2v/eV/Vap

2

_ 8V1 Vssech(\/%(:c—sot)) RV
(2.1) peu? Vz—\/m”“h(\/?l(z—@”) i(—ra+At+E) (22)
vs(x,t) = — € ’
3 @ 2V2/ev/ Vi
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\/E v, — 8V1V3sech(\/vl(acfgot))
2T Vg—4V1V3+sech(\/V1(;c—pt)) o -
qa(z,t) = el i), (23)
22/ Vs
e (V 8V1V3sech(\/vl(a:7pt)) ) 2
W 2 —
oaat) = B Va—y/V3-1V1Vg-+sech(y/Vi(e—pt)) Ji(—RatALED) 1)
4 3 — .
@ 2V2y/eV'Vsp
Set-II1

bo = by, by = _\/5\/ V3\/E k=1 V= Bbgeu2 B ngS/Qu?’ v, — _Qﬁboﬁ\/ VBH (25)

’ Vew ’ = V2 Ve vz

The optical soliton solutions are examined in complex functions form of Eq.(1) through inserting the Eq.(25)
into Eq.(14).

V2V1V2/V3/wsech? (%\/Vl(x - got)) i rat ALLE)
e

gs(z,t) = | bo + 5 ; (26)
Ve (V3 ~ V195 (tanh (33 ¥i(z - o))~ 1)°)
2
v (:E’t) _ KJE,LLQ bo \/iVIVQ\/Vig\/ESeChQ (%\/Vil(x - @t)) - 61(7NI+At+E)- (27)
@ Ve (V3 — V195 (tanh (33T — o1)) — 1)°)

22V 1/ V3@
Ve (,u + Vapcosh (VVi(z — pt)) — /V3 — 4V1 Vspcosh (Vi (z — pt))) (28)

ei(—nz+At+E) ,

Q6('T7t) = b0+

bo + 2V2ViV V@
Ve (u + Vapu cosh (m(x - pt)) —/V3 —4V1V3pcosh (m(m - pt))) (29)

6i(—nm+At+E) .

ve(z,t) = — —

Set-IV
3.3/2 3 2 2
bo = by, by = \/5\/V3\/E7 k=1 Vi bge’ 3bgep V.- 2\/§bo\/E\/V3,u. (30)
Vep V2y/V3w3/? w N
The optical soliton solutions are examined in complex functions form of Eq.(1) through inserting the Eq.(30)
into Eq.(14).
V2V1V2y/Vay/@msech® (3v/Vi(z — pt)) (—mo b ALEE)
qr(z,t) = [ bo — - g et ATEE) 31)
Ven (V3 = ViVs (tanh (2/Vi(z — pt)) — 1) 2)
2
(1) e’ b \/§V1V2\/V3\/Esech2 (%\/Vl(x — pt))
vr(@, - - 0 —
w Vel (V% —V1iV3 (tanh (%\/Vil(x — pt)) - 1)2> (32)

ez(—nz+At+.:) ,

2V2V1V/Vsyw
Ve (,u + Vapcosh (VVi(z — pt)) — \/V3 — 4V1 Vsp cosh (Vi (z — pt))) (33)

ei(—nz+At+E) ,

qg(x7t) = b0+
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M b & 22V /@
@ Ve <u -+ Vapu cosh (ﬁ(x - pt)) — /V3 —4V1V3p cosh (JW(I — pt))) (34)

ei(—mz+At+E) .

vs(x,t) = —

Set-V
A <2V3w _ 1)
2 bTep?
bo=0, by =b1, k= QVSf, V= ——~1* (35)
biep ©

The optical soliton solutions are examined in complex functions form of Eq.(1) through inserting the Eq.(35)
into Eq.(14).

q9 (Ll’, t) = (36)

b1V1VQSech2 (%m(x - pt)) ei(—nrc-&-At-&-E)
ViVs3 (tanh (%\/Vil(m — pt)) - 1)2 - V3 7

(37)

vo(z,t) =

2
_ pep’ b1V1Vasech® (% VVi(z - @t)) i~ Ra+A+E)
@\ V1Vs (tanh (3vVi(e - pt)) —1)" - V3

201V h (vVV — ot ) -
qlo(m,t)=< Visech (VVi(@ — pt) )e“”*““% (38)

_Vz —4/V2 -4V V3 + sech (\/Vl(m — pt))

2
_ pep” _ 2b1Visech (V Vi — pt)) i~ ratAL+E) (39)
Va2 —/V2 —4V1V3 + sech (\/V1(:c - pt))

vio(z,t) = g

Set-VI

b%6u2 21)3 (bo + 3b1) Vs 4boV 3
bo bo, b1 b17 K 1, w 2V3 5 Vl b? 5 VQ bl ( O)

The optical soliton solutions are examined in complex functions form of Eq.(1) through inserting the Eq.(40)
into Eq.(14).

b1V1Vasech? (3v/V1(z — pt . -
q11($,t) _ 1vViva (2 1( % )2) + by el(—nz-&-At-&-:)’ (41)
V1Vs (tanh (3vVi(z — pt)) — 1) = V3
2
2 b1V1Vasech? (L/Vi(z — pt , -
i (2, ) = _ pEp 1V1Va (2 1( & )2) 1 by ez(—nz+At+:)’ (42)
@\ V1Vs (tanh (3v/Vi(z — pt)) = 1)" = V3
2b1Visech (v/Vi(x — pt ) -
Q12 (ac,t) _ bO _ 1Vl ( 1( p )) el(*ﬁerAH»'—)’ (43)
Va — 4/V2 —4V1V; + sech (\/Vl(x - got))
2
2 2b1Visech (vVV — pt ) -
via(a, 1) = = ZL [ by — 1Vasech (Vi@ — 1)) GRS (g
@ V2 — \/V3 —4V1V; + sech (vVVi(z — pt))
Set-VII
3 2 4.2 4 6 3 6
bo =bo, b1 = boep =1, V2 2bocpt 3 boc (45)

Viw — 3b3ep?’ T @ (Viw — 3b2ep?)’ T (Viw — 3b2ep?)”

The optical soliton solutions are examined in complex functions form of Eq.(1) through inserting the Eq.(45)
into Eq.(14).

b3eVi Vapsech® (3v/Vi(z — pt)) (i (—re+At+E)
(Vi = 33en?) (V3 — V1V (tanh (3v/Vila - ot) — 1)°)

qi3(w,t) = [ bo — (46)
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2
3 202 (1
oraart) = 29 [ 4y — AL S CA Gl ) | cCmana (g
“w (Viw — 3bZep?) (V% —V1V3 (tanh (%\/Vl (x — pt)) - 1) )
203V 1 pu?sech (V1 (z — pt) L -
qua(z,t) = | bo— 0 ( ) et AtHE) (48)

(Viw — 3b%ep?) (Vg —/V2 —4V1V3 + sech (\/Vl(:c — pt)))

2
pep? 2()86V1/J256Ch (\/Vl(x — pt))
’U14(.’E7t) = — bo —
w (Viw — 3b2eu?) (Vg —/V3 -4V, V; + sech (vVi(z — pt))) (49)
ei(fncv+At+E)'
Set-VIII
) 1\/ 3Vaw + VVaVBY: + 9Vow Vow
0 —3 - ) 1= )
2 €H2 2\/ 3Vaow+4/Vay/8V1+9Vaw
NV en? (50)
k=1, V3= !
- 3= 2,/8V149V> 6
_W -<

The optical soliton solutions are examined in complex functions form of Eq.(1) through inserting the Eq.(50)

into Eq.(14).
(z,t) V1V3wsech? (%m(x — got))
@5z, t) = | —
ep? \/_ 3V2w+\/v2§mw (vg —Vi1V3 (tanh (%ﬁ(x - pt)) _ 1) 2) -
L1 [ 3Yew £ VVaVBY +0Vow | i nesnees)
2 E/LQ )
v15(, 1) pep’ V1V3wsech? (%\/71(33 — pt))
15(, = — _
euz\/_ 3v2w+\/vz)§mw (V23— V1Vs (tanh (3v/Vi(z — pt)) — 1) 2) 52
2
WL \/73V2w + mmw) enokatta)
2 en? ,

2V1Vawsech (\/Vl(:r - pt))

qie(z,t) = | — ——
e#Q\/f amt Vzu28V1+QV2w (Vz — /V3—4V1V3 + sech (\/Vil(x - @ﬂ)) (53)
+1 _3Vow + Va8V +9Vaw i (—RTHALHE)
2 e’ ’
oro(e,) peu? 2V1Vawsech (\/Vl(x — pt))
16X, 1) = — -
w €M2\/, 3v2w+\/vii;2/sv1+9v2w (V2 —+/V2% —4V1V3 + sech (\/Vl(x — pt))) (54)
2
+l _ 3V2w + V V2 vV 8V1 + 9V2w ei(7K1+At+E)
2 €p? ’
Set-IX
VQW ng
bo =bo, b1 = —— =1 =<5 3
0 =bo, b1 =gp k=1, Vs 82 )
biep? (nge;f + 3V2w)
vl = .
Vaw?
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The optical soliton solutions are examined in complex functions form of Eq.(1) through inserting the Eq.(55)

into Eq.(14).
V1Viwsech? (1/Vi(z — pt) L -
q17(1.7y) = | by — 2 (2 ) - ez( mc+At+~~)7 (56)
2boeu? (V% —Vi1Vs3 (tanh (%\/Vl(m - pt)) - 1) )
2

2 V1Viwsech? (1/Vi(z — ot ) -

onray) = — 4 [ 4o - 1V3 (3VVi(z —pt)) . GRS (5
w 2boep? (Vg —Vi1Vs (tanh (%\/Vl(a: — pt)) — 1) )

q8(z,1) = ViVow + bo

boe,u —V2 cosh (\/Vl(:c — pt)) + 4/ V3 —4V1V3 cosh (\/Vl(x — pt)) — 1) (58)
ez( rx+At+= )7
2

vig(x, t) ViVew +bo

bocp? (~Va cosh (VVi(a — o) + /V3 — AV1Va cosh (VVi(a — o)) ~ 1) (59)
@EH ¢(7K1+At+s)
- .
Set-X
VV2V/8Vi + 9Vaow — 3Vaow b Vaew
) 1= - )
Ellz2 qﬂ\/“ /V24/8V14+9Vow—3Vow
o (60)
k=1, Vo= ——t
L Ty /avitovs 6
vz Ve

The optical soliton solutions are examined in complex functions form of Eq.(1) through inserting the Eq.(60)

into Eq.(14).
(l’ t VVav/8V1 + 9Vow — 3V2w
q19 €M2
2 2 (1 (61)
V1 Viwsech® (1v/Vi(z — pt)) i~ R+ AEHE)
5#2\/\/V2\/8V1:?2V2w—3V2w <V§ V.V, (tanh (% iz — pt)) _ 1)2)
_ pey,z 1 VVo/8V1 4+ 9Vaow — 3Vaew
U19($,t) = — —= 2 +
w a0
2 2(1 ’ (62)
V1 Viwsech® (3v/Vi(z — gt)) i~ Rt AL+E)
EMQ\/\/VZ\/8V1:’52V2W*3V2W <V§ —V,Vs (tanh (% /—vl(x _ pt)) _ 1)2)
(x t VVa2yv8Vi + 9Vaw — 3V2w
q20 eu?
(63)
2V Vawsech (\/Vl(x - pt)) Gl RatALHE)
6M2\/ VV2y 8V1:’:2v2w_3v2w <V2 —+/V3 —4V1V3 + sech (\/Vl(x - pt)))
vao(a, 1) = g)e,u VV2y8Vi 4+ 9Vow — 3V2w
20 ) 6M2
° (64)

2V1Vawsech (x/Vl(x - pt)) (et A4E)
e .
EH2\/ VV2y Sv‘j:)vzw_?’vzw (V — 4/ V2 —4V,V; + sech ( (z — gat)))

Scientific Reports |

(2025) 15:38317 | https://doi.org/10.1038/s41598-025-22237-2 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

\

Graphical representation of the examined solutions

Graphical representation forms a key part of this research, as it provides insights into the physical structures of
the examined solutions. We illustrated these structures using contour plots, as well as two- and three-dimensional
plots, by assigning specific parameter values in the functions through the Mathematica tool. Figures 1, 2, 3, 4,
5,6,7,8,9,10, 11, 12 and 13 display a variety of physical structures of solitons and solitary waves, including
peakon bright, peakon dark, kink waves, periodic waves, bell bright, bell dark, anti-kink waves, mixed dark
and bright solitons, mixed kink-bright waves, mixed kink-dark waves, and mixed anti-kink dark and bright
waves. The graphical analysis highlights the influence of governing model parameters on the obtained solutions,
with a particular focus on exploring their physical effects. Importantly, the figures serve to demonstrate the
structural formation of solutions to the nonlinear model, with the emphasis placed on representing the dynamic
and geometric features of the proposed model rather than validating accuracy for a specific real-world or
experimental scenario. The detailed explanations of Figs. 1, 2, 3,4, 5, 6, 7, 8,9, 10, 11, 12 and 13 are presented
as follows:

Figure 1, visualized to peakon dark and periodic wave solitons for gi(z,t) function by utilizing
these values Vo=2,Vi=4,Va=2p=15k=1L,p=1A=1le=1,2=1,w=1.
Figure 2, visualized to peakon dark and periodic wave soliton structure of wv;(z,t) function by
utilizing these values Vo=1,Vi=4,Vo=1Lk=1Lp=15u=1A=1le=1E=1,w=1.
While Fig. 3, visualized to periodic wave soliton structure of ¢2(x,t) function by utilizing these

values Vo=-2,V1i=3,Va=1Lk=1p=15p=1,A=1e=1,E=1,w=1.
Figure 4, visualized to periodic wave soliton structure of wa(x,t) function by utilizing these
values Vo=-2,V1=5Va=3,k=1p=15u=1A=1le=1E=1,w=1.

Figure 5, visualized to periodic wave soliton structure of wvs(z,t¢) function by utilizing these values
Vo=-2,V1i=3,Vo=1rk=1p=15p=1,A=1e=1,E=1,w =1. Figure 6, visualized to
periodic wave soliton structure in three different kinds of plotting of g4 (z, ¢) function by utilizing these values
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Fig. 1. Visualization of peakon dark and periodic wave soliton in three
different kinds of plotting of ¢i (x, t) function by utilizing these values
Vo=2,V1=4,V2=2p=15k=1Lpu=1A=1e=1E=1,w=1.
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Fig. 2. Visualization of peakon dark and periodic wave soliton structure in
three different kinds of plotting of v1 (z, t) function by utilizing these values
Vo=1,Vi=4,Ve=1r=1Lp=15pu=1A=1le=1E=1,w=1.

. LF
Vo=-1,V1=5Va=3,k=1Lp=15p=1,A=1,e=1,Z=1,w = 1. Figure 7, visualized to
periodic wave soliton structure in three different kinds of plotting of v4(z, t) function by utilizing these values
Vo=-2,Vi=-5Vo=1k=1p=15p=1,A=1e=1,E=1,w = 1. Figure 8, visualized to
peakon bright and periodic wave soliton structure in three different kinds of plotting of ¢s(z, t) function by
utilizing these values Vo =2,V1 =5, Vo =2,k =1,p=15p=1,A=1e=1,E=1,w=1,bp = 1.
Figure 9,  visualized to  anti-kink and  periodic =~ wave  soliton  structure  in
three  different kinds of plotting of ws(z,¢) function by utilizing these values
Vo=2,V1=4,Vo=2k=1Lp=15u=1,A=1e=1,2=1,w=1,bp = —2. Figure 10,
visualized to periodic wavesoliton structurein three differentkinds of plotting of g6 (, ¢) function by utilizing these
values Vo = =2,V1 = =5, Vo =1, k=1, p=15,u=1,A=1,e=1,E=1,w =1,bp = 1. Figure 11,
visualized to periodic wave soliton structure in three differentkinds of plotting of vs (, ¢) function by utilizing these
values Vo = —2,V1 = -4, Vo =3,k =1,p=15p=1,A=1,e=1,E=1,w = 1,by = 1. Figure 12,
visualizedtokinkandperiodicwavesolitonstructureinthreedifferentkindsofplottingofgr (z, t) functionbyutilizing
these values Vo =2,V1 =4, Vo =2 k=1,p=15p=1,A=1,e=1,E=1,w=1,bp = —3. And
Fig.13,visualized toperiodicwavesolitonstructureinthreedifferentkindsofplottingofgs (, t) functionbyutilizing
these values Vo = -2, V1 =4, Vo =3, k=1,p=15u=1,A=1e=1E=1,w=1,bp = 1. The
remaining solutions represent various nonlinear wave phenomena, including peakon bright and peakon dark
solitons, kink and anti-kink waves, kink bright and kink dark waves, singular waves, mixed periodic waves, and
singular periodic waves. The graphical representations of the explored solutions demonstrate the robustness

and effectiveness of the proposed methodology. Moreover, the proposed approach shows strong capability in
addressing complex problems by utilizing advanced symbolic computation tools.
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Fig. 3. Visualization of periodic wave soliton structure in three different kinds of plotting of g2 (x, t) function
by utilizing these values Vo = =2,V =3, Vo =1,k =1, p=15u=1,A=1,e=1,E=1,w= 1.

Discussion of the results

In this section, we present novel and interesting results in the form of optical soliton and solitary wave solutions.
The generated solutions are more generalized and innovative, obtained through an efficient integrated method.
We also highlight the similarities and differences between our results for the nonlinear S-IIA equation and those
previously reported in the literature.

Previously, several mathematicians and researchers investigated the integrable S-IIA equation using various
methods, such as the Sardar sub-equation approach, extended direct algebraic approach, ®°—model expansion
technique, exp, function approach, modified simple equation approach, Kudryashov approach, improved
Sardar sub-equation approach, inverse scattering transform approach, and modified extended tanh scheme?~%.
The present study, however, explores different solutions beyond those existing approaches.

In contrast, our study examines the optical soliton wave patterns of the nonlinear S-IIA equation using a new
derivative for the first time. We employ an analytical technique, namely the auxiliary equation method, which
provides deeper insight into the behavior of optical solitons and wave propagation in fields such as quantum
mechanics, optical communication, nonlinear optics, plasma physics, and fiber optics. This method enables the
exploration of novel solutions expressed in trigonometric and hyperbolic functions. Using the auxiliary equation
method, we obtained various solitons and solitary waves, as illustrated in Figs. 1, 2, 3,4, 5, 6,7, 8,9, 10,11, 12 and
13, exhibiting different physical structures such as peakon bright, peakon dark, kink waves, periodic waves, bell
bright, bell dark, anti-kink waves, mixed dark and bright solitons, mixed kink-bright waves, mixed kink-dark
waves, and mixed anti-kink dark and bright waves.

Overall, the detailed comparison indicates that our methodology is more effective for finding exact solutions
of higher-order NLPDEs in both complex and real forms. It is also easier to implement, more reliable, and highly
efficient compared to previous methods.
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Fig. 4. Visualization of periodic wave soliton structure in three different kinds of plotting of vz (x, t) function
by utilizing these values Vo = =2,V =5,Vo =3,k =1L, p=15,u=1,A=1l,e=1,E=1,w = 1.

Conclusion

This research has thoroughly analyzed the behavior of optical soliton solutions of the nonlinear, integrable
Shynaray-ITA equation. Various types of soliton solutions were obtained using the auxiliary equation method,
including peakon bright and dark solitons, kink waves, periodic waves, bell bright and dark solitons, anti-kink
waves, mixed dark and bright solitons, mixed kink-bright waves, mixed kink-dark waves, and mixed anti-
kink dark and bright waves. The originality and diversity of these soliton solutions highlight the flexibility and
efficiency of the proposed method and have significant implications for both theoretical understanding and
practical applications in nonlinear optical systems.

This study establishes a solid foundation for future research and opens new prospects for developments
in optical communication and related engineering fields. The results may stimulate further investigation into
the interaction of optical soliton solutions with novel materials, such as photonic crystals and metamaterials.
The exact soliton solutions obtained are valuable for understanding wave propagation and can serve to validate
experimental and numerical results across various areas, including optics, quantum physics, fiber optics,
quantum mechanics, plasma physics, nonlinear optics, biomedical engineering, and mathematical physics.
Furthermore, Mathematica was used to generate three-dimensional, two-dimensional, and contour plots that
illustrate the physical behavior of these solutions. The visualized physical structures demonstrate the robustness
and effectiveness of the method. Importantly, this approach can also be applied to other nonlinear partial
differential equations, making it a versatile tool for further studies in nonlinear science.
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Fig. 5. Visualization of periodic wave soliton structure in three different kinds of plotting of v3(x, t) function
by utilizing these values Vo = =2,V =3, Vo =1,k =1L, p=15,u=1,A=1l,e=1,E=1,w = 1.
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Fig. 6. Visualization of periodic wave soliton structure in three different kinds of plotting of g4(x, t) function
by utilizing these values Vo = —1,V1 =5,Vo =3,k =1L, p=15,u=1,A=1l,e=1,E=1,w = 1.
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Fig. 7. Visualization of periodic wave soliton structure in three different kinds of plotting of v4(x, t) function
by utilizing these values Vo = =2, V1 = =5, Vo =1L, s =1,p=15,u=1,A=1,e=1,2=1,w =1
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Fig. 8. Visualization of peakon bright and periodic wave soliton structure in
three different kinds of plotting of g5 (z, t) function by utilizing these values
Vo=2,V1=5Ve=2k=1Lp=15u=1A=1e=1,E=1,w=1,bp=1.
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Fig. 9. Visualization of anti-kink and periodic wave soliton structure in
three different kinds of plotting of vs (z, t) function by utilizing these values
Vo=2,Vi=4,Ve=2k=1,p=15,u=1,A=1e=1,ZE=1,w=1,bp = —2.
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Fig. 10. Visualization of periodic wave soliton structure in three
different kinds of plotting of gs(x, t) function by utilizing these values
Vo=-2,Vi=-5Vao=1Lk=1Lp=15u=1,A=1e=1,2=1w
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Fig. 11. Visualization of periodic wave soliton structure in three
different kinds of plotting of vs (z, t) function by utilizing these values
Vo=-2,Vi=-4Va=3k=1Lp=15u=1,A=1Le=1E=1,w=1,by= 1.
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Figure 12. Visualization of kink and periodic wave soliton structure in
three different kinds of plotting of ¢7(z, t) function by utilizing these values
Vo=2,Vi=4,Ve=2k=1,p=15,u=1,A=1e=1,ZE=1,w=1,bp = —3.
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Figure 13. Visualization of periodic wave soliton structure in three
different kinds of plotting of gs(x, t) function by utilizing these values
Vo=-2,Vi=4,Va=3k=1p=15u=1,A=1Le=1,E=1,w=1,by = 1.
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