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A B S T R A C T

Residue Number Systems (RNS) provide notable advantages in digital signal processing and error detection due 
to their inherent parallelism and fault tolerance. However, designing efficient reverse converters, particularly 
those based on the Chinese Remainder Theorem, remains a complex and labour-intensive. This paper presents an 
innovative automated methodology for developing simplified residue-to-binary converters by integrating Car
tesian Genetic Programming (CGP) with Simulated Annealing (SA). The proposed approach employs a two-phase 
optimization framework. In the first phase, a hybrid CGP-SA algorithm generates module-level architectures by 
evolving computational structures using arithmetic and bitwise operations. Then, SA is then applied to optimize 
operator parameters, ensuring functional accuracy and enhanced efficiency. In the second phase, the high-level 
architecture is refined into an optimized gate-level design using adaptive evolutionary strategies to minimize 
latency, area, and power consumption. Simulation results demonstrate that the proposed framework consistently 
outperforms conventional handcrafted methods, offering improved computational efficiency, reduced hardware 
complexity, and greater design flexibility. This advancement provides a promising solution for practical, high- 
performance RNS reverse converter implementations.

1. Introduction

Residue Number Systems (RNSs) provide an efficient number rep
resentation system that enables parallel computation and high-speed 
arithmetic while offering error resilience (Saheed et al., 2024; She
nets, 2024). By expressing numbers as sets of residues comprising 
pairwise co-prime moduli, RNS has gained widespread use in digital 
signal processing, cryptography, deep learning, and bioinformatics 
(Mojahed et al., 2021a). Despite these advantages, a major challenge in 
RNS implementation is converting between residue and binary repre
sentations (Balaji & Padmaja, 2024). In particular, residue-to-binary 
conversion (RNS reverse conversion) is crucial for interfacing RNS- 
based computing units with binary processors but remains computa
tionally demanding and structurally complex. This complexity arises 
from the dependence on the Chinese Remainder Theorem (CRT), Mixed- 

Radix Conversion (MRC), and their modern adaptations like New-CRTs, 
which require modular inverses, weighted summations, and sequential 
arithmetic operations such as multiplication. These operations impose 
significant computational overhead, making hardware-efficient imple
mentation difficult (Boyvalenkov et al., 2023; Li et al., 2024; Yu et al., 
2023).

Traditional reverse conversion methods have relied on lookup tables 
or multiplication-based designs (Ahmadifar & Torabi, 2024). Lookup 
table-based methods (ROM-based) precompute conversion values, 
allowing fast translation from RNS to binary. However, as moduli set 
sizes grow, memory requirements increase exponentially, making this 
approach impractical for large-scale applications. Multiplication-based 
designs, which perform weighted summations and modular re
ductions, provide an alternative but depend heavily on hardware mul
tipliers. While these methods offer speed improvements, they consume 
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substantial power and silicon area, restricting their use in low-power 
and resource-limited environments like embedded systems and 
energy-efficient processors. Researchers have explored memory-less and 
multiplier-less reverse converters to overcome these limitations, espe
cially for moduli sets based on powers of two (Jaberipur & Ahmadifar, 
2014). These designs eliminate costly memory storage and multiplica
tion operations by taking advantage of arithmetic properties that 
simplify modular computations. Memory-less converters replace lookup 
tables with direct computational formulas, reducing memory usage 
while maintaining conversion efficiency. Also, multiplier-less designs 
avoid expensive multiplications by using bitwise operations, modular 
addition, and shift-based arithmetic techniques. These advancements 
contribute to lower power consumption and improved computational 
efficiency.

Nevertheless, these reverse conversion designs still rely on manual 
development, requiring engineers to manually devise conversion algo
rithms and circuit architectures based on predefined mathematical 
models (Turan et al., 2020). This manual design process is labor- 
intensive, time-consuming, and computationally inefficient, as it in
volves extensive adjustments to achieve an optimal balance between 
speed, power consumption, and hardware complexity (Prediger et al., 
2023). Moreover, the vast and complex design space of reverse con
verters presents additional challenges, as manually developed archi
tectures may fail to explore all possible optimizations (Babkin & Ulitin, 
2024; Fernandes et al., 2024). The constraints of manual design become 
even more evident as moduli set sizes increase, requiring trade-offs 
between latency, area, and power efficiency. Therefore, in many cases, 
suboptimal solutions emerge due to the limited ability to exhaustively 
analyze all design variations.

As a result, there is a growing demand for automated design meth
odologies that can systematically explore the architectural space and 
generate optimized, high-performance, and resource-efficient converter 
designs. An ideal automated approach should intelligently navigate 
various design trade-offs, minimize manual intervention, and provide 
solutions that outperform traditional handcrafted designs in terms of 
hardware efficiency, computational speed, and energy consumption. 
The increasing complexity of modern computing systems necessitates 
such automation, making it a crucial step toward achieving more effi
cient and adaptable residue-to-binary converters.

Recent advances in evolutionary algorithms and genetic program
ming (GP) have shown promise in automating design processes of digital 
circuits (Miller & Turner, 2015; Miller, 2020). By utilizing evolutionary 
principles, these methods can explore vast design spaces, optimize 
multiple criteria such as area, power, delay, and fault tolerance, and 
discover innovative circuit architectures that might not be apparent 
through traditional deterministic approaches. This flexibility allows GP 
to generate novel solutions by effectively navigating trade-offs and 
harnessing stochastic search methods, which can lead to optimized and 
unconventional designs. As technology advances and digital circuits 
become increasingly complex, the role of GP in circuit design is likely to 
grow, driving further innovation and efficiency in the field. The inherent 
ability of GP to adapt and evolve designs makes it a powerful tool for 
handling the intricate requirements of modern digital systems (Husa & 
Sekanina, 2024; Prashanth & Rao, 2024). However, despite its proven 
potential, the application of GP to the specific challenge of designing 
RNS converters remains largely unexplored. RNS converter design in
volves unique challenges that may benefit from GP’s adaptive search 
capabilities. Investigating this application could not only enhance the 
efficiency and robustness of RNS converter designs but also extend the 
frontiers of GP in tackling specialized and complex digital circuit design 
problems.

In this regard, this paper presents an evolutionary-based automatic 
design framework for reverse converters, integrating Cartesian Genetic 
Programming (CGP) and Simulated Annealing (SA). The proposed 
methodology follows a two-phase optimization process to systematically 
refine reverse converter architectures at both the module-level and gate- 

level. During the first phase, the reverse converter is constructed using a 
combination of arithmetic and bitwise operations, in which, CGP is 
utilized to explore a wide range of potential designs and searches for 
optimal module-level configurations. The optimization process is gov
erned by a cost function that assesses correctness, latency, and resource 
consumption. Since certain operations, such as bitwise shifts, require 
parameter tuning, SA is incorporated as a local search technique to 
refine these parameters. Through iterative evolution, the algorithm re
duces errors, shortens latency, and enhances resource efficiency, ulti
mately producing an optimized high-level representation of the reverse 
converter. In the second phase, first, the high-level design is converted 
into a gate-level implementation, where each operation is mapped to 
fundamental logic gates such as AND, OR, XOR, and NOT, along with 
higher-order components like multiplexers, sum, and carry gates. Next, 
another CGP optimization process is applied to further refine the cor
rectness, latency, and resource efficiency of the gate-level circuit. This 
phase ensures that the final circuit is optimized, hardware-efficient, and 
suitable for practical implementation. By using hybrid evolutionary 
optimization techniques, the proposed approach enables automated and 
systematic design space exploration, producing optimized reverse con
verters tailored to the performance and resource constraints of modern 
computing systems. Specifically, the key contributions of this paper are: 

• Introducing a fully automated evolutionary design methodology for 
RNS reverse converters that eliminates manual intervention, sys
tematically exploring and optimizing converter architectures for 
enhanced performance and efficiency. To the best of our knowledge, 
it is the first evolutionary-based methodology that integrates CGP 
and SA for the automated design of RNS reverse converters.

• Proposing a two-phase optimization framework utilizing a module- 
level architecture generation phase and a gate-level simplification 
phase. A structured approach is devised where, in the first phase, 
module-level architecture is generated using high-level arithmetic 
and bitwise operations as fundamental building blocks. This is fol
lowed by gate-level refinement phase to achieve an optimal balance 
between hardware efficiency, resource utilization, and overall 
performance.

• In the first phase, a functionally efficient module-level reverse con
verter is designed using the CGP-SA framework, where CGP explores 
high-level structural configurations while SA fine-tunes critical pa
rameters, enabling the construction of a structurally optimized 
reverse converter that ensures both accuracy and efficiency.

• In the second phase, gate-level circuit optimization is performed 
using CGP, where the gate-level representation of the reverse con
verter is refined by minimizing gate count, reducing latency, and 
improving power efficiency, ensuring that the final circuit is highly 
efficient and resource-optimized.

• We introduce a multi-objective cost function that balances correct
ness, latency, and resource usage in RNS reverse converters. Cor
rectness is evaluated via normalized Hamming distance between 
obtained outputs and expected values, latency is estimated by the 
number of active columns in the CGP grid, and resource usage is 
calculated based on the sum of the active nodes’ costs. This cost 
function guides evolutionary optimization toward accurate, high- 
performance, and hardware-efficient designs.

• Due to the large search space in the second phase, dynamic mutation 
rates and tournament sizes are incorporated into CGP to effectively 
balance exploration and exploitation, leading to a more optimized 
gate-level implementation.

• The proposed methodology surpasses traditional manual design ap
proaches by exploring the design space more extensively and effi
ciently, leading to more optimized circuit architectures.

The rest of this paper is organized as follows: Section 2 reviews 
existing literature on RNS reverse converter design and GP for circuit 
synthesis, highlighting the contributions of the proposed approach. 

A. Dadashzadeh et al.                                                                                                                                                                                                                         Expert Systems With Applications 296 (2026) 129083 

2 



Section 3 presents the preliminaries, covering the fundamental princi
ples of CGP and RNS reverse conversion, establishing the theoretical 
foundation for the proposed methodology. Section 4 details the pro
posed two-phase optimization framework, explaining the module-level 
design using CGP-SA in Phase 1 and gate-level refinement using CGP 
in Phase 2. Section 5 provides simulation results, including hyper
parameter settings and a comparative analysis of CGP and SA algo
rithms. This section also evaluates the performance of the proposed 
design against conventional methods across prominent moduli sets. 
Finally, Section 6 concludes the paper by summarizing key findings and 
discussing potential directions for future research and further im
provements. Additionally, detailed explanations of technical details of 
CGP and new CRTs, along with a case study on the {4,7,9} moduli set 
demonstrating the framework’s ability to evolve functionally correct 
architectures, are provided in Appendices A, B, and C, respectively.

2. Literature review

This section initially provides a review of existing literature on RNS 
reverse converter design from 2010, focusing on various techniques 
employed to boost efficiency and reduce hardware complexity. It ex
amines both algorithmic and hardware-based optimizations that have 
been introduced to enhance the performance of reverse converters 
across diverse moduli sets and applications. In addition, the section re
views the application of GP in automatic circuit synthesis, emphasizing 
its effectiveness in evolving optimized digital circuits without manual 
intervention. Finally, the unique contributions of our hybrid CGP-SA 
approach are presented. This innovative method automates and sim
plifies the design of residue-to-binary converters, offering improved 
efficiency and greater design flexibility compared to existing 
methodologies.

2.1. RNS reverse converter design

As mentioned above, RNS provides significant advantages in digital 
signal processing due to its inherent parallelism and fault tolerance. 
However, the design of efficient reverse converters remains a key 
challenge in RNS-based systems. Hence, researchers have explored 
various techniques to enhance speed, area efficiency, and power con
sumption, leading to notable advancements in the field.

One of the main efforts in this domain focused on optimizing reverse 
converters based on 3-moduli sets. In this regard, Molahosseini et al. 
(Molahosseini et al., 2008) introduced an efficient architecture for 
designing reverse converters based on a general 3-moduli set {2α,2β − 1,
2β + 1}, significantly improving the speed and efficiency of reverse 
conversion. Their approach utilizes the properties of specific moduli sets 
to simplify the conversion process. By optimizing the residue compu
tation, they were able to significantly enhance the speed and efficiency 
of reverse conversion. Building on this foundation, they proposed im
provements for new 4-moduli sets ({2n − 1, 2n, 2n + 1, 22n+1 − 1} and 
{2n − 1,2n + 1,22n,22n + 1}), incorporating New-CRT-based techniques 
(Molahosseini et al., 2009). These enhancements led to substantial re
ductions in computational complexity, making the designs more effi
cient in terms of both area and processing speed.

Addressing the reliance of RNS converters on ROMs and multipliers, 
Jaberipur et al. (Jaberipur & Ahmadifar, 2014) proposed a ROM-less 
reverse RNS converter for the moduli set {2q ± 1, 2q ± 3}. Their 
approach utilized a two-stage New CRT conversion scheme with con
jugate grouping of moduli, effectively eliminating the need for ROMs 
and multipliers. The proposed architecture achieved notable improve
ments, including a 22 % reduction in delay, a 19 % decrease in area, and 
an 8 % drop in power dissipation compared to the previous ROM-less 
designs. Analytical gate-level comparisons and synthesis results 
further confirmed the superiority of their design.

An alternative strategy to enhance the efficiency of reverse con

verters involves careful selection of moduli sets. Mohan (Mohan, 2016) 
explored this concept by designing converters for the moduli set 
{2n+1 − 3,2n − 1,2n− 1 − 1}. By capitalizing on the unique characteristics 
of these moduli, the proposed converter design demonstrated improved 
efficiency and implementation simplicity.

In another effort, Patronik and Piestrak (Patronik & Piestrak, 2018) 
introduced an innovative approach to simplifying reverse converters by 
shifting constant additions to residue data-path channels. Their method 
formulates the reverse conversion equation into two distinct parts: one 
dependent on input variables and the other a single constant. Instead of 
processing the constant within the reverse converter, it is shifted to the 
residue data paths, reducing hardware costs by eliminating an operand 
from the multi-operand adder. Their proposed design, tested on the 3- 
moduli set {2n − 1, 2n, 2n + 1}, demonstrated improvements in area 
and power efficiency.

Beyond efficiency improvements, multifunctional RNS units have 
been proposed to enhance the versatility of reverse converters. Mojahed 
et al. (Mojahed et al., 2021b) designed a multifunctional unit that 
combined reverse conversion and sign detection based on a 5-moduli set 
{22n, 2n + 1, 2n − 1, 2n + 3, 2n − 3}. By reusing hardware components, 
they reduced area overhead and computational complexity. This 
approach enhances the practicality of RNS in applications requiring 
signed arithmetic operations.

Meanwhile, Akbari et al. (Akbari et al., 2021) focused on a high- 
speed, low-area residue-to-binary converter for the 4-moduli set {24n,

22n + 1, 2n + 1, 2n − 1}, employing CRT-I for optimization. Their 
research aimed at reducing the area and power consumption of the 
converters while maintaining high-speed performance. By optimizing 
the design using CRT-I techniques, they were able to achieve improve
ments in efficiency, making their converters suitable for high- 
performance applications.

Energy efficiency has also been a focal point in recent research ef
forts. Hence, Majd and Molahosseini (Majd & Molahosseini, 2022) 
introduced an energy-efficient residue-to-binary conversion architec
ture without using modulo adders for the 4-moduli set {2n+k,22n+1 − 1,
2n + 1,2n − 1}. Their design eliminated the need for traditional modulo 
adders, resulting in a reduction in power consumption. This energy- 
efficient approach is particularly beneficial for low-power applications 
where energy consumption is a critical concern.

Building upon the principles of parallelism, an approach utilizing 
CRT-based processing techniques was introduced by Selianinau and 
Povstenko (Selianinau & Povstenko, 2022) to enhance the speed and 
reliability of reverse conversion. By distributing computations across 
independent modular channels, this method reduced conversion time 
while maintaining accuracy, making it an effective method for real-time 
applications where rapid and precise residue-to-binary transformation is 
essential.

Further progress in energy-efficient RNS design includes the work of 
Givaki et al. (Givaki et al., 2023), who proposed a generalized RNS 
approach for ultra-low-power arithmetic circuits utilizing deterministic 
bit-streams. Their method successfully reduced power consumption 
while preserving computational accuracy, making it suitable for energy- 
sensitive applications, such as energy-harvesting and bio-implantable 
devices, where peak power consumption and heat dissipation are crit
ical challenges.

Moreover, advancements in nanometer-scale technology have 
necessitated robust error mitigation strategies. To address these chal
lenges, Mansoor et al. (Mansoor et al., 2023) integrated multi-bit soft 
error correction mechanisms at the 7 nm node, enhancing the resilience 
and stability of reverse converters. Their approach uses majority voting 
and redundant RNS (RRNS) to effectively detect and correct soft errors, 
ensuring reliable operation in power-constrained and high-performance 
computing environments. This research is particularly relevant for 
cutting-edge technologies where error correction is a critical 
requirement.
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Advancing further on efforts to improve flexibility and efficiency in 
3-moduli RNS architectures, Patronik and Piestrak (Patronik & Piestrak, 
2023) introduced a reverse converter design for the flexible moduli set 
{2k,2n − 1,2n + 1}. Their work formulated the converter equations using 
the New CRT-I, separating the constant and variable components of the 
conversion process. This separation facilitates hardware optimizations 
such as shifting constant additions to the residue data-path channels to 
reduce delay, area, and power consumption. By developing four 
different versions of the converter, their approach achieved performance 
gains compared to other designs.

Expanding the scope of moduli set evaluations, Fernandes et al. 
(Fernandes et al., 2024) provided a comprehensive analysis of reverse 
converters for various moduli sets. Their work offered a detailed eval
uation of different moduli sets, highlighting their advantages and limi
tations. By comparing various sets, they were able to provide valuable 
insights into the selection of moduli sets for different applications, 
contributing to a better understanding of moduli set optimization in RNS 
converter design.

In parallel to these developments, Ahmadifar and Torabi (Ahmadifar 
& Torabi, 2024) presented adder-only reverse converters for a 5-moduli 
set {2q, 2q − 1, 2q+1 ± 1, 2q+2 − 1}, demonstrating a novel approach to 
reducing computational complexity. Their design focused on using only 
adders, eliminating the need for more complex arithmetic operations. 
This simplification resulted in converters that were both efficient and 
easy to implement. Analytical results and synthesis evaluations 
confirmed that this adder-only approach provides an efficient alterna
tive to traditional designs, contributing to ongoing efforts toward 
practical RNS reverse converter solutions.

The reviewed techniques in RNS reverse converter design highlight 
significant advancements in optimizing speed, area, and power effi
ciency. Key advantages include innovative architectures that enhance 
computational efficiency and versatile multifunctional units that 
streamline the design process. However, these techniques also face 
drawbacks, such as the complexity and time-consuming nature of 
developing and implementing new moduli sets and CRT-based methods. 
Despite these challenges, the progress made in this field lays a strong 
foundation for future innovations, aiming to further simplify and 
enhance the efficiency of RNS converter designs. Table 1 provides a 
summary of the reviewed RNS reverse converter approaches, high
lighting authors, publication years, moduli sets, and the primary in
novations aimed at improving efficiency, computational complexity, 
and hardware optimization.

2.2. GP for circuit synthesis

GP and its variants, specifically CGP, have become powerful tools for 
automating the design and optimization of digital circuits. By mimicking 
natural evolution, GP techniques evolve solutions over generations, 
leading to optimized designs that often outperform manually crafted 
circuits. CGP, initially developed by Miller et al. in 1997 and formalized 
in 2000, has significantly advanced the field of digital circuit design 
(Miller & Turner, 2015; Miller, 2020).

The application of evolutionary techniques to approximate circuit 
design has demonstrated the effectiveness of GP in balancing circuit 
complexity with performance. Research by Vasicek and Sekanina 
(Vasicek & Sekanina, 2014) introduced an approach based on CGP to 
automate the design of approximate digital circuits. Their method used 
the error-resilient nature of certain applications, enabling circuit accu
racy to be traded for reduced hardware costs, lower power consumption, 
and improved computational efficiency. By evolving gate-level and 
functional-level circuits, their approach systematically explored trade- 
offs between accuracy and resource utilization, producing circuits that 
offered substantial area and energy savings compared to conventional 
designs. A key innovation in their work was the introduction of a heu
ristic population seeding mechanism, which improved both the quality 
of evolved circuits and the efficiency of the evolutionary process. Their 

Table 1 
Summary of the reviewed studies on RNS reverse converter design.

Authors/Ref Year Moduli Set Key Contributions

Molahosseini et al. 
(Molahosseini 
et al., 2008)

2010 3-moduli set 
{2α ,2β − 1,2β +

1}

Optimized reverse converters 
using specific moduli 
properties, significantly 
enhancing speed and 
efficiency.

Molahosseini et al. 
(Molahosseini 
et al., 2009)

2012 4-moduli sets 
{2n − 1,2n ,2n +

1,22n+1 − 1} 
{2n − 1,2n + 1,
22n,22n + 1}

Built upon earlier work by 
introducing New-CRT-based 
techniques to substantially 
reduce computational 
complexity and improve 
performance.

Jaberipur et al. 
(Jaberipur & 
Ahmadifar, 2014)

2014 4-moduli set 
{2q ± 1,2q ± 3}

Proposed a ROM-less reverse 
converter using two-stage New 
CRT with conjugate moduli 
grouping, achieving notable 
reductions in delay (22 %), 
area (19 %), and power 
dissipation (8 %).

Mohan 
(Mohan, 2016)

2016 3-moduli set 
{2n+1 − 3,2n − 1,
2n− 1 − 1}

Focused on moduli set 
optimization to simplify 
implementation, balancing 
efficiency with reduced 
hardware complexity.

Patronik and 
Piestrak 
(Patronik & 
Piestrak, 2018)

2018 3-moduli set 
{2n − 1,2n ,2n +

1}

Developed reverse converters 
utilizing constant shifting in 
residue datapath channels, 
significantly lowering 
hardware costs and improving 
area and power efficiency.

Mojahed et al. 
(Mojahed et al., 
2021b)

2021 5-moduli set 
{22n,2n + 1,
2n − 1,2n + 3,
2n − 3}

Introduced a multifunctional 
reverse converter unit 
integrating sign detection, 
reducing area overhead (31 %) 
and delay (28 %).

Akbari et al. 
(Akbari et al., 
2021)

2022 4-moduli set 
{24n,22n + 1,
2n + 1,2n − 1}

Designed high-speed, low-area 
converters using CRT-I 
optimizations, reducing power 
and area while maintaining 
high performance.

Majd and 
Molahosseini 
(Majd & 
Molahosseini, 
2022)

2022 4-moduli set 
{2n+k ,22n+1 − 1,
2n + 1,2n − 1}

Developed an energy-efficient 
residue-to-binary converter by 
eliminating modulo adders, 
achieving substantial power 
savings.

Selianinau and 
Povstenko 
(Selianinau & 
Povstenko, 2022)

2022 General CRT- 
based approach

Employed parallel processing 
techniques to accelerate 
conversion time, enhancing 
reliability and suitability for 
real-time applications.

Givaki et al. 
(Givaki et al., 
2023)

2023 Generalized RNS Created ultra-low-power 
arithmetic circuits using 
deterministic bit-streams, ideal 
for energy-constrained 
applications such as bio- 
implantable devices.

Mansoor et al. 
(Mansoor et al., 
2023)

2023 RRNS (7 nm 
technology)

Integrated multi-bit soft error 
correction mechanisms, 
significantly enhancing 
converter robustness and 
reliability at 7 nm technology.

Patronik and 
Piestrak 
(Patronik & 
Piestrak, 2023)

2023 3-moduli set 
{2k,2n − 1,2n +

1}

Introduced flexible moduli set 
converters using New CRT-I, 
significantly reducing delay, 
area, and power via optimized 
constant shifting.

Fernandes et al. 
(Fernandes et al., 
2024)

2023 Various moduli 
sets

Conducted comprehensive 
comparative analyses, 
providing valuable insights 
into moduli selection for 
diverse RNS applications.

Ahmadifar and 
Torabi 
(Ahmadifar & 
Torabi, 2024)

2024 5-moduli set 
{2q,2q − 1,
2q+1 ± 1,
2q+2 − 1}

Proposed adder-only reverse 
converters, effectively 
reducing computational 
complexity and hardware 
implementation costs.
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experimental results demonstrated the superiority of CGP-based 
approximate designs for arithmetic circuits, particularly in applica
tions where controlled functional deviations could be tolerated in ex
change for significant resource optimization.

Further extending the capabilities of evolutionary algorithms, 
Hrbáček (Hrbácek, 2017) introduced multi-objective parallel evolu
tionary circuit design, optimizing multiple factors such as power con
sumption, speed, and area simultaneously. His approach, based on CGP 
and NSGA-II, uses a highly parallelized framework to improve scal
ability and efficiency. By distributing computations across multiple 
processing units, the method enables a broader exploration of the so
lution space, leading to more diverse and optimized circuit designs. The 
effectiveness of this approach was demonstrated in various applications, 
including approximate combinational arithmetic circuits, bent Boolean 
functions, etc. Experimental results showed that this parallel multi- 
objective strategy outperformed conventional methods, highlighting 
the versatility and effectiveness of CGP in handling complex problems 
for automated circuit synthesis.

Adaptive population sizing has been another crucial innovation in 
CGP. Lima et al. (Lima et al., 2019) proposed a multi-objective CGP 
approach that dynamically adjusts population size based on the number 
of non-dominated solutions. Their method begins with a single candi
date solution and allows the population to grow up to a predefined 
maximum, enhancing diversity while preventing excessive computa
tional overhead. When the population size surpasses a threshold, in
dividuals with the lowest crowding distances are removed, ensuring an 
efficient balance between exploration and convergence. This adaptive 
strategy was evaluated on combinational circuits such as adders, mul
tipliers, and ALUs, demonstrating its effectiveness in producing 
approximate circuits with optimized trade-offs between error, area, 
power dissipation, and delay. Compared to other methods, this approach 
led to solutions with superior energy efficiency and computational 
performance, highlighting the benefits of dynamic population control in 
evolutionary circuit design.

Circuit resynthesis techniques have also benefited significantly from 
evolutionary algorithms. Kocnova and Vasicek (Kocnova & Vasicek, 
2020) introduced an EA-based resynthesis approach that addresses 
scalability issues in logic circuit optimization. Their method employs a 
local resynthesis strategy, where complex circuits are decomposed into 
smaller sub-circuits that are individually optimized using CGP before 
being reintegrated. This approach mitigates the challenges of large-scale 
evolutionary optimization by allowing targeted improvements while 
preserving overall circuit functionality. The experimental evaluation 
demonstrated that evolutionary resynthesis achieved superior results 
compared to global optimization techniques, removing 25.1 % more 
redundant gates on average, with substantial improvements particularly 
in arithmetic circuits. The proposed method efficiently balances scal
ability and optimization quality, reinforcing the practical advantages of 
GP in circuit refinement and resource efficiency.

Expanding the scope of mutation strategies in evolutionary circuit 
design, de Souza and Bernardino (Souza & Bernardino, 2020) analyzed 
the impact of mutation operators in multi-objective CGP for optimizing 
approximate combinational logic circuits. Their study compared point 
mutation, the standard mutation operator in CGP, with single active 
mutation, which ensures that at least one active node is altered, leading 
to more effective evolutionary search. By integrating CGP with NSGA-II 
and adaptive population size, the proposed method improved the trade- 
offs between error, power dissipation, and delay, addressing key chal
lenges in approximate computing. The evaluation, conducted on 15 
heterogeneous benchmark circuits, demonstrated that single active 
mutation consistently outperformed point mutation, particularly in 
medium-sized circuits, resulting in faster convergence and superior 
optimization. Experimental results highlighted that combining single 
active mutation with NSGA-II and an initial feasible solution achieved 
the best outcomes in most cases, reinforcing the importance of advanced 
mutation strategies in enhancing the efficiency and adaptability of CGP 

for multi-objective circuit synthesis.
Convergence improvements in CGP have been another area of 

research focus. Milano and Nolfi (Milano & Nolfi, 2021) introduced a 
preferential selection mechanism that favors larger and potentially more 
complex solutions during the selection process, enhancing CGP’s ability 
to explore complex designs and achieve better performance. Their study 
demonstrated that selecting phenotypically larger solutions among 
equally fit candidates increases evolvability, allowing for faster 
convergence and the discovery of superior solutions. This approach was 
validated on two distinct benchmarks: an 8-bit parity problem and the 
Paige regression problem, where it was shown to accelerate evolu
tionary progress by preserving genetic diversity and enhancing robust
ness. Further performance gains were achieved by integrating a self- 
adaptive mutation rate using the one-fifth success rule, which dynami
cally adjusts mutation probability based on evolutionary progress. This 
combination of preferential selection and adaptive mutation proved 
especially effective in problems where neutrality plays a lesser role, 
reinforcing the importance of solution size in evolutionary optimization.

Optimization of approximate circuits has also advanced with CGP- 
based methodologies. Berndt et al. (Berndt et al., 2022) proposed a 
CGP-based logic flow designed to optimize both accuracy and circuit 
size by evolutionary techniques. Their approach utilizes a two-step 
process: first, it prioritizes the selection of functionally larger solutions 
to enhance convergence, and then it switches to minimizing circuit size 
while maintaining accuracy. The proposed method refines solutions 
derived from other techniques, using them as a starting point for further 
evolutionary optimization. Evaluations on approximate circuits 
demonstrated that the CGP-based flow achieved at least a 22.6 % 
improvement in balancing accuracy and size compared to state-of-the- 
art approaches. The framework proved particularly valuable for error- 
tolerant applications, where a trade-off between precision and 
resource constraints is essential.

The application of CGP in AI hardware design has also been explored 
in the study by Prashanth and Rao (Prashanth & Rao, 2024), where they 
proposed an accelerated synthesis approach for AI hardware sub
systems, particularly for ASIC implementations. Their method addresses 
the challenges of synthesizing complex nonlinear functions, such as 
activation and power functions, which are difficult to realize using 
conventional synthesis techniques. By using CGP, their approach en
ables hierarchical design-space exploration and the integration of 
custom logic gates, facilitating the generation of highly optimized AI 
circuits. A key innovation in their work is the introduction of binary- 
weighted fitness (BwF) to enhance the correlation between evolved 
circuit outputs and expected results, alongside an exponentially varying 
mutation rate (eVar) to accelerate convergence. These enhancements 
significantly improved synthesis efficiency, achieving a 3 × reduction in 
synthesis time for complex functions while maintaining hardware ac
curacy. Their experimental results demonstrated CGP’s potential in ASIC 
design of AI hardware, particularly for neural network accelerators and 
computational subsystems that require optimized nonlinear operations.

Further innovations in GP have included semantic mutation opera
tors, which enhance evolutionary search efficiency by incorporating 
domain-specific knowledge. Husa and Sekanina (Husa & Sekanina, 
2024) introduced a semantic-aware mutation operator specifically 
designed for evolving bent Boolean functions, which are crucial in 
cryptographic applications. Their approach evaluates a function’s 
nonlinearity in detail and ensures that mutations do not disrupt highly 
nonlinear components while adjusting input variable distribution to 
maximize nonlinearity. By using the property that nonlinearity remains 
invariant under affine transformations, the proposed mutation strategy 
systematically avoids detrimental mutations and directs evolution to
ward highly nonlinear solutions. Experimental results demonstrated 
that this method significantly reduces the number of evaluations 
required for genetic programming, achieving a threefold speedup for 12- 
input bent functions and nearly a sixfold speedup for 20-input functions 
compared to conventional mutation operators. The findings highlight 
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the potential of semantic-driven GP techniques in efficiently designing 
cryptographic boolean functions with superior properties.

Expanding the capabilities of CGP, Jamróz (Jamróz, 2024) intro
duced Multivalued CGP (M− CGP) for the automatic design of digital 
sequential circuits. Unlike traditional CGP, which struggles with 
sequential systems due to their dependence on previous states, M− CGP 
enables the evolution of circuits without requiring predefined state ta
bles or transition graphs. This approach treats the target system as a 
black box, learning its behavior solely from observed input–output re
sponses, making it particularly useful for reverse engineering unknown 
systems or designing circuits based on external reactions. A key inno
vation in M− CGP is the division of functional nodes into multiple 
groups, allowing simultaneous processing of logic gates and flip-flops 
while maintaining separate memory spaces for their operations. Exper
imental results demonstrated M− CGP’s superiority over standard CGP 
in designing various sequential systems, such as counters, registers, 
sequence detectors, and finite state machines, proving its effectiveness 
for automated sequential circuit synthesis where traditional CGP is 
insufficient.

The reviewed techniques in applying GP for circuit synthesis show
case substantial improvements in design automation, efficiency, and 
performance optimization. Innovations such as multi-objective optimi
zation and different mutation strategies have expanded GP’s applica
bility to approximate computing, cryptographic functions, and 
sequential circuit design. These techniques enhance design space 
exploration, resource efficiency, and computational performance, sur
passing traditional methods. Notably, recent contributions like M− CGP 
for sequential circuits and AI-specific optimizations reinforce GP’s 
adaptability to emerging hardware challenges. These contributions have 
laid the groundwork for further innovations in the automated design and 
optimization of RNS converters. Table 2 summarizes the reviewed 
studies on the application of GP for circuit synthesis.

2.3. Our contributions against previous approaches

Despite significant advancements in RNS reverse converter design 
and GP-based circuit synthesis, their integration remains largely unex
plored. To bridge this gap, we introduce CGP-SA, an automated evolu
tionary framework specifically designed for residue-to-binary converter 
synthesis. Unlike conventional methods that rely on manual interven
tion, CGP-SA systematically explores and optimizes both module-level 
and gate-level representations. Our approach employs a structured 
two-phase optimization process. First, CGP constructs module-level 
computational architectures, while SA fine-tunes critical parameters, 
such as bitwise shift amounts, to enhance accuracy and efficiency. In the 
second phase, gate-level refinements utilize an adaptive CGP strategy, 
where a dynamically adjusted mutation rate promotes early exploration 
and gradually stabilizes through exponential decay for improved 
convergence. Additionally, an adaptive tournament selection mecha
nism progressively increases tournament sizes, balancing diversity with 
convergence toward optimal solutions. A key innovation lies in the cost 
function, which integrates three metrics: correctness, latency, and 
resource usage. Correctness is prioritized through the normalized 
average Hamming distance between candidate outputs and expected 
results. Latency is minimized by normalizing the number of active 
computational stages within the CGP grid, encouraging shorter critical 
paths. Resource usage is quantified based on active node costs, factoring 
in hardware complexity, power consumption, and area overhead. In 
summary, our CGP-SA methodology represents a significant advance
ment in the field, offering a novel, automated, and efficient solution for 
residue-to-binary converter design in RNS applications.

3. Preliminaries

This section aims to provide a comprehensive overview of the prin
ciples underlying CGP and RNS reverse conversion. A clear 

understanding of these principles is essential for grasping how CGP can 
be utilized to optimize the process of RNS reverse conversion. By 
exploring the theoretical foundations and practical implications of CGP 
and RNS, we establish a strong basis for designing efficient and scalable 
RNS reverse converter circuits. Additionally, this discussion highlights 
the inherent challenges in both domains, such as ensuring accuracy, 
reducing computational overhead, and achieving high performance in 
practical applications.

3.1. Cartesian genetic Programing

As mentioned before, CGP originated as a method for evolving digital 
circuits and was formalized as a general genetic programming approach 
in the late 1990 s. Unlike tree-based genetic programming, CGP employs 
a two-dimensional grid of computational nodes to represent solutions. 

Table 2 
Summary of the reviewed studies on the application of GP for circuit synthesis.

Authors/Ref Year Applications/ 
Benchmarks

Key Contributions

Vasicek & 
Sekanina 
(Vasicek & 
Sekanina, 
2014)

2015 Approximate 
arithmetic circuits

Introduced heuristic 
population seeding in CGP 
for approximate circuits, 
achieving significant area 
and energy savings with 
faster convergence.

Hrbáček 
(Hrbácek, 
2017)

2017 Approximate 
arithmetic circuits, 
bent Boolean 
functions

Developed a parallel multi- 
objective CGP framework 
using NSGA-II, improving 
scalability, diversity, and 
optimization efficiency.

Lima et al. 
(Lima et al., 
2019)

2019 Arithmetic circuits 
(adders, multipliers, 
ALUs)

Proposed adaptive 
population sizing in CGP, 
enhancing diversity, 
efficiency, and multi- 
objective optimization for 
arithmetic circuits.

Kocnova & 
Vasicek 
(Kocnova & 
Vasicek, 2020)

2020 Logic circuits, 
especially arithmetic 
circuits

Introduced local resynthesis 
in CGP for scalable circuit 
optimization, achieving a 
25.1 % reduction in 
redundant gates.

de Souza & 
Bernardino 
(Souza & 
Bernardino, 
2020)

2020 Approximate 
combinational logic 
circuits

Analyzed SAM vs. PM in 
MOCGP, integrating NSGA- 
II with APS to improve 
convergence and trade-offs 
in error, power, and delay.

Milano & Nolfi 
(Milano & 
Nolfi, 2021)

2021 8-bit parity problem, 
Paige regression 
problem

Developed preferential 
selection of larger solutions 
in CGP, enhancing 
evolvability, convergence 
speed, and robustness.

Berndt et al. 
(Berndt et al., 
2022)

2022 Approximate 
combinational circuits

Proposed a two-stage CGP 
logic flow prioritizing 
accuracy followed by size 
optimization, achieving a 
22.6 % improvement in 
accuracy-size trade-offs.

Prashanth & Rao 
(Prashanth & 
Rao, 2024)

2024 AI hardware synthesis 
(ASIC, nonlinear 
functions)

Introduced BwF fitness and 
eVar mutation, significantly 
reducing synthesis time by 
3 × while maintaining 
hardware accuracy.

Husa & Sekanina 
(Husa & 
Sekanina, 
2024)

2024 Bent Boolean 
functions 
(cryptography)

Developed semantic-aware 
mutation for cryptographic 
Boolean functions, 
improving convergence 
speed by 3–6 × and 
increasing nonlinearity.

Jamróz 
(Jamróz, 2024)

2024 FSM, counters, 
registers

Introduced M− CGP for 
sequential circuit synthesis 
without predefined states, 
outperforming standard 
CGP in efficiency.
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This grid-based structure allows for compact and flexible genotype-to- 
phenotype mapping, offering a significant advantage in the optimiza
tion of complex systems. The term “Cartesian” reflects the structured 
grid representation, analogous to Cartesian coordinates, which facili
tates the modeling of solutions as directed acyclic graphs (DAGs). This 
allows CGP to naturally support parallelism and reuse of intermediate 
computations within evolved solutions. Fig. 1 provides a visualization of 
a CGP grid, illustrating how nodes are connected to inputs and outputs. 
The genotype structure is illustrated below the grid in this figure. Each 
function gene, Fi,j is represented as an integer index referencing a 
function in a predefined table. Similarly, the connection genes, Ck

i.j, serve 
as data addresses and are integers ranging from 0 to the last node in the 
preceding columns of nodes.

Each node in the grid performs a function selected from a predefined 
set, which may include logical and arithmetic operations, and receives 
inputs either from program inputs or from outputs of earlier nodes, 
depending on a user-defined levels-back parameter. These features 
collectively allow CGP to produce highly expressive and compact rep
resentations. A defining characteristic of CGP is its support for inactive 
or non-coding genes, which are nodes present in the genotype but not 
expressed in the final phenotype. Although they do not directly 
contribute to the output, these non-coding genes enable neutral muta
tions that help preserve genetic diversity and allow the evolutionary 
process to escape local optima.

CGP also benefits from the reusability of nodes, allowing them to 
serve as inputs to multiple other nodes. This supports implicit reuse of 
computations and contributes to both solution efficiency and structural 
compactness. The evolutionary search is primarily driven by mutation, 
which can modify function, connection, or output genes, potentially 
altering the behavior or structure of the resulting phenotype. Several key 
parameters, including grid size, node arity, and levels-back, can be 
configured to control the expressiveness and performance of the evolved 
circuits. A more detailed explanation of CGP’s encoding structure, 
functional parameters, mutation dynamics, and its application to digital 
circuit design is provided in Appendix A.

3.2. RNS reverse converter

The Residue Number System (RNS) is a non-positional number sys
tem defined by a set of pairwise relatively prime integers, referred to as 
the moduli {p1, p2, ..., pn}. A number X within the dynamic range P =
∏n

i=1pi can be uniquely represented by its residues: 

X→(x1, x2, ..., xn), where xi = X mod pi for i = 1, 2, ..., n (1) 

This representation enables carry-free and fully parallel arithmetic, 

as all computations can be performed independently for each residue 
channel. Due to this inherent parallelism, RNS is widely utilized in high- 
performance domains such as digital signal processing, cryptography, 
and fault-tolerant computing.

While the forward conversion of a number X into its residue repre
sentation is straightforward, reverse conversion, which reconstructs X 
from its residues, poses significant computational challenges. The effi
ciency and accuracy of reverse conversion algorithms directly affect the 
practicality of RNS-based systems. Several methods have been devel
oped for reverse conversion in RNS, each offering different trade-offs in 
terms of computational complexity, hardware requirements, and effi
ciency. The most common techniques include CRT and its modifications 
i.e., New CRT-I and New CRT-II.

The traditional CRT reconstructs X from residues (x1, x2, ..., xn) using 
Equation (2): 

X =

⃒
⃒
⃒
⃒
⃒

∑n

i=1
(Pi.(P− 1

i mod pi).xi)

⃒
⃒
⃒
⃒
⃒
P

, (2) 

where, Pi = P/pi, and P− 1
i is the multiplicative inverse of Pi mod pi, 

satisfying Pi.P− 1
i ≡ 1 mod pi. Although the traditional CRT is mathe

matically elegant and straightforward to implement in software, it poses 
challenges for hardware implementation because it requires managing 
large numerical ranges, executing full-width modular multiplications, 
and calculating multiple modular inverses.

To overcome these limitations, New CRT-I and New CRT-II were 
developed with a focus on hardware efficiency. These methods reduce 
arithmetic complexity, lower resource usage, and enhance throughput. 
New CRT-I uses a sequential reconstruction strategy that incrementally 
combines residues through intermediate computations and modular 
inverses. It reduces the number of large modular operations and is well 
suited for area-constrained designs. New CRT-II adopts a divide-and- 
conquer strategy to enable parallelism. It partitions the moduli set 
into smaller groups, computes partial results independently, and com
bines them using weighted modular operations. This structure improves 
scalability and is ideal for high-speed applications where latency is 
critical. These enhancements make the New CRT methods highly 
effective for real-time RNS implementations in areas such as cryptog
raphy and digital signal processing. Additional details on both algo
rithms are provided in Appendix B.

4. Proposed methodology

This section provides a detailed explanation of the methodology 
employed to design optimized RNS reverse converters using the 

Fig. 1. Visualization of a CGP grid comprising of input, output and function nodes.
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proposed hybrid CGP-SA approach. As shown in Fig. 2, the approach 
consists of a two-phase process, where the first phase focuses on 
developing a module-level architecture of the reverse converter using a 
set of high-level operations, and the second phase emphasizes gate-level 
optimization to enhance hardware efficiency.

In Phase 1, the design begins with a function set comprising arith
metic operations such as addition, subtraction, and modular addition, as 
well as bit-level operations including logical shifts, circular shifts, 
complement, and concatenation. These operations serve as the funda
mental building blocks for constructing an RNS reverse converter at the 
module level. To explore a diverse range of candidate designs, CGP is 
employed, where each solution is encoded as a chromosome within a 
CGP grid. The optimization process is guided by a cost function that 
evaluates three main factors: correctness, latency, and resource usage. 
Correctness is determined by comparing the candidate design’s output 
against the expected values from a truth table. Latency is assessed by 
counting the number of active columns in the CGP grid, which repre
sents the critical path length. Eventually, resource usage is quantified by 
counting the active nodes in the grid. Since certain operations, such as 
bitwise shifts, require parameter tuning for optimal performance, SA is 
incorporated into the CGP process which serves as a local search 
mechanism that refines these parameters. Through iterative evolution, 
the algorithm progressively minimizes errors, reduces latency, and op
timizes resource consumption, ultimately generating an efficient high- 
level description of the reverse converter.

In Phase 2, the high-level design is translated into a gate-level rep
resentation, where each functional operation is mapped to a network of 
basic logic gates such as AND, OR, XOR, and NOT, as well as higher- 
order components like multiplexers, sum, and carry gates. This phase 
initializes a new CGP optimization process, but unlike Phase 1, it does 
not require SA since the gate-level design consists of fixed Boolean 
primitives that do not involve parameter tuning. The cost function re
mains the same, evaluating correctness by verifying outputs against the 
truth table, minimizing latency by reducing the number of active col
umns in the gate-level grid, and optimizing resource usage by mini
mizing the number of gates. Since the number of nodes and connections 
is significantly larger in this phase compared to the previous one, 
adaptive mutation rates and tournament selection sizes are introduced 
to enhance the balance between exploration and exploitation in CGP. 
This phase ultimately simplifies the circuit while maintaining functional 
accuracy, ensuring that the final design is both hardware-efficient and 
implementation-ready.

By incorporating these two phases, the proposed methodology 
effectively balances the objectives of correctness, latency, and resource 
usage. The high-level architecture generated in the first phase provides a 
foundation for efficient design, while the gate-level optimization in the 
second phase ensures the final implementation is hardware-efficient and 
ready for practical use. This approach harnesses the power of CGP, 
augmented by SA for precise fine-tuning of operator-specific parameters, 
enabling a comprehensive exploration of the design space and the 
generation of optimized RNS reverse converters that meet the specific 

performance needs and resource constraints.
In this study, we adopt a one-shot, two-phase approach to indepen

dently validate and isolate the effects of each stage in the CGP-SA 
framework. This decoupled design enables a modular evaluation of 
both the high-level architecture generation and the low-level logic 
optimization processes, making it easier to analyze the contribution of 
each phase. Moreover, developing a reliable, unbiased mapping be
tween these two distinct genome representations is nontrivial and risks 
introducing structural bias or prematurely constraining the search 
space. By avoiding tight coupling between phases, the framework 
maintains greater flexibility within each design space and ensures that 
Phase 2 is free to discover novel gate-level simplifications that may 
diverge from the original high-level architecture.

4.1. Phsse 1: Module-Level design

As mentioned above, the first phase of the methodology develops a 
high-level architecture for a RNS reverse converter using hybrid CGP-SA 
algorithm. This involves defining functional building blocks, generating 
a reference truth table, encoding designs in a CGP-SA framework, and 
optimizing them through an evolutionary process. A cost function guides 
the optimization by prioritizing correctness while also considering la
tency and resource usage. The overall flowchart of the CGP-SA algo
rithm is shown in Fig. 3.

The design of the RNS reverse converter is constructed using a set of 
predefined operations, referred to as primitives, which serve as the 
fundamental building blocks for candidate designs. The primitive set 
includes arithmetic operations such as addition, subtraction, and 
modular addition, as well as bitwise operations, including logical shifts, 
circular left and right shifts, complement, and concatenation. These 
operations are specifically selected to ensure compatibility with RNS- 
specific requirements.

Certain primitives, such as bitwise shift and modular arithmetic 
operations, incorporate a set of parameters (e.g., shift amount or modulo 
base) that govern their behavior, ensuring that candidate designs can 
effectively capture the complex relationships necessary for accurate 
reverse conversion. The parameters of certain operators, such as the 
modulo base in modular addition, are always defined as 2(operand bits) − 1. 
However, the correct functionality of an RNS reverse converter depends 
on selecting an appropriate shift amount (n) for bitwise shift operators in 
a CGP grid.

To determine the optimal values for these parameters, this study 
proposes a hybrid CGP-SA algorithm, which integrates SA as a local 
search mechanism within the CGP optimization framework. In this 
approach, CGP is responsible for evolving the overall computational 
structure of the RNS converter by the selection of operators and their 
connectivity within the reverse converter design. Meanwhile, SA is 
employed to tune operator-specific parameters (i.e. the shift amount (n) 
in bitwise shift operations), ensuring that the evolved designs can ach
ieve functional correctness. SA was chosen for its simplicity, flexibility, 
and well-established effectiveness as a single-solution metaheuristic in 

Fig. 2. The overall flowchart of the proposed methodology.
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local search tasks. Its probabilistic acceptance criterion enables it to 
escape local optima and refine discrete parameters that standard CGP 
mutation operators often fail to optimize efficiently. In the proposed 
hybrid CGP-SA framework, the genome of a candidate solution is 
encoded as a vector that represents the computational structure and 
associated parameters of the reverse converter. Each node in the genome 
is encoded as shown in Fig. 4.

According to the Fig. 4, The CGP-SA Genome Representation (top 
section) illustrates a candidate solution as a vector containing both the 
computational structure and the operator-specific parameters of the 
reverse converter. Each functional gene (Fi) represents an operation, 
while the connection genes define the flow of data between these nodes. 
Additionally, the parameter genes (Pi) are included in the genome, 
allowing SA to refine their values for improved performance. The 

bottom-left section shows the CGP Genome and the SA Solution sepa
rately. The CGP Genome (bottom-left section) represents a traditional 
CGP structure, consisting of function nodes and their respective con
nections. In this approach, CGP is responsible for evolving the archi
tecture of the RNS converter by selecting appropriate operators and 
determining their connectivity. However, it does not explicitly handle 
the fine-tuning of node-specific parameters, which may limit the solu
tion’s efficiency. On the other hand, the SA Solution (bottom-right 
section) focuses exclusively on the parameter optimization aspect. It 
represents a set of numerical parameters that are fine-tuned using SA, 
ensuring that each operator performs optimally within the evolved CGP 
structure. By integrating CGP and SA, this hybrid approach optimizes 
both the structural framework and operator-specific parameters, 
ensuring an efficient computational structure, functional correctness, 

Fig. 3. The CGP-SA genome representation.

Fig. 4. The CGP-SA genome representation.
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and enhanced performance.
Subsequently, the truth table is generated that serves as the ground 

truth for evaluating the correctness of candidate designs. It is generated 
by systematically enumerating all possible residue combinations based 
on the chosen moduli. For a given set of moduli, each residue can take 
values ranging from 0 to (modulus − 1), and the total number of unique 
residue combinations is equal to the product of the moduli, ensuring a 
complete representation of the input space. To establish the integer 
equivalence of each residue combination, the CRT or alternative 
modular reconstruction methods are applied. These methods compute 
the corresponding integer representation of each residue set, forming a 
reference mapping that defines the expected outputs of the RNS reverse 
converter. This truth table serves as the benchmark for assessing the 
accuracy of candidate designs during the CGP optimization process, 
ensuring that evolved solutions correctly reconstruct integers from their 
modular residues.

As previously mentioned, in the CGP process, CGP genomes are 
translated to grids consisting of input nodes, functional nodes, and 
output nodes. Here, the input nodes correspond to the residues of the 
moduli, while the functional nodes perform operations selected from the 
primitive set, and the output nodes generate the final converted value of 
the reverse conversion. The grid is parameterized to support both 
sequential and parallel computations, where the number of input nodes 
equals the number of moduli, and the output nodes typically consist of a 
single node representing the final integer result. The grid structure in
cludes multiple rows for parallel computations and columns that define 
computation stages. Connections between nodes are governed by the 
“levels back” parameter, which determines the range of preceding nodes 
that each functional node can access, influencing connectivity and 
computational depth. The genome encoding specifies the operations 
assigned to each node and their interconnections, allowing the CGP 
framework to systematically explore and optimize a wide range of RNS 
reverse converter architectures.

The cost function is central to guiding the evolutionary process by 
evaluating candidate designs based on three key criteria: correctness, 
latency, and resource usage. Correctness is the primary objective and is 
determined by comparing the outputs of a candidate design with the 
expected outputs from the truth table. The correctness cost is calculated 
as: 

Costcorrectness =
1

Nentries × B
∑Nentries

i=1
HD(yi, yexpected

i ) =
1

Nentries × B
∑Nentries

i=1

∑B

j=1
I(yi

∕= yexpected
i )

(3) 

where Nentries is the total number of truth table entries, B is the number of 
bits in the output for each entry, and HD(yi, yexpected

i ) represents the 
hamming distance between the candidate solution’s output (yi) and the 
expected output (yexpected

i ) for the i-th entry. This expression computes 
the average bit-level error across all entries in the truth table by sum
ming the number of bit differences for each entry, and then normalizing 
the total error by the overall number of bits evaluated. The indicator 
function I(yi ∕= yexpected

i ) returns 1 if the j-th bit of the candidate output 
does not match the corresponding bit in the expected output, and 
0 otherwise. As a result, this cost function provides a normalized mea
sure of the candidate circuit’s correctness, where a value of 0 indicates a 
perfect match and a value closer to 1 indicates significant deviation from 
the expected outputs.

In this study, latency is measured by counting the number of active 
columns in the CGP grid. Active columns represent the stages of 
computation that contribute to the final output. The latency cost is 
expressed as: 

Costlatency =
NActive Columns

NC
(4) 

where NActive Columns represents the number of active columns in the CGP 
grid. To normalize this value, it is divided by the total number of col
umns (NC) in the CGP grid. By minimizing this cost, the optimization 
encourages efficient designs that require fewer computational stages, 
thus a shorter critical path length.

Resource usage is quantified by counting the active nodes in the CGP 
grid, where each active node contributes to the computational 
complexity and hardware resource consumption of the designed RNS 
reverse converter. To systematically assess the resource efficiency of a 
given solution, a cost function is defined that accounts for the cumula
tive impact of the operations performed by these active nodes. Specif
ically, the resource cost is formulated as: 

Costresources =

∑
i∈ active nodesCop(Oi)

NC × NR × Max(Cop)
(5) 

where Cop(Oi) represents the individual cost associated with each 
operation (Oi) performed by an active node. Here, Max(Cop) represents 
the cost of the most expensive operator, and the denominator accounts 
for the worst-case scenario where every grid cell contains the most 
resource-intensive operator. This ensures that the resource cost is always 
within a normalized range. The assigned cost to each operation (Oi) 
reflects the implementation complexity, hardware footprint, and energy 
consumption of the operation, ensuring that designs relying on 
computationally expensive operations are appropriately penalized. For 
example, a bitwise shift operation requires a minimal area and power 
consumption and is assigned a low cost, whereas a modular addition or 
multiplication involves multi-stage arithmetic with increased logic 
depth and power consumption, resulting in a higher penalty. This 
formulation encourages the evolutionary process to favor resource- 
efficient designs, guiding CGP toward optimized RNS reverse con
verters that balance computational performance with hardware con
straints.

The total cost integrates the mentioned three criteria using adjust
able weights to balance accuracy, latency, and resource efficiency: 

Costtotal = wc.Costcorrectness +wl.Costlatency +wr.Costresources (6) 

where wc, wl, and wr are weight parameters that determine the relative 
importance of each objective. The correctness weight (wc) is assigned a 
significantly higher value compared to the latency (wl) and resource 
usage (wr) weights to ensure accuracy remains the dominant factor 
during optimization. By adjusting these weights, CGP can explore 
different trade-offs between performance and hardware efficiency, 
leading to an optimized RNS reverse converter that meets specific design 
constraints. So, Domain experts can tune these weights based on appli
cation goals, such as prioritizing resource usage for low-power systems 
or latency for time-critical tasks.

The evolutionary process for designing an RNS reverse converter 
begins with the initialization of hyperparameters for hybrid CGP-SA 
algorithm. The CGP framework is defined by the following parame
ters: population size (Npop), the number of generations (G), mutation rate 
(Mrate), tournament selection size (TS), grid dimensions including the 
number of rows (NR) and columns (NC), and the “levels back” parameter 
(Lb) that determines how far back in the grid a node can connect. The 
algorithm also defines cost function weights for correctness (wc), latency 
(wl), and resource efficiency (wr).

The process starts by generating a random population of CGP can
didates, each representing a possible architecture for the reverse con
verter. These candidates are immediately evaluated using the cost 
function, ensuring that correctness, latency, and resource efficiency are 
considered. Once the initial population is assessed, the evolutionary 
loop begins, iterating over multiple generations to refine the design. In 
each generation, a tournament selection method is applied, where a 
subset of candidates competes, and the one with the lowest cost is 
chosen as a parent. These selected parents undergo mutation, which 
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modifies the structure and connections within the CGP grid. The 
resulting offspring are then evaluated and added to a candidate pool 
alongside their parents to execute an evolutionary process using the μ+λ 
strategy. Hence, the next generation is formed by selecting the best 
candidates from the pool based on their cost.

In the proposed algorithm, a fraction of the next generation (FSA) is 
designated for refinement using SA. This fraction represents the top- 
performing candidates from each generation, selected to undergo 
further optimization through SA. The SA process is controlled by an 
initial temperature (T0), a cooling rate (β), a minimum temperature 
(Tmin), and the number of iterations per SA run (L). SA plays a crucial 
role in optimizing function node parameters by actively searching for 
the correct parameters that will allow the entire CGP grid to generate the 
expected outputs for the RNS reverse converter. At each iteration, SA 
modifies function node parameters and evaluates whether the changes 
improve the overall correctness of the system. If the new configuration 
yields a lower cost, it is immediately accepted. Otherwise, the modifi
cation may still be accepted based on a probabilistic function that allows 
exploration of potential improvements. The probability of accepting a 
suboptimal solution is controlled by the temperature parameter (T), 
which gradually decreases throughout the process. As T decreases, the 
probability of accepting worse solutions diminishes, allowing the algo
rithm to converge toward an optimal configuration.

After all generations are processed, the best-performing candidate 
from the final population is selected as the optimal RNS reverse con
verter architecture. By combining CGP’s structural evolution with SA’s 
targeted search for function node parameters, this hybrid approach 
ensures an efficient and accurate design that balances correctness, la
tency, and resource utilization. The output of this phase is a high-level 
architecture of the RNS reverse converter which serves as the founda
tion for Phase 2, where it will be refined into a gate-level implementa
tion. By prioritizing correctness and balancing other objectives, Phase 1 
ensures a robust and efficient design. The pseudo-code of this Phase is 
shown in Algorithm 1.

Algorithm 1. Module-Level RNS Reverse Converter Design Using Hybrid CGP_SA

Inputs:
Moduli set: {m1, m2, …, mk}
Initialize CGP parameters: (Npop, NR, NC, Lb, G, Mrate, TS)
Initialize SA parameters: (FSA, T0, β, Tmin, L)
Set cost function weights: (wc, wl, wr)
Outputs:
Best candidate solution for the module-level RNS reverse converter
Begin:
1. Define primitives:
Arithmetic operations: addition, subtraction, modular addition
Bitwise operations: circular shifts, logical shifts, complement, concatenation
2. Generate the truth table:
Compute all possible residue combinations for the moduli set {m1, m2, …, mk}
For each residue combination:
compute the corresponding integer using CRT
store residues and their corresponding integer in the truth table
3. Generate initial population:
population ← InitializePopulation(Npop, NR, NC, Lb)
4. Evaluate initial population:
For each candidate in population:
candidate.total_cost ← EvaluateCandidateCost(candidate, Truth Table, wc, wl, wr)
5. Perform evolutionary optimization loop:
For generation = 1 to G:
selected_parents ← TournamentSelection(population, TS)
offspring ← MutatePopulation(selected_parents, Mrate)
6. Evaluate offspring
For each child in offspring:
child.total_cost ← EvaluateCandidateCost(child, Truth Table, wc, wl, wr)
7. Form candidate pool and select next generation
candidate_pool ← Merge(parents, offspring)
candidate_pool ← SortByCost(candidate_pool) // Sort to prioritize best candidates
population ← SelectNextGeneration(candidate_pool, Npop) // Select top Npop 

candidates
8. Apply SA refinement to a fraction of top candidates
top_fraction ← SelectTopFraction(population, FSA)
For each candidate in top_fraction:

(continued on next column)

(continued )

Algorithm 1. Module-Level RNS Reverse Converter Design Using Hybrid CGP_SA

candidate ← SimulatedAnnealing(candidate, T0, β, Tmin, L)
9. Return the best candidate
best_solution ← GetBestCandidate(population)
Return best_solution
10. Function for cost evaluation:
Function EvaluateCandidateCost(candidate, Truth Table, wc, wl, wr)
correctness_cost ← ComputeCorrectnessCost(candidate, Truth Table)
latency_cost ← CountActiveColumns(candidate)
resource_cost ← ComputeResourceCost(candidate)
total_cost ← (wc × correctness_cost) + (wl × latency_cost) + (wr × resource_cost)
Return total_cost
11. Function for simulated annealing:
Function SimulatedAnnealing(candidate, T0, β, Tmin, L)
T ← T0
best_solution ← candidate
best_cost ← EvaluateCandidateCost(candidate)
While (T > Tmin AND iteration < L):
neighbor ← GenerateNeighbor(candidate)
neighbor_cost ← EvaluateCandidateCost(neighbor)
If neighbor_cost < best_cost:
best_solution ← neighbor
Else:
acceptance_probability ← exp(− (neighbor_cost − best_cost) / T)
If Random(0, 1) < acceptance_probability:
best_solution ← neighbor
T ← T * β
Return best_solution

4.2. Phase 2: Gate-Level optimization

The Gate-Level Optimization Phase aims to derive an efficient, 
optimized gate-level implementation of an RNS reverse converter using 
CGP. As in the first phase, this stage seeks to minimize hardware 
resource usage and latency while ensuring output correctness and 
generating designs suitable for practical hardware implementation. To 
achieve these goals, the optimization process uses evolutionary tech
niques to explore a vast design space while dynamically adapting to 
constraints and performance requirements.

The optimization process begins with the initialization of the genome 
structure, which defines the layout and parameters of the Cartesian grid. 
In this phase, the grid consists of rows and columns, where each node 
represents a logic gate. The number of inputs corresponds to the RNS 
residues or intermediate signals, while the outputs map to the binary 
representation of the converter’s result. Additionally, RCGP is employed 
in this phase to enable CGP to optimize RNS gate-level circuits by effi
ciently integrating EAC feedback loops, which are essential for modular 
arithmetic operations. Also, the grid’s flexibility is improved through 
the “levels back” parameter, which controls node connectivity depth.

The set of allowed primitives defines the types of gates used in the 
design, including basic logic gates such as NOT, AND, OR, and XOR, as 
well as higher-order components like multiplexers (MUX) and arith
metic gates such as SUM and CARRY. Notably, in Phase 2, primitives 
consist exclusively of logic gates, which operate with fixed Boolean logic 
and require no adjustable parameters. This contrasts with the high-level 
primitives in Phase 1, where the SA algorithm was used for parameter 
tuning. As a result, SA is unnecessary in Phase 2, and this phase solely 
relies on the CGP-based evolutionary process to optimize logic gate ar
rangements for an efficient RNS reverse converter. Following this, A 
population of candidate solutions is initialized, where each individual 
represents a potential gate-level design encoded as a genome. The 
genome describes the connections, types of gates, and overall structure 
of the design.

As mentioned before, the cost evaluation plays a central role in 
guiding the evolutionary process. Hence, in this phase, again each in
dividual is evaluated against three key metrics: correctness cost, latency, 
and resource usage. Just like in Phase 1, correctness cost is evaluated by 
comparing the candidate design’s output with the expected output 
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defined in the truth table of the RNS reverse converter. For every input 
in the truth table, the candidate’s output is checked against the expected 
result, and the correctness cost is computed as the number of mis
matches between the candidate’s output and the expected result. Mini
mizing this cost ensures that the design achieves the desired 
functionality. Also, latency cost is determined by measuring the critical 
path length, represented as the number of active columns in the Carte
sian grid.

Beyond correctness and latency, resource cost is calculated based on 
the active gates in the design, where each gate type has an associated 
cost reflecting its power, delay and area (PDA). Each primitive is char
acterized by its Boolean functionality and associated costs, such as area 
and power consumption, which are considered during optimization. For 
example, simple gates like AND and OR have lower associated costs due 
to their minimal PDA. In contrast, more complex gates like MUX, or SUM 
are assigned significantly higher costs because they consume more re
sources and involve greater design complexity. The resource usage for a 
design is computed as the sum of the costs for all active gates in the CGP 
graph. This resource usage calculation serves as a penalty in the com
posite cost function, discouraging overly complex designs. By assigning 
higher penalties to designs that utilize resource-intensive gates, the 
optimization process is biased towards solutions that achieve the 
required functionality with simpler, more efficient gates. This balance is 
essential in ensuring that the final design is not only functionally correct 
but also optimized for real-world constraints such as hardware imple
mentation and energy consumption.

Furthermore, once again, correctness, latency, and resource costs are 
combined, as shown in Equation (6), with adjustable weights to reflect 
their relative importance. Also, correctness cost remains the top priority, 
with a substantially higher weight than latency and resource costs. This 
prioritization ensures that the designs satisfy functional requirements 
while also being optimized for latency and resource efficiency. This 
adjustment is critical for producing designs that are not only accurate 
but also practical for real-world constraints, such as hardware imple
mentation and energy efficiency.

Similar to the Phase 1, the evolutionary process employs a μ+λ 
strategy, where the population undergoes mutation and reproduction. 
Mutation introduces variations by altering gate connections, types, or 
input combinations, allowing the algorithm to explore new design pos
sibilities. Since the CGP grids in this phase are larger than those in Phase 
1, the evolutionary process requires careful control over the mutation 
rate to ensure an effective search strategy and balance exploration and 
exploitation. Larger grids introduce more complexity, increasing the 
number of potential connections and functional nodes, which can lead to 
a vast search space. To efficiently navigate this space while avoiding 
excessive randomness or premature convergence, the mutation rate is 
dynamically adjusted over generations. This adjustment follows an 
exponential decay based on the generation number, as expressed in 
Equation (7). 

Mrate(g) = Minit
rate⋅e

− α⋅g, (7) 

Where, the variable g denotes the current generation number, and the 
Minit

rate represents the starting value for the mutation rate at the beginning 
of the optimization process. The parameter α is the decay rate, a positive 
constant that controls the rate at which the mutation rate decreases over 
time. This approach ensures that the mutation rate is higher during the 
early stages of the algorithm, encouraging greater diversity and explo
ration across the solution space. As the optimization progresses, the 
mutation rate gradually decreases, emphasizing exploitation of the most 
promising solutions discovered so far. To prevent the mutation rate from 
diminishing excessively and causing stagnation in the search process, a 
minimum threshold is imposed. The mutation rate at any generation is 
given by: 

Mrate = max(Mrate,Mmin
rate ), (8) 

Where, the Mmin
rate is a predefined lower bound that maintains a baseline 

level of diversity, ensuring that the algorithm does not entirely lose the 
ability to explore new solutions. By dynamically adapting the mutation 
rate in this manner, the algorithm effectively balances the need for 
exploration in the early stages with the precision required for fine- 
tuning solutions in later generations. This dynamic adjustment en
hances the algorithm’s ability to discover and converge on optimal de
signs efficiently.

Also, the tournament size is dynamically adjusted during the 
evolutionary process, starting with a smaller size in the early genera
tions to promote diversity and gradually increasing in later generations 
to refine the best solutions. The dynamic adjustment of tournament size 
(TS) follows a stepwise strategy defined as: 

TS(g) =

⎧
⎪⎪⎨

⎪⎪⎩

TSinitif g⩽g1,

TS1if g1 < g⩽g2,

TS2if g2 < g⩽g3,

TSmaxif g > g3,

(9) 

where g represents the current generation, TSinit is the initial tournament 
size, TSmax is the maximum tournament size, and g1,g2, and g3 are gen
eration thresholds that control the stepwise increase of the tournament 
size. This adaptive mechanism encourages exploration in the early 
stages and focuses on exploiting promising solutions as the algorithm 
progresses, balancing exploration and exploitation effectively.

As the optimization progresses, the cost of each individual is evalu
ated, and the design with the lowest cost is identified as the champion. 
The optimization process terminates when the maximum number of 
generations is reached. The final output includes the optimized genome 
of the champion individual, a symbolic Boolean representation of the 
circuit, and graphical visualizations of the design. The pseudo-code of 
this Phase is shown in Algorithm 2.

Algorithm 2. Gate-Level RNS Reverse Converter Optimization Using CGP

Inputs:
Initialize CGP parameters: (Npop, NR, NC, Lb, G, Minit

rate, Mmin
rate, αTSinit, TS1, TS2, TSmax, g1, 

g2, g3)
Set cost function weights: (wc, wl, wr)
Outputs:
Best candidate solution for the gate-level RNS reverse converter
Begin:
1. Define primitives:
Logic gates: AND, OR, NOT, XOR, MUX, SUM, CARRY
2. Generate the binary truth table:
Generate the Truth Table for the RNS reverse converter
Convert the inputs and outputs to binary numbers
3. Generate initial population:
population ← InitializePopulation(Npop, NR, NC, Lb)
4. Evaluate initial population:
For each candidate in population:
candidate.total_cost ← EvaluateCandidateCost(candidate, Truth Table, wc, wl, wr)
5. Perform evolutionary optimization loop:
For generation = 1 to G:
selected_parents ← TournamentSelection(population, TS)
offspring ← MutatePopulation(selected_parents, Mrate)
6. Evaluate offspring
For each child in offspring:
child.total_cost ← EvaluateCandidateCost(child, Truth Table, wc, wl, wr)
7. Form candidate pool and select next generation
candidate_pool ← Merge(parents, offspring)
candidate_pool ← SortByCost(candidate_pool) // Sort to prioritize best candidates
population ← SelectNextGeneration(candidate_pool, Npop) // Select top Npop 

candidates
8. Dynamically adjust mutation rate
Mrate ← max(Minit

rate × exp(− α × generation), Mmin
rate)

9. Dynamically adjust tournament size:
If generation ≤ g1:
TS ← TSinit
Else If g1 < generation ≤ g2:
TS ← TS1
Else If g2 < generation ≤ g3:
TS ← TS2

(continued on next page)
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(continued )

Algorithm 2. Gate-Level RNS Reverse Converter Optimization Using CGP

Else:
TS ← TSmax
7. Return the best candidate
best_solution ← GetBestCandidate(population)
Return best_solution
8. Function for cost evaluation:
Function EvaluateCandidateCost(candidate, Truth Table, wc, wl, wr)
correctness_cost ← ComputeCorrectnessCost(candidate, Truth Table)
latency_cost ← CountActiveColumns(candidate)
resource_cost ← ComputeResourceCost(candidate)
total_cost ← (wc × correctness_cost) + (wl × latency_cost) + (wr × resource_cost)
Return total_cost

Overall, the Gate-Level Optimization Phase employs CGP to evolve 
compact, efficient, and correct designs for RNS reverse converters. By 
prioritizing correctness and systematically refining solutions, the pro
cess delivers practical gate-level implementations that meet hardware 
constraints and performance requirements.

5. Experimental results

This section presents the empirical results obtained by applying the 
proposed hybrid framework for designing optimized RNS reverse con
verters. The evaluation begins with a detailed specification of the 
hyperparameter settings used during both phases of the optimization 
process. Proper tuning of these parameters is essential for ensuring 
efficient exploration of the solution space and achieving high-quality 
convergence in both structural evolution and parameter refinement. 
Subsequently, a comprehensive analysis of the hybrid CGP-SA algorithm 
is presented. This includes quantitative comparisons between the CGP- 
only and CGP-SA configurations to analyze the contributions of SA in 
refining parameter-sensitive operations. The evaluation also in
vestigates the effects of adaptive mutation rates and dynamic tourna
ment selection in Phase 2, emphasizing their roles in improving 
convergence, reducing solution variability, and enhancing scalability in 
gate-level optimization. Finally, a comparative performance analysis is 
conducted to benchmark the proposed CGP-based reverse converters 
against state-of-the-art manually designed counterparts reported in the 
literature. The evaluation criteria include critical design metrics 
including the number of gates, as well as overall conversion delay and 
circuit area, both reported in equivalent unit-gate counts. The results 
confirm that the proposed framework consistently achieves more 
compact designs with comparable or better performance, validating its 
potential for efficient and scalable RNS converter synthesis. To further 
illustrate the practical application and effectiveness of the proposed 
methodology, we conduct a case study using the commonly cited moduli 
set {4,7,9} in Appendix C. This example demonstrates how the CGP-SA 
framework automatically evolves an efficient and simplified architec
ture for reverse conversion. The case study highlights the ability of the 
framework to derive functionally correct and resource- efficient designs 
without manual intervention. All experiments were implemented using 
Python and executed on a Windows-based platform equipped with an 
AMD Ryzen 9 7940 CPU and 64 GB of RAM. The reported results are 
based on multiple independent runs to ensure statistical reliability and 
robustness of the findings.

5.1. Hyperparameter settings for the proposed approach

Table 3 outlines the empirically defined hyperparameters used in the 
two-phase optimization framework for RNS reverse converters. As pre
viously described, Phase 1 applies a hybrid CGP-SA method for module- 
level design, whereas Phase 2 shifts focus to gate-level optimization 
using adaptive CGP. Each phase utilizes distinct parameter settings 
aligned with its specific optimization objectives.

The population size is set to 50 in Phase 1 and doubled to 100 in 

Phase 2 to better handle the increased complexity inherent to gate-level 
design. Similarly, the number of generations is 200 in Phase 1 and 
extended to 400 in Phase 2 to facilitate more thorough exploration. The 
CGP grid dimensions (including the number of rows, columns, and the 
levels-back parameter) are left problem-dependent, as they vary ac
cording to the moduli set being optimized.

Mutation and selection strategies differ significantly between the two 
phases to reflect their respective needs. In Phase 1, a fixed mutation rate 
of 0.05 and a constant tournament size of 10 are maintained throughout. 
In contrast, Phase 2 begins with a higher initial mutation rate of 0.1, 
which decays gradually using a factor of 0.005 until it reaches a mini
mum of 0.01, promoting exploration in early generations and conver
gence in later stages. The tournament size in Phase 2 is also adaptive: it 
starts at 10, then increases to 20, 50, and 100 at generation thresholds of 
100, 200, and 300 respectively, to balance selection pressure over time.

A key feature of Phase 1 is the integration of SA for fine-tuning 
operator-specific parameters. Specifically, 10 % of the top-performing 
individuals are selected for refinement using SA. The SA procedure 
starts with an initial temperature of 0.1, a cooling rate of 0.95, and runs 
for 50 iterations per candidate, terminating at a minimum temperature 
of 0.01. This process helps enhance solution quality by locally opti
mizing parameter settings. Phase 2, in contrast, does not employ SA, as it 
operates at the gate level using fixed Boolean operators with no tunable 

Table 3 
Hyperparameters of the proposed approach.

Parameter Description Phase 1 
Value

Phase 2 
Value

Npop Population size 50 100
NR Number of rows in the CGP grid Problem 

dependent
Problem 
dependent

NC Number of columns in the CGP grid Problem 
dependent

Problem 
dependent

Lb Levels back parameter (controls 
node connectivity depth)

NC NC

G Number of generations 200 400
FSA Fraction of top candidates refined 

via SA (Phase 1 only)
0.1 N/A

T0 Initial temperature for SA (Phase 1 
only)

0.1 N/A

β SA cooling rate (Phase 1 only) 0.95 N/A
Tmin Minimum temperature for SA 

(Phase 1 only)
0.01 N/A

L Number of iterations for SA 
refinement (Phase 1 only)

50 N/A

wc Weight for correctness cost 0.9 0.9
wl Weight for latency cost 0.05 0.05
wr Weight for resource usage cost 0.05 0.05
Mrate/Minit

rate Initial mutation rate 0.05 0.1
Mmin

rate Minimum mutation rate (ensures 
lower bound; Phase 2 only)

N/A 0.01

α Decay factor for mutation rate 
adaptation (Phase 2 only)

N/A 0.005

TS/TSinit Tournament size (initial selection 
pressure)

10 10

TS1 Tournament size for intermediate 
generations (g1 < generation ≤ g2; 
Phase 2 only)

N/A 20

TS2 Tournament size for later 
generations (g2 < generation ≤ g3; 
Phase 2 only)

N/A 50

TSmax Maximum tournament size for final 
generations (Phase 2 only)

N/A 100

g1 Generation threshold for initial 
tournament size adjustment (Phase 
2 only)

N/A 100

g2 Generation threshold for 
intermediate tournament size 
adjustment (Phase 2 only)

N/A 200

g3 Generation threshold for final 
tournament size adjustment (Phase 
2 only)

N/A 300
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parameters. Instead, its optimization relies solely on adaptive CGP 
mechanisms. Both phases share a unified cost function that emphasizes 
correctness, latency, and resource usage, with weights of 0.9, 0.05, and 
0.05, respectively. This prioritization ensures that correctness remains 
the primary objective, while also encouraging designs that are efficient 
in terms of speed and hardware utilization. Together, these tailored 
hyperparameter settings enable the two-phase framework to first 
construct a robust module-level architecture and then refine it through 
detailed gate-level optimization.

5.2. Analysis of CGP and SA algorithms

To evaluate the effectiveness of the proposed optimization method
ology, we analyze the contributions of SA in Phase 1 and the impact of 
adaptive mutation and selection mechanisms in Phase 2. This analysis 
provides insight into how these components improve convergence and 
solution quality in the design of the RNS reverse converter.

5.2.1. Impact of SA in phase 1
In Phase 1 of the proposed framework, SA is integrated into CGP to 

refine operator-specific parameters, particularly those associated with 
bitwise operations such as shift amounts. This hybridization addresses a 
fundamental limitation in standard CGP, which struggles to efficiently 
optimize parameter values using mutation alone. To evaluate the 
contribution of SA, we compare the performance of CGP with that of the 
hybrid CGP-SA approach across a range of representative moduli sets. 
The selected moduli sets include three-moduli, four-moduli, and five- 
moduli configurations, all of which are commonly found in RNS arith
metic. The three-moduli sets used for evaluation include {2(n− 1),2n − 1,
2n + 1}, {2n,22n − 1,22n + 1}, and {2(2n− 1),2(2n+1) − 1,2(2n+1) + 1}. The 
four-moduli sets considered in this analysis are {2n,22n+1,2n + 1,2n − 1}, 
{2n +1,2n − 1, 2n +3,2n − 3} and the five-moduli set used for evaluation 
is {2n,2n − 1,2n+1 − 1,2n+1 + 1,2n+2 − 1}.

Table 4 presents the mean, standard deviation, minimum, and 
maximum values of the cost function obtained over 30 independent runs 
for each moduli set and value of n, with all results rounded to four 
decimal places. As mentioned before, the cost function integrates cor
rectness, latency, and resource consumption, where lower values indi
cate better performance. Across all tested moduli configurations and 
parameter settings, the CGP-SA approach consistently outperforms CGP, 
yielding lower mean costs, reduced variability, and tighter min–max 
bounds. These improvements clearly demonstrate the significant role of 
SA in guiding the local refinement of parameter-sensitive operations, 
thereby accelerating convergence and enhancing solution feasibility.

Building on this observation, the detailed statistics provide valuable 
insight into how CGP-SA enhances both performance and stability across 
these diverse RNS configurations. For instance, in the three-moduli set {
2(n− 1), 2n − 1, 2n + 1}, CGP-SA not only achieves significantly lower 
mean costs (e.g., reducing the cost from 0.2672 to 0.1517 for n = 2) but 
also consistently lowers the standard deviation, indicating more reliable 
convergence behavior. This trend continues across larger n values, 
highlighting that SA becomes increasingly beneficial as the design 
complexity increases. Similarly, for the more computationally intensive 
moduli set like {2n + 1,2n − 1,2n + 3,2n − 3}, the CGP-SA hybrid dem
onstrates superior performance by achieving narrower performance 
ranges. Notably, the five-moduli set exhibits one of the lowest standard 
deviations under CGP-SA, suggesting that the efficient parameter tuning 
provided by SA not only enhances quality but also promotes consistency 
in larger, more irregular search spaces. These detailed comparisons 
reinforce the advantage of hybridizing CGP with SA, particularly in 
parameter-sensitive domains such as reverse converter design.

The bar chart in Fig. 5 offers a clear visual comparison of the average 
mean-cost across six moduli sets (labeled MS1 to MS6) for both the CGP- 
only and CGP-SA hybrid approaches. Each pair of bars represents the 
average cost function values over different n values as presented in 

Table 4, quantifying the overall performance of each method in terms of 
correctness, latency, and resource usage. In each case, the average 
mean-cost achieved by CGP-SA is noticeably lower, with the most sig
nificant improvements observed in MS2 and MS3 moduli sets. These 
reductions highlight the effectiveness of SA in fine-tuning parameter- 
dependent operations that CGP alone struggles to optimize efficiently. 
The bar chart once again clearly demonstrates that the integration of SA 
into CGP consistently yields more optimized and hardware-efficient 
reverse converter designs.

Finally, in order to gain a deeper understanding of the consistency 
and robustness of the proposed CGP-SA approach, a box-and-whisker 
plot is shown in Fig. 6, for the moduli set {2(n− 1),2n − 1,2n +1} across 
different values of n. This visualization highlights the distribution of cost 
function values over 30 independent runs per case, providing insight 
into both performance and variance. From this figure, it is evident that 
the CGP-SA method consistently demonstrates lower median costs, 
tighter interquartile ranges, and fewer outliers, indicating more stable 
convergence and higher reliability. In contrast, the CGP-only approach 
shows broader variability, with wider whiskers and several extreme 

Table 4 
Comparative Performance of CGP and CGP-SA in Phase 1 for Various Moduli 
Sets.

Moduli Set Method n Mean 
Cost

Std 
Dev

Min Max

{2(n− 1),2n − 1,2n + 1} CGP 2 0.2672 3.78E- 
2

0.1297 0.3318

3 0.2592 5.12E- 
2

0.1161 0.3151

4 0.2049 6.51E- 
2

0.1346 0.2614

5 0.1767 8.39E- 
2

0.1411 0.2328

CGP-SA 2 0.1517 1.76E- 
2

0.1297 0.1964

3 0.1483 3.45E- 
2

0.1161 0.2358

4 0.1726 4.81E- 
2

0.1066 0.2107

5 0.1283 5.78E- 
2

0.0994 0.1911

{2n ,22n − 1,22n + 1} CGP 2 0.2747 5.11E- 
2

0.1834 0.3162

3 0.2413 6.04E- 
2

0.1572 0.2841

CGP-SA 
2 0.1659 2.45E- 

2
0.1250 0.2399

3 0.1483 3.16E- 
2

0.1045 0.2216

{2(2n− 1) ,2(2n+1) − 1,
2(2n+1) + 1}

CGP 2 0.2514 6.73E- 
2

0.1605 0.3362

CGP-SA 2 0.1468 2.23E- 
2

0.1248 0.2076

{2n ,22n+1 − 1,2n + 1,
2n − 1}

CGP 2 0.2612 3.82E- 
2

0.1976 0.2970

3 0.2492 4.31E- 
2

0.1884 0.2795

CGP-SA
2 0.1825 1.98E- 

2
0.1637 0.2311

3 0.1734 2.09E- 
2

0.1499 0.2120

{2n + 1,2n − 1,2n + 3,
2n − 3}

CGP 3 0.2572 3.21E- 
2

0.2033 0.2867

4 0.2315 2.29E- 
2

0.1977 0.2572

CGP-SA 
3 0.2107 1.84E- 

2
0.1908 0.2534

4 0.1893 1.27E- 
2

0.1759 0.2163

{2n,2n − 1,2n+1 − 1,
2n+1 + 1, 2n+2 − 1}

CGP 3 0.2138 1.53E- 
2

0.1836 0.2249

CGP-SA 3 0.1797 7.64E- 
3

0.1705 0.1973
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values, particularly for especially for n = 2, n = 3, and n = 5, suggesting 
less predictable behavior and a higher likelihood of suboptimal solu
tions. These findings emphasize that the integration of SA not only im
proves average solution quality but also enhances the robustness and 
repeatability of the evolutionary design process. While CGP explores the 
topological space of arithmetic and bitwise operator arrangements, SA 
fine-tunes internal operator parameters to avoid premature convergence 
and local optima. This synergy leads to designs that require fewer logic 
gates, reduced operator depth, and improved structural regularity, 
which are beneficial for the downstream gate-level optimization phase.

5.2.2. Effect of adaptive mutation and tournament selection in phase 2
Phase 2 of the proposed framework addresses the gate-level opti

mization of RNS reverse converters. This stage involves a higher degree 
of structural complexity due to the detailed arrangement of logic gates, 
requiring a sophisticated evolutionary strategy to efficiently explore and 
refine the solution space. To this end, in this section we examine the 
impact of adaptive mutation rate control and dynamic tournament se
lection within CGP algorithm. Unlike fixed-parameter configurations, 
the adaptive strategy adjusts key evolutionary parameters over time. As 
mentioned above, in this phase the mutation rate begins at a higher 
value to encourage diversity and broad exploration, then gradually de
creases to support focused refinement in later generations. Simulta
neously, the tournament size used in selection increases progressively, 
intensifying selection pressure while preserving sufficient variation in 

the population. The effectiveness of the suggested adaptive approach is 
evaluated using the same six moduli sets introduced in the previous 
section ({2(n− 1),2n − 1,2n + 1}, {2n,22n − 1,22n + 1}, {2(2n− 1),2(2n+1) − 1,
2(2n+1) + 1}, {2n,22n+1 − 1,2n + 1,2n − 1}, {2n + 1,2n − 1,2n + 3,2n − 3}, 
and {2n,2n − 1,2n+1 − 1,2n+1 + 1, 2n+2 − 1}), each selected to represent a 
different level of arithmetic complexity and dynamic range. The results, 
summarized in Table 5, are based on 30 independent runs per configu
ration and evaluated using four key performance metrics: mean cost, 
standard deviation, minimum, and maximum values of the cost function.

Across all tested configurations, the adaptive strategy consistently 
outperforms the fixed-parameter approach, delivering lower mean costs, 
reduced variability, and narrower performance bounds. These im
provements reflect both enhanced optimization efficiency and more 
reliable convergence behavior. For example, in the three-moduli set {
2(n− 1), 2n − 1, 2n + 1}, the mean cost for n = 2 decreases from 0.3428 
under fixed parameters to 0.3204 with the adaptive strategy, accom
panied by zero standard deviation, indicating perfectly stable conver
gence across all runs. A similar trend is observed in the moduli set {2n,

22n − 1, 22n + 1}, where the mean cost at n = 3 drops from 0.3973 to 
0.3625, along with a noticeable reduction in variance. Improvements 
are also evident in more complex configurations. In the four-moduli set 
{2n + 1, 2n − 1,2n + 3, 2n − 3}, the adaptive strategy reduces the mean 
cost from 0.5883 to 0.5561 for n = 4, while producing a tighter distri
bution of results. The benefits are even more pronounced in the five- 
moduli set {2n, 2n − 1, 2n+1 − 1, 2n+1 + 1, 2n+2 − 1}, where adaptive 
CGP achieves a significantly lower mean cost of 0.3056, compared to 
0.3839 using fixed parameters. These results confirm that dynamically 
adapting evolutionary parameters during the optimization process im
proves both the efficiency and consistency of gate-level circuit design.

Fig. 7 provides a comparative overview of the average mean cost for 
six different moduli sets (MS1–MS6), showcasing the performance dif
ference between the fixed-parameter CGP and the adaptive CGP stra
tegies. Each bar pair illustrates the average cost values aggregated across 
multiple values of n, as detailed in Table 5. The chart clearly shows that 
adaptive CGP consistently achieves lower average costs across all 
moduli sets. The performance gap is especially notable in MS2 and MS3, 
where adaptive CGP yields the most substantial reductions, under
scoring its ability to more effectively navigate parameter-sensitive 
design challenges. These results reaffirm that incorporating adaptive 
mechanisms into CGP enhances its capability to generate more efficient 
and optimized gate-level reverse converter architectures.

Fig. 5. Comparison of average mean-cost for the moduli sets in Table 4.

Fig. 6. The box-and-whisker plot of CGP and CGP-SA algorithms for the moduli 
set {2(n− 1),2n − 1,2n + 1}.
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To further assess the stability and reliability of the optimization 
process, Fig. 8 presents a box-and-whisker plot comparing the cost 
function distributions of the fixed-parameter CGP and the adaptive CGP 
approaches across values of n = 2 to n = 5, for the moduli set {2(n− 1),

2n − 1,2n + 1}. Each case summarizes results from 30 independent runs, 
offering insight into both central tendency and variability. The plot 
clearly illustrates that the adaptive CGP strategy yields lower median 
cost values, narrower interquartile ranges, and fewer outliers across all n 
values, reflecting more predictable and consistent performance. In 
contrast, the fixed-parameter CGP method exhibits greater dispersion, 
with broader boxes and longer whiskers, and is more susceptible to 
outliers (especially evident in the n = 2 and n = 3 cases) indicating 
higher variance and reduced convergence reliability. Most notably, for n 
= 2, the adaptive method exhibits zero standard deviation, with all 30 
runs converging to the same cost value, clearly indicating highly stable 
and deterministic convergence.

The results of this section confirm that the proposed adaptive 
mechanisms in CGP enable broad exploration in early generations and 
precise refinement in later stages. As circuit complexity increases with 
larger values of n, the performance gap between fixed and adaptive 

approaches becomes more pronounced, underscoring the scalability and 
effectiveness of adaptive CGP in optimizing complex RNS reverse con
verter architectures. Moreover, these findings demonstrate that adaptive 
parameter control not only enhances average optimization performance 
but also significantly improves the robustness and consistency of the 
evolutionary design process.

5.3. Comparative performance analysis against established designs

To further assess the effectiveness of the proposed two-phase CGP- 
based reverse converter design approach, we conducted a comparative 
analysis with several well-established RNS converter designs in the 
literature. This evaluation focuses on both hardware complexity and 
conversion delay across various moduli sets. Table 6 presents a detailed 
comparison between the proposed CGP-based implementations and 
handcrafted designs, considering key hardware metrics such as the 
number of inverters (INV), AND, OR, XOR, and XNOR gates, as well as 
the overall conversion delay and area, both expressed in equivalent unit- 
gate counts.

The results clearly demonstrate that the CGP-SA framework consis
tently yields more efficient designs across all tested moduli sets. In 
particular, the optimized converters show a notable reduction in AND 
and XOR gate usage (components typically associated with area and 
power overhead) while maintaining the same counts for OR, XNOR, and 
inverter gates. Importantly, these hardware reductions are achieved 
without increasing propagation delay, ensuring that performance in 
terms of speed is fully preserved.

For example, in the widely studied three-moduli set {2(n− 1), 2n − 1,
2n + 1}, the proposed design for n = 2 reduces the number of AND gates 
from 15 to 16 and XOR gates from 15 to 13, resulting in an overall area 
reduction from 56 to 53 unit-gates compared to the design reported in 
(Hiasat & Sweidan, 2003). While the number of inverters and OR gates 
remain consistent, the optimized logic structure leads to a more compact 
implementation. Similar patterns are evident for larger values of n, 
where the CGP-SA designs systematically achieve lower area costs (e.g., 
134 to 131 for n = 5) without any trade-off in delay. This trend is 
consistent across other moduli sets cited from references (Hariri et al., 
2008), (Molahosseini et al., 2008), (Molahosseini et al., 2009), (Mojahed 
et al., 2021a), and (Ahmadifar & Torabi, 2024). In complex configura
tions such as the four-moduli set {2n +1,2n − 1,2n +3,2n − 3} (Mojahed 
et al., 2021a), the CGP-SA design reduces the total area from 514 to 472 
for n = 3, and from 770 to 728 for n = 4, while keeping the delay un
changed. Likewise, in the five-moduli configuration 
{2n,2n − 1,2n+1 − 1, 2n+1 +1,2n+2 − 1} (Ahmadifar & Torabi, 2024), the 
proposed method reduces the area from 682 to 668, once again without 
increasing delay.

These consistent improvements are a direct result of the proposed 
framework’s ability to automatically and intelligently explore the design 
space, selectively evolving only those architectures that offer the best 
trade-off between functional correctness, hardware efficiency, and 
speed. By decoupling structural evolution from parameter fine-tuning, 
the framework is capable of minimizing redundant logic, avoiding 
excessive gate usage, and promoting highly regular, low-latency archi
tectures. From a practical perspective, the observed reductions in 
hardware complexity translate into several tangible benefits, including 
smaller silicon footprint, lower power consumption, shorter design and 
verification cycles, and reduced fabrication costs. These advantages 
position the CGP-generated converters as highly suitable for 
performance-critical applications, particularly in domains such as 
embedded systems, digital signal processing, cryptographic computing, 
and high-speed arithmetic units, where efficiency, scalability, and reli
ability are paramount.

Eventually, we analyze how CGP–SA designs scale with increasing 
Dynamic Range (DR) by plotting total circuit area against the number of 
representable bits (i.e. log2 of the product of the moduli). Fig. 9

Table 5 
Comparative Performance of CGP with Fixed and Adaptive Parameters in Phase 
2.

Moduli Set Strategy n Mean 
Cost

Std 
Dev

Min Max

{2(n− 1) ,2n − 1,
2n + 1}

Fixed 
Parameters

2 0.3428 9.62E- 
3

0.3204 0.3561

3 0.3573 1.37E- 
2

0.3321 0.3627

4 0.3622 1.65E- 
2

0.3385 0.3814

5 0.3858 2.08E- 
2

0.3495 0.4035

Adaptive 
Parameters

2 0.3204 0 0.3204 0.3204
3 0.3362 2.58E- 

3
0.3321 0.3428

4 0.3416 3.86E- 
3

0.3385 0.3528

5 0.3497 7.57E- 
3

0.3424 0.3704

{2n ,22n − 1,22n +

1}
Fixed 
Parameters

2 0.3789 1.66E- 
2

0.3476 0.3953

3 0.3973 1.89E- 
2

0.3674 0.4176

Adaptive 
Parameters

2 0.3512 7.63E- 
3

0.3476 0.3645

3 0.3625 1.07E- 
2

0.3588 0.3812

{2(2n− 1),

2(2n+1) − 1,
2(2n+1) + 1}

Fixed 
Parameters

2 0.3926 1.85E- 
2

0.3573 0.4075

Adaptive 
Parameters

2 0.3508 9.74E- 
3

0.3418 0.3759

{2n ,22n+1 − 1,
2n + 1,2n − 1}

Fixed 
Parameters

2 0.2695 3.49E- 
2

0.2197 0.3216

3 0.2852 4.08E- 
2

0.2371 0.3460

Adaptive 
Parameters

2 0.2363 2.10E- 
2

0.2086 0.2843

3 0.2517 2.47E- 
2

0.2229 0.3078

{2n + 1,2n − 1,
2n + 3,2n − 3}

Fixed 
Parameters

3 0.5224 2.76E- 
2

0.4962 0.5731

4 0.5883 3.01E- 
2

0.5538 0.6319

Adaptive 
Parameters

3 0.4937 1.25E- 
2

0.4822 0.5274

4 0.5561 1.48E- 
2

0.5417 0.5926

{2n,2n − 1,
2n+1 − 1,2n+1 +

1, 2n+2 − 1}

Fixed 
Parameters

3 0.3839 3.37E- 
2

0.3269 0.4180

Adaptive 
Parameters

3 0.3056 1.78E- 
2

0.2892 0.3533
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illustrates this relationship, where each pair of adjacent bars represents 
a specific moduli configuration. The left bar in each pair corresponds to 
the reference design, while the right bar shows the area of the corre
sponding CGP-SA design, with both areas measured in unit gates. This 
visualization enables a direct comparison of area efficiency across a 
wide range of dynamic ranges. The chart clearly illustrates that the CGP- 
SA approach consistently achieves a lower hardware area than the 
reference methods across all evaluated dynamic ranges. The most sub
stantial absolute reductions are observed in higher-range configura
tions, particularly at 12, 14, and 15.94 bits, where the CGP-SA design 
reduces the area by 42 gates or more compared to the reference 
implementations. All values are labeled above each bar, facilitating 
direct and precise comparison. For instance, at a dynamic range of 4.91 
bits, the area decreases from 56 to 53 unit gates. At 14 bits, the area 
drops from 770 to 728 gates. At the highest tested dynamic range of 
15.94 bits, the CGP-SA design achieves an area of 668 gates, compared 
to 682 in the reference design. These results reinforce the observation 
that CGP-SA not only produces compact architectures for smaller dy
namic ranges but also scales more efficiently as the range increases, 
offering consistent benefits in hardware resource optimization.

The comparative results provide strong evidence of the practical 
benefits and design efficiency offered by the proposed CGP-SA frame
work. Across a variety of moduli sets and values of n, the framework 
consistently generates reverse converter architectures with lower area 
requirements and comparable or identical delay relative to conventional 

handcrafted designs. While the improvements in individual gate counts 
may appear incremental, their cumulative effect contributes to more 
compact and resource-conscious hardware implementations, which is 
especially valuable in constrained or performance-sensitive environ
ments. These outcomes highlight the CGP-SA framework’s potential as a 
reliable and automated design methodology for RNS reverse converters, 
offering a promising alternative to traditional manual approaches. Its 
ability to balance structural evolution with parameter fine-tuning makes 
it particularly well-suited for scalable, modular arithmetic systems in 
modern digital hardware design.

6. Conclusion

This paper presented an automatic approach for RNS reverse con
verter circuit generation and simplification using a hybrid evolutionary 
framework that combines CGP with SA. The proposed two-phase opti
mization targets both module-level and gate-level design. In the first 
phase, CGP explores high-level arithmetic and bitwise operator struc
tures, while SA refines parameter-sensitive operations. In the second 
phase, the architecture is translated into a gate-level circuit, which is 
further optimized using adaptive CGP with dynamic mutation and se
lection control.

The effectiveness of the CGP-SA framework was validated through a 
series of simulations and comparative experiments. Performance com
parisons between CGP and CGP-SA highlighted the role of SA in 
improving cost values during module-level synthesis, while box-and- 
whisker plots confirmed more stable convergence. In the gate-level 
phase, adaptive strategies enhanced both average performance and 
consistency compared to fixed-parameter configurations. Further com
parisons with handcrafted designs showed that CGP-SA often achieves 
modest area reductions while maintaining similar delay. Although in
dividual gate savings are typically incremental, they contribute to more 
compact and resource-conscious implementations. These results were 
consistent across different moduli sets and values of n, supporting the 
suitability of CGP-SA for a wide range of RNS configurations. Its ability 
to separate structural evolution from parameter tuning enables sys
tematic design space exploration, providing a practical and automated 
alternative to manual circuit synthesis.

Finally, future research could explore scalability to higher- 
dimensional moduli sets, ensuring the CGP-SA framework remains 
efficient for large-scale RNS applications. Another promising direction is 
to investigate inter-stage knowledge transfer, whereby module-level 

Fig. 7. Comparison of average mean-cost for the moduli sets in Table 5.

Fig. 8. The box-and-whisker plot of fixed and adaptipe mechanisms of CGP for 
the moduli set {2(n− 1), 2n − 1, 2n + 1}.
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architectural insights (e.g., preferred low-latency operator patterns) 
inform gate-level search strategies. Additionally, incorporating dynamic 
weight adjustment into the multi-objective cost function could allow the 
optimization process to shift its focus over time (for example, priori
tizing correctness in early generations and gradually emphasizing la
tency and resource efficiency as solutions stabilize), thereby improving 
convergence toward well-balanced hardware architectures. Moreover, 
incorporating Pareto-based multi-objective optimization methods (e.g., 
NSGA-II, SPEA2, MOEA/D) into the CGP-SA framework could offer a 
more principled way to explore trade-offs between latency and resource 
usage. By treating correctness as a strict constraint and applying Pareto 
selection within valid solutions, this extension would enhance trans
parency and flexibility in navigating conflicting hardware design ob
jectives. Future research could also explore alternative metaheuristics, 
such as genetic algorithms, particle swarm optimization, or their more 

recent variants, to replace SA during parameter tuning. These methods 
may offer different advantages in navigating complex or high- 
dimensional parameter spaces and could further improve design qual
ity and convergence efficiency.

Declaration of Generative AI and AI-assisted technologies in the 
writing process

During the preparation of this work the authors used ChatGPT in 
order to improve the language and readability of the manuscript. After 
using this tool, the authors reviewed and edited the content as needed 
and take full responsibility for the content of the publication.

Table 6 
Performance Comparison of The Proposed CGP-Based Reverse Converter Design Approach Against Existing Prominent Methods.

Moduli Set Ref n INV AND OR XOR XNOR Delay 
(Unit Gate)

Area 
(Unit Gate)

{2(n− 1) ,2n − 1,2n + 1} (Hiasat & Sweidan, 2003) 2 4 15 7 15 0 37 56
3 6 22 10 22 0 53 82
4 8 29 13 29 0 69 108
5 10 36 16 36 0 85 134

Ours 2 4 16 7 13 0 37 53
3 6 23 10 20 0 53 79
4 8 30 13 27 0 69 105
5 10 37 16 34 0 85 131

{2n ,22n − 1,22n + 1} (Hariri et al., 2008) 2 7 27 13 27 1 69 103
3 10 39 19 39 2 101 150

Ours 2 7 28 13 25 1 69 100
3 10 40 19 37 2 101 147

{2(2n− 1),2(2n+1) − 1,2(2n+1) + 1} (Molahosseini et al., 2008) 2 9 34 16 34 1 85 129
Ours 2 9 35 16 32 1 85 126

{2n ,22n+1 − 1,2n + 1,2n − 1} (Molahosseini et al., 2009) 2 17 41 29 37 9 122 179
3 25 60 42 54 13 170 261

Ours 2 16 39 28 35 9 122 171
3 24 58 41 52 13 170 253

{2n + 1,2n − 1,2n + 3,2n − 3} (Mojahed et al., 2021a) 3 35 137 65 137 0 139 514
4 50 276 114 165 0 179 770

Ours 3 38 170 66 99 0 139 472
4 47 196 93 196 0 179 728

{2n ,2n − 1,2n+1 ± 1, 2n+2 − 1} (Ahmadifar & Torabi, 2024) 3 14 209 87 186 0 221 682
Ours 3 14 200 86 184 0 221 668

Fig. 9. Circuit area comparison between reference and CGP-SA designs across increasing dynamic ranges.
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Appendix 1 

Appendix A:. Technical details of cartesian genetic programing

In CGP, solutions are encoded as fixed-length genotypes that are mapped to computational graphs. Each genotype consists of a sequence of integers 
representing computational nodes and their connections. A node in the genotype specifies a function it performs, selected from a predefined function 
set, and the sources of its input data. Functions can range from basic arithmetic operations, such as addition and multiplication, to logical operations 
like AND and OR. The function genes define the operation for each node, while the connection genes determine the data flow by linking the node to 
either a program input or the output of another node in the grid. The phenotype, derived from decoding the genotype, is the active computational 
graph used for the solution. Some nodes in the genotype may remain inactive if they are not connected to the outputs. The two-dimensional grid 
structure is organized into rows and columns, with user-specified parameters determining its size and connectivity. The grid’s topology impacts the 
computational efficiency and flexibility of the solutions.

The topology and connectivity of a CGP system are controlled by several user-defined parameters. The number of rows and columns in the grid 
determines the maximum number of nodes and their arrangement. For instance, a tall, narrow grid prioritizes sequential processing, while a shorter, 
wider grid supports parallel computations. The levels-back parameter restricts the connectivity of nodes by limiting how far back in the grid a node can 
connect to its inputs. A higher levels-back value increases the potential for long-range connections, enabling more complex data flows. The arity of a 
node, which specifies the maximum number of inputs it can have, is another critical parameter. This is dictated by the most complex function in the 
predefined function set. Adjusting these parameters allows for fine-tuning of the CGP structure to suit specific applications. The genotype repre
sentation in CGP offers numerous advantages that make it particularly effective for evolutionary computation. Its compactness ensures that all possible 
connections and functions are encoded in a single, fixed-length structure, simplifying the evolutionary process. Another significant advantage is the 
reusability of nodes. In CGP, nodes can be used multiple times as inputs to other nodes, allowing for implicit reuse of computations. This feature not 
only reduces computational overhead but also enables the creation of more complex solutions.

Mutation is the primary mechanism driving CGP evolution, introducing variation by altering function, connection, or output genes. Changes to 
function genes modify a node’s operation, while mutations in connection or output genes redirect data sources and outputs. The mutation rate, defined 
as a percentage of total genes, controls the extent of these changes. Mutations can significantly impact the phenotype, activating previously unused 
nodes or altering program behavior, or may have no effect if they occur in non-coding genes. The inclusion of non-coding genes allows for the 
exploration of neutral mutations, which can help the evolutionary process escape local optima by preserving genetic diversity. This redundancy 
enhances robustness and adaptability, with mutations in non-coding regions potentially activating new solutions. Through this process, CGP effec
tively balances compactness, flexibility, and exploratory power, optimizing solutions over generations and making it highly effective for diverse 
computational tasks.

CGP has proven to be a powerful tool for a wide range of applications, including digital circuit design, symbolic regression, and image processing. 
Its mutation-centric evolutionary strategy enables gradual improvements, while its ability to represent solutions as DAGs provides flexibility in 
addressing diverse computational challenges. The inclusion of non-coding genes and feed-forward connectivity makes CGP particularly effective in 
domains requiring fault tolerance and adaptability. Fig. A.1 presents an example of a digital circuit (a two-bit multiplier circuit) designed using CGP, 
illustrating its capability to generate efficient and compact solutions. In this figure, the CGP genotype and its corresponding phenotype are depicted, 
showcasing the transformation from the encoded structure to the realized functional circuit. The genotype consists of a sequence of nodes, each 
defined by a set of genes that encode the node’s function, chosen from a function look-up table, and its input connections. The look-up table includes 
logical operations such as AND (0), OR (1), and XOR (2), which are referenced by the function genes. The connection addresses indicate the flow of 
data through the circuit, describing how nodes interact to produce the desired outputs. Additionally, negative numbers are used in CGP’s genome for 
the representation of circuit inputs and outputs. For example, in this figure, a function gene equal to − 3 indicates an input node, meaning the node 
directly receives values from the circuit’s primary inputs. Also, a function gene equal to − 2 designates an output node, meaning the node is used to 
determine the final circuit output. Similarly, negative values (− 1 and − 3) are used in connection genes of circuit inputs and outputs to reference 
external connections. The phenotype visualizes the circuit’s active components and connections, effectively representing the genotype’s functional 
implementation. Additionally, inactive (non-coding) nodes, which are not utilized in the final solution, are shaded in blue dashes (e.g. nodes 8 and 11), 
emphasizing CGP’s inherent ability to simplify and optimize circuits by excluding unnecessary components. This example highlights CGP’s effec
tiveness in designing compact and functional digital circuits tailored to specific tasks. 
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Fig. A1. (a) genotype and (b) phenotype of a two-bit multiplier circuit.

Recurrent CGP (RCGP) extends the principles of traditional CGP by incorporating recurrent connections, enabling the representation of cyclic 
graphs. This extension introduces feedback mechanisms, allowing solutions to store and utilize internal state information. RCGP is particularly ad
vantageous for solving partially observable tasks, where outputs depend not only on current inputs but also on historical context. By lifting the acyclic 
constraint of CGP, RCGP creates opportunities for addressing time-dependent and dynamic problems that require memory. In RCGP, connection genes 
are no longer restricted to feed-forward links. Instead, nodes can connect to any other node in the program, including themselves, or to program 
inputs. This flexibility allows for the creation of cyclic dependencies, enabling the retention of state across iterations. Fig. A.2 illustrates an example 
RCGP graph, showcasing both recurrent (red lines) and feed-forward (black lines) connections.

Fig. A2. Example of a recurrent CGP grid.

The inclusion of recurrent connections significantly expands the range of problems that can be addressed by CGP. For partially observable tasks, 
such as time-series prediction or reinforcement learning, the ability to incorporate memory is crucial. RCGP facilitates this by enabling nodes to store 
and process information from previous iterations. For digital circuit design, RCGP introduces groundbreaking potential by enabling the creation of 
circuits with feedback connections. Specifically, for RNS circuits, RCGP provides a unique advantage by facilitating the efficient design of Adders with 
end-around carry (EAC) connections, which are integral components in modular arithmetic operations. The EAC adders utilize feedback loops to 
ensure correct carry propagation within the modular bounds. By utilizing RCGP, designers can design RNS circuits that excel in power consumption, 
area, and speed.

However, the increased flexibility, achieved by incorporating feedback in RCGP, also introduces challenges. For instance, it is possible for mu
tations to create disconnected or purely recurrent graphs that do not utilize program inputs effectively. These configurations typically result in high 
cost and are filtered out during evolution. Another consideration is the potential for overfitting in tasks where recurrent connections dominate. This 
can be mitigated by carefully tuning the recurrent connection probability and incorporating validation techniques to ensure generalization. Despite 
these challenges, RCGP offers a powerful framework for tasks requiring feedback connections.

Appendix B:. New Chinese Remainder Theorems

The New CRT-I and New CRT-II are efficient methods for reconstructing a number X from its residue representation. These methods improve upon 
the classical CRT by reducing computational complexity, minimizing hardware requirements, and optimizing performance for specific applications 
such as high-speed digital systems and cryptographic circuits. The New CRT-I is based on a sequential approach to compute the original number X from 
its residues (x1,x2, ...,xn). For an n-moduli set {p1,p2, ...,pn}, the number X is reconstructed as: 

X =

⃒
⃒
⃒
⃒
⃒
x1 + k1(x2 − x1)p1 + k2(x3 − x2)p1p2 + … + kn− 1(xn − xn− 1)

∏n− 1

i=1
pi

⃒
⃒
⃒
⃒
⃒
P

, (B1) 

where,P =
∏n

i=1pi is the dynamic range, and kj is the multiplicative inverse of 
∏j

i=1pi.
The New CRT-II provides an alternative reconstruction method that emphasizes parallelism and reduces sequential dependencies. It emphasizes 

parallelism and minimizes sequential dependencies by dividing the moduli set into smaller groups and combining intermediate results using a divide- 
and-conquer strategy. For a 4-moduli set {p1, p2, p3, p4} and residues (x1,x2,x3,x4), we compute the first intermediate result (Z) as follows: 

Z = x1 + p1|k1(x2 − x1)|p2
, where |k1p1|p2

= 1 (B2) 

Next, the second intermediate result (Y) is calculated as follows: 

Y = x3 + p3|k2(x4 − x3)|p4
, where |k2p3|p4

= 1 (B3) 

Finally, these intermediate result (Z and Y) are combined based on the following equation, in order to create the final result X: 

X = Z+ p1p2|k3(Y − Z)|p3p4
, where |k3p1p2|p3p4

= 1 (B4) 
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New CRT-II is highly efficient for residue-to-binary conversion, using parallelism by allowing independent computations of Z and Y for partitioned 
groups, enabling efficient hardware implementations. It is scalable, accommodating larger moduli sets through further partitioning, and reduces 
computational complexity by focusing on modular operations within smaller dynamic ranges, avoiding large modulo calculations. Due to its reduced 
hardware complexity, modular efficiency, and support for parallelism, New CRT-II is particularly well-suited for high-speed applications such as 
digital signal processing, modular arithmetic units, and secure cryptographic systems.

Appendix C:. Case Study: Reverse converter design for {4, 7, 9} moduli set

In order to illustrate the effectiveness of the proposed two-phase CGP optimization methodology, we present a detailed case study on designing an 
RNS reverse converter for the well-known moduli set {4,7,9}. Conventional methods, such as the CRT or MRC methods are typically used for this 
purpose. However, these approaches often lead to high computational complexity and increased hardware resource consumption. In contrast, the 
proposed CGP-based method systematically evolves an optimized architecture, efficiently balancing accuracy, latency, and resource utilization. The 
following sections provide a detailed breakdown of the two-phase design process, starting with the development of a high-level module architecture in 
Phase 1, followed by gate-level optimization in Phase 2.

Phase 1: High-Level Module Design.
As mentioned above, the first phase of the CGP-based design process focuses on constructing an efficient module-level architecture for the RNS 

reverse converter. To achieve this, the process begins with defining a set of arithmetic and bitwise operations that form the fundamental building 
blocks of the converter. The arithmetic operations include addition, subtraction, modular addition, and multi-operand modular arithmetic. Bitwise 
operations such as logical shifts, circular left and right shifts, concatenate, and bitwise complement are also included.

Next, a truth table is generated by considering all possible residue combinations corresponding to the given moduli set. For {4,7,9}, the total 
number of unique residue sets is computed as 4 × 7 × 9 = 252. Each residue combination is mapped to its corresponding integer using the CRT 
algorithm. The next step involves CGP encoding and evolutionary optimization. Candidate designs are encoded within a CGP grid, where nodes 
represent operations selected from the predefined function set. Input nodes correspond to the residues, and output nodes generate the final converted 
value. The cost function evaluates candidate designs based on three key criteria. Correctness is assessed by comparing output values against the 
reference truth table. Latency is minimized by reducing the number of active computation columns in the CGP grid. Resource usage is optimized by 
minimizing the number of active functional nodes. After multiple generations of mutation and selection, the CGP optimization process converges 
toward an efficient high-level representation of the RNS reverse converter. This optimized design serves as the input for the next phase.

Fig. C.1 represents the final output of this phase, illustrating the optimized CGP-based module-level architecture for the RNS reverse converter. 
Fig. C.1 (a) illustrates the full CGP grid, displaying all operations and connections, including both active and inactive components in the final solution. 
Fig. C.1 (b) focuses on the active CGP grid, where inactive nodes and connections have been removed, presenting only the active elements that 
contribute to the final computation. This architecture strategically employs key operations such as LeftShift, ModuloAdder, CircularLeftShift, Com
plement, and Concatenate to process input residues and compute the final converted output. The optimized active grid shows how the design achieves 
an effective balance between correctness, latency, and resource efficiency, ensuring a highly efficient solution.

Fig. C1. Optimized CGP-based module-level architecture for the reverse converter: (a) Full CGP grid, (b) Active CGP grid.

Phase 2: Gate-Level Optimization
The second phase of the proposed methodology focuses on refining the high-level design obtained in the first phase into a gate-level circuit. This 

phase ensures efficient hardware implementation by minimizing delay, power consumption, and resource utilization, making the design suitable for 
practical use in RNS-based systems.

The process begins with gate-level mapping, where each function in the high-level representation is translated into a network of basic logic gates. 
The gate set used for this phase includes fundamental elements such as AND, OR, NOT, and XOR gates. Additionally, more complex elements like 
multiplexers (MUX) and arithmetic gates such as SUM and CARRY are incorporated. These gates serve as the building blocks of the gate-level design. 
The CGP evolutionary process applied at this level operates on a grid of logic gates obtained from gate-level mapping and iteratively improves the 
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circuit. Each node in the grid represents a logic operation, with input nodes corresponding to binary residue values of the RNS reverse conversion, and 
output nodes representing the binary result of the conversion.

To guide the optimization process, a cost function evaluates candidate designs by balancing accuracy with efficiency. Correctness is prioritized by 
ensuring the circuit produces outputs consistent with the reference truth table. At the same time, design efficiency is applied based on minimizing the 
cumulative cost of three key performance metrics. First, critical path delay is reduced by minimizing the number of active columns in the gate-level 
grid, ensuring a shorter and faster computational path. Second, resource utilization is minimized by decreasing the total number of active gates in the 
circuit, which directly correlates with hardware area and power consumption. Lastly, circuit efficiency is improved by penalizing active nodes with 
higher costs, thereby encouraging the use of less resource-intensive components. In this regard, each component is characterized by a specific 
hardware cost, derived by the product of the power, delay and area requirements (called PDAP), to ensure resource-efficient mapping. Simpler gates 
like AND and OR have lower costs, while more complex gates such as SUM and CARRY incur higher costs due to their complexity. These cost pa
rameters are integrated into the optimization process through the cost evaluation, where circuits using resource-intensive gates are penalized. For 
example, designs relying excessively on SUM and CARRY are assigned higher resource penalties compared to those using simpler, functionally 
equivalent configurations. This approach ensures that the CGP framework prioritizes designs that minimize resource utilization without compro
mising functionality.

Throughout the evolutionary process, additional mechanisms such as dynamic mutation rate decay and tournament selection adjustments are 
applied to improve convergence. The mutation rate is reduced exponentially across generations to balance exploration and exploitation, starting with 
a higher rate to explore the design space and gradually focusing on fine-tuning promising solutions. Tournament size is dynamically adjusted based on 
the generation count, starting smaller to maintain diversity and increasing in later stages to refine high-quality designs.

The final optimized gate-level circuit for the {4, 7, 9} moduli set reverse converter is depicted in Fig. C.2. The figure shows a detailed mapping of 
the gate-level architecture, with distinct modules corresponding to Inverters, Full Adders (FA) and Half Adders (HA). Input bits (e.g., X32, X31, X30, …) 
are processed through interconnected adder blocks, representing the 3-operand modulo adder corresponding to ModuloAdder_3 block in the module- 
level diagram. These adder blocks compute partial sums (Si) and carries (Ci) at each stage, which are systematically propagated and combined to 
produce the final binary results (O7, O6, …, O0).

As shown in Fig. C.2, the CGP evolutionary process has successfully simplified the circuit to enhance efficiency. More specifically, in the green 
block, the SUM circuit has been removed from the FA, reducing complexity of this block while maintaining the overall functionality of the reverse 
converter. Additionally, in the purple blocks, the FA circuits have been converted to HA circuits, which have a lower hardware cost compared to FA, 
further optimizing resource utilization. These modifications demonstrate how the CGP framework intelligently reduces hardware costs without 
compromising the accuracy of the design. This optimized architecture effectively balances output correctness with power efficiency, computational 
speed and reduced hardware requirements, making it a practical solution for RNS-based systems. The design highlights the impact of the CGP evo
lution process in refining the circuit to achieve optimal performance.

Fig. C2. Optimized CGP-based gate-level circuit for the {4, 7, 9} moduli set reverse converter.

Data availability

The data that support the findings of this study are available from the 
corresponding author, upon reasonable request.
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