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Abstract: This research focuses on studying the asymptotic and oscillatory behavior of a
special class of even-order nonlinear neutral differential equations, including damping
terms. The research aims to achieve qualitative progress in understanding the relationship
between the solutions of these equations and their associated functions. Leveraging the
symmetry between positive and negative solutions simplifies the derivation of criteria that
ensure the oscillation of all solutions. Using precise techniques such as the Riccati method
and comparison methods, innovative criteria are developed that guarantee the oscillation of
all the solutions of the studied equations. The study provides new conditions and effective
analytical tools that contribute to deepening the theoretical understanding and expanding
the practical applications of these systems. Based on solid scientific foundations and
previous studies, the research concludes with the presentation of examples that illustrate
the practical impact of the results, highlighting the theoretical value of research in the field
of neutral differential equations.

Keywords: oscillation; nonoscillation; nonlinear equations; neutral differential equations;
noncanonical case

MSC: 34C10; 34K11

1. Introduction

This study focuses on a nonlinear even-order neutral differential equation with a
damping term, expressed as follows:

(e “’1\P<"*1><s>>/ +a@)|¥ ()| ¥ (s) 1 a(6)e0() P el(s)) =0, (D)

where ¥(s) = s(s) + g(s)»(3(s)), s > so, n > 4,a > 0, and B > 0. Our analysis is based

on the following assumption:

(Hy) © € CY([so,)), ¥'(s) > 0, g,q,a € C([sp,),R), 0 < g(s) < 1, and q(s) is not
eventually zero on [s*, 00) for s* > sp;
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(Hz) 3 € C([so, %), R), b € C'([s0,0),R), 3(s) <5, b(s) <'s,(s) > 0, and lims 00 3(s) =
limg_,e0 h(s) = 0.

Let s,, = min{3(s),h(s)}. A function s(s) € C""([s,,, ), R), s,, > sg, is called a
solution of Equation (1) if it has the property «(s)[¥"~1(s) ’“_1?’”_1(5) € Cl[s,,, ) and
satisfies Equation (1) on [s,,, o). We only consider the nontrivial solutions of Equation (1)
which ensure

sup{|#(s)|:s =S} >0, forall S > s,,.

A solution of Equation (1) is classified as oscillatory if it exhibits an infinite sequence of zeros
over the interval [s,,, ). Otherwise, it is categorized as non-oscillatory. The differential
Equation (1) is said to be oscillatory if every solution of (1) is oscillatory.

Differential equations (DEs) are essential for modeling dynamic phenomena across
various fields, from physics to economics. Neutral differential equations (NDEs), which
account for systems where current behavior depends on both past variables and their
derivatives, have gained significant attention in recent research. They are particularly
valuable for studying systems with delayed effects, offering key insights for both theoretical
and practical applications, as highlighted in [1-3].

Oscillation theory is a fundamental part of mathematics used in studying the behav-
ior of solutions in dynamical systems, especially the analysis of oscillations or stability
over time. The theory is widely used in mechanical, electrical, and biological fields to
understand the stability of systems and predict their behavior. The symmetry property
plays an important role in simplifying models and discovering fundamental relationships,
facilitating the identification of oscillatory patterns. The theory also includes the analysis
of periodic solutions and forced oscillations. Tools have been developed in this field to
accurately determine the conditions that lead to oscillation, which enhances its applications
in engineering, physics, and biology (see [4,5]).

The study of oscillation theory has experienced substantial advancements in recent
years, particularly in the context of DEs involving delay, neutral terms, and damping effects.
Among these, delayed differential equations have attracted significant scholarly attention,
as evidenced by the contributions of researchers such as Dzurina and Jadlovska [6], Grace
et al. [7], and Masood et al. [8]. Similarly, neutral differential equations have been ex-
tensively investigated, as documented in the works of Li et al. [9] and Bohner et al. [10].
Furthermore, notable progress has been achieved in the oscillatory analysis of odd-order
differential equations, as highlighted in the studies by Li and Thandapani [11], Baculikova
and DZurina [12], and Masood et al. [13]. In parallel, considerable research has been di-
rected towards understanding the oscillatory behavior of even-order differential equations,
as explored in the works of Zhang and Ladde [14], Li and Rogovchenko [15], and Moaaz
et al. [16]. Lastly, the dynamic properties of damping equations have also been extensively
studied, with significant contributions by Bohner et al. [17] and Bartu$ek and Dosla [18].

Dzurina and Stavroulakis [19], Sun and Meng [20], Elbert [21], and Agarwal et al. [22]
have conducted research on the differential equation

(<)) (5)) + ) f () =0,

and its associated equations.
In their research, Grice and Akin [23] examined oscillations in nonlinear DEs with
delays, the specific equation they considered is given as follows:

5 (s) + 5" (s) +a(s)f(>(b(s))) = 0,
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where the condition f(s¢) > ksP(s) is satisfied for s # 0. Their findings indicated that
the DE
¥(s) + p(s)¥(s) =0,

can exhibit either oscillatory or non-oscillatory behavior.

Several studies, including those carried out by Grace [24], and Padhi et al. [25], and
Tiryaki et al. [26] have emphasized the exploration of oscillatory behaviors exhibited by
solutions to the equation

(2(5) (1) (5))') + a(s)¥'(s) + £ ((b(s))) = 0.

Graef et al. [27] examined the oscillatory patterns displayed by solutions of higher-order
nonlinear DEs featuring a nonlinear neutral term, expressed as

(v66) (9 - g(S)%ﬁ(h(S)))(“)(S)Y)/ — 4(8)527(5(5)) + a(s) " (¥(s)).

Wau et al. [28] established new oscillation criteria for a class of damped second-order NDEs

(xS () +als)[F(5)[*F (5) + als)]((5) [P (b (s)) = 0,

with noncanonical operators. Alatwi et al. [29] investigated the oscillatory behavior of
solutions to fourth-order nonlinear NDEs

(<) ¥ ()T ()) 4 als) (¥ (5) [T (5) + a(s) 34(0()) P 4(0(5)) = 0,

emphasizing improved relationships between solutions, their functions, and derivatives
and establishing new criteria for oscillation.

Despite the critical importance of these models, understanding the oscillatory behavior
of solutions, especially in higher-order and non-canonical cases, remains a significant
challenge. Previous research has mainly focused on second-, third-, and fourth-order
equations, leaving a gap in the study of more complex cases. This study aims to fill that
gap by establishing novel criteria for determining the oscillation behavior of solutions
to even-order NDEs, relaxing the stringent conditions of earlier works. By analyzing
inequalities related to key variables, we derive criteria ensuring the non-existence of
positive solutions, utilizing advanced mathematical tools such as the Riccati transformation
and comparison theorems. The newly developed criteria provide enhanced precision
and flexibility, making them applicable to a broader range of differential models. Our
approach strengthens the interconnection between positive solutions, their associated
functions, and derivatives, leading to more general, less restrictive conditions. This work
extends the methodology in [28], which focuses on second-order equations, offering a more
comprehensive framework for addressing higher-order and non-canonical cases.

2. Preliminary Results

Let us define:

where
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We introduce the following functions:
o 1
Ho(s) := / 0~ Y%(c)dc, mi(s) := / wi—1(g)dg, i=1,2,...,n -2,
S S

JO(s) := J(s) and Ji(s) = ](][i_l] (s)), fori=1,2,...,n,

m [ 2i 1 Hn—2 (3 e (S)>
s;m) = (s ' N ' '
g1 (s m) Z(Hg(z <>)> [g@zzus)) Hn-2(321(s))

4 ) (n—=2)/€g
sm) =3 (TTa(se) )| —h 3M(S))
ga(s;m) : l;) <k=0g(3 ( >)> [g(zm(s)) 1] < ° ,

and

F1(s) == g(s)a(s)gh (b(s); m).

Lemma 1 ([30]). Suppose that x € C"([so, %), ¢"), x\"™ (s) is of fixed sign and not identically
zero on [sg,00) and that there exists sy > sq such that "1 (s)x™)(s) < 0 for all s; > s. If
limg_,e0 x () # O; then, for every 6 € (0,1), there exists s¢ € [s1,00) such that

x6) 2 gy )

fors € [se, ).

Lemma 2 ([31]). Let x € C"([sp, ), (0,00)), )(s) > 0fori=1,2,...,m, and x"*+V(s) <
0, eventually. Then, eventually, x(s)/x'(s) > es/m for every € € (0,1).

Lemma 3 ([32]). Let a present the ratio of two odd positive integers. Suppose x > 0 and B are
constants. Then, the following inequality holds:

Bu — Au(“+l)/’x < o BDC+1

Lemma 4 ([30]). Let s be an eventually positive solution of (1). Then s will eventually fulfill one
of the following cases

Ci : ¥(s) >0, ¥'(s) >0, ¥"V(s) >0, and ¥ (s) < 0;
C, ¥(s) >0, ¥'(s) >0, ¥" 2 (s) >0, and ¥V (s) < 0;
G = (=1)"¥D(s)>0fori=0,1,2,...,n—1;

fors > s1 > sp.

(); represents the set of all solutions that become positive and satisfy the corresponding
case (C;) fori =1,2,3.
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Lemma 5 ([33]). Let s be a solution of (1). As a consequence, for sufficiently large values of s, the
following inequality must be satisfied:

" i [21]
(s) > g(kz_og(a[kl <s>)> [M —¥ (52 (s)) |- ®)

g(321(s))

3. Main Results

This section establishes the monotonic properties of the solutions to the NDE (1). By
analyzing these properties, we gain valuable insights into the long-term behavior and
stability of the solutions. Furthermore, we introduce a series of innovative conditions
aimed at effectively eliminating positive solutions that satisfy Equation (1).

3.1. Category ()3

This section presents a set of lemmas that examine the asymptotic behavior of solutions
classified under (C3) category.

Lemma 6. Let »r € Q3. Assume that

pofs) == [ 671/ (c)dg < e @

Then,
(Qu,1) ¥(s)/un—2(s) is increasing;
(Q12) (=) T (=i=2)(s) < 91/ (s)¥ ("= (s)pu;(s), for i = 0,1,2,...,1n — 2.

Proof. Let sz € (3. Then, there exists a s; > s, such that s(3(s)) > 0 and s(h(s)) > 0 for
s > s1. By multiplying both sides of (1) by ¢(s), we obtain

a—1

(e[ D[V 6)) + pls)als) P o(s)) 0,5 = 0 5

Since ¥("~1(s) < 0, from (5), we obtain

(06) (=¥ 1(5))") = o(s)ate) (0(5)) > 0. ©
(Qq,1) It follows from (6) that

01/ ()1 () < 01/ (s) ¥ (s), ¢ > 5 > 5.
Dividing the latter inequality by §1/%(), we obtain

91/”‘(5)“1’(”71)(5)
gl/zx(g)

Integrating this inequality from s to oo allows us to conclude that

¥ (g) <

—¥(1-2)(5) < gL/ (s)¥ (") (s) /sw9‘““<g>dg = 0M/%(s)¥ "1 (s)po (s)-

That is,
qf("—z)(s) > fel/”‘(s)‘lf(”_l) (s)uo(s). 7)
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Hence, ,
YD\ O Y £ ¥
Mo 01/%(s)ug(s) N
Since ¥("~2)(s) /po(s) is increasing, then
= §(-2)(g) ¥i2)(s)
¥ (3 (s >/7 dg > ———"m(s).
( ) =/ ]/lo(g) VO(Q) ¢z VO(S) ‘111( )
That is,
w(-2)(s)
g3y < _T6) o) 8
(S) = ﬂO(S) ‘Ml(S) 8)
This implies
n-3)\’ (n—2) (n-3)
¥ (S) — M1 (S)T (S)2+ VO(S)T (S) <0.
#1 pi(s)
Repeating the same process (n — 4) times yields the following result
b RN
<0.
(Vn3> (8) <
Since Y/ (s)/un—3(s) is decreasing, then
© ¥'(o) T'(s)
—¥(s) < / _a(c)dc < o (s).
R A3 R e Ll
That is,
¥'(s)
Y(s) > — _2(s). 9
(S) - ‘Mn_?,(S) ,un 2(S> ( )
This implies

Y O\ pa2(s)Y(s) + pn3(s)¥(s)
<Vn—2) (&)= Mo o(s) =0

In addition, when combining the above inequalities, we easily obtain the following relationship:

y(n-2)(s) _‘I’(”’3)(s) Y4 (s) ~ ¥Y'(s) ¥(s)
wE) S me) S ml) T sl " eals)

(10)

(Qi,2) By examining the monotonicity of 81/*¥("~1) we obtain that

o gl/a (n=1)
0D spo(s) > [0 %(@1 g > —wir2(e)

This can be equivalently expressed as
¥ (s) > 0% (s) ¥V (s)po(s)-
By integrating this inequality from s to oo, we find
¥ I) > = [0V D uo(e)ds > —0Y (50 D(s)p o).

This can be equivalently expressed as

¥ (s) < 014 ()Y (5)pa (s)-
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By integrating the final inequality over the interval [s, o), the result is expressed as

¥ < [ "0V () () (©)de < 04 (5) ¥V ()pas).

Proceeding with repeated integrations of this inequality over the same interval, we estab-
lish that

(=) e (=i=2) (g) < 1/« (s)¥ ("1 (s) i (s), fori =0,1,2,...,n—2.
Thus, the proof is concluded. O

Lemma 7. Let > € Q3. Assume that (4) holds. Then,
(Q21) #(s) > gi(s,m)¥(s); /
(Qe2) (005) (=¥ V(s))") = d(s)¥P(s).

Proof. (Q; 1) In view of (3), we have that

m

2i
%@w>2< g@W@»>
i=0 \k=0
Since ¥(s)/pn_o(s) is increasing and 3% (s) > 32+1(s), then

- Hn—2 (5[21‘*'1] (s))
 Hn—2 (5[21](5))

Substituting the previous inequality into (11), we obtain
m 2i 1 Un—2 5[2i+1](5)
() > L, ( (" (S))> BI(s)) ( ] )
i=0 \k=0 g(5%1(s)) pn—2(3%(s))
Since ¥/(s) < 0, and 32!(s) <'s, then the previous inequality becomes

. [2i+1]
i B . 1 B Hn—2 (5 (S)) s
(Hg<3 ( )) ) [g(a[”](s» pn—2(31(s)) e

0
= gi(s;m)¥(s). (12)

¥ (52(s))
8(:1%1(s))

- T(5[2i+l] (s))] . 11)

¥ (521 (s)) ¥ (5%()).

b4 (3 [24] (s)) .

#(s)

Y

(Q22) By combining (12) and (6), with ¥("~1)(s) < 0, we thus deduce that

(0 (~ 1)) = 9©als)A0(s) > pl)als)gl (b(s);m) ¥ (b(s))
= A(s)¥P(h(s)) > a(s)¥P(s).

The proof is now finished. O

Lemma 8. Let 3 € Q3. Assume that (4) holds. We define the function w(s) as follows:

o

6(s)(~¥"1(s))
(¥02)(s))"

w(s) := , 8> 8. (13)
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Then, we have the following conditions:

(Qs,1) w(s)pg (s) is bounded;

(Qs2) @/(5) 2 ()1} _o(5)/ 5(5) + 6/ *(5)w(T+1/7(s),
where m is a positive constant and y = max{a, B}.

!/
Proof. (Q31) By Lemma 6, we have (9(5)(71’(”_1)(5))“) > 0, which implies that

(s) (—‘I’("_l) (s)) "is non-decreasing. From (7), we obtain

4

(¥ 2(9))" 2 0(5) (~¥" V() () = (¥ () wlolpi(s). (19

It follows that
ap
(W*z)(s)) > w(s)uk(s), s > s1. (15)

If « > B, by applying yn-1) (s) < 0 as indicated in (15), we establish that the positive
function wpug remains bounded.
Conversely, if B > a, and using the result from (7) again, we derive the following;:

(¥2(9)" > (0/(s) (~¥0V9)) o), (16)

which implies that

14

0(s) (—‘I’(”_l)(s)) ;
(¥02)(s))"

[91/“(5) (—T(”_l) (S)) } a—p >

Since [91/”‘(5) (—‘I’(”’l) (s))} o is decreasing, then w(s)yg(s) is bounded. Therefore, the
function w(s)] (s) is bounded, where v = max{a, B}.
(Q3,2) In view of the definitions of w(s) and (Q, ), we have

N CCIC D) DL S0

(%02 (s))° (¥(-2)(s)) !
~ A (s) B (1-2) (] B79% (a11)/a
Using (10), we obtain

¥(s) Hn—2(s)
Yo D(s) = po(s) (18)

Substituting (18) into (17), we obtain

S :B —0)/
@'(s) 2 ) (L2 ) o trn(s) [0 21(s)) T ot ),

—u)/
If « > B, and considering that (-1 < 0 fors > s1, the function (‘I’("’Z))(ﬁ e is
increasing. Letting

—a)/
my = (‘P(”*z)(so))(ﬁ e (ifa = B, thenmy = 1),
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the inequality becomes

)\ P
w'(s) >74(s) (V‘ZO(ZS())) + By 07 (8)w @ /% (s), s > 5. (19)

Now, if § > a, the inequality takes the form

(U/(S) 2 EI'(S) <I’4;/llo(2s()s))’8 + '89*1//3(5) (_T(Hfl) (S)) (ﬁ_“)/ﬁw(ﬁ+l)/ﬁ(s) (20)

p -
B
> (s) (V;;gi;)) + ﬁmzf)*l/“(s)w(ﬁﬂ)/ﬂ(s), S > 81 > 8g, (21)
where

ma = (6%(s) (~#"(s1))) " G = p, thenmy = 1),

By combining (19) and (21), we find

w/(s) >1(s) (gig)ﬁ 4 ﬁm@*l/tx(s)w(WJrl)/W(s), s>sq, (22)

where
7 = max{a, B},

m:{l' a=p;

const >0, a#p

and

The proof is now finished. [

Lemma 9. Assume that (4) and g(s) < pn—2(s)/Hn—2(3(s)) hold. If

. : <oy [ Hn=2(6) )P L _
R (”g(g)q@)( Ho(c) ) _uo(g)f)”“(g))dg_oo' )

then Q3 = @.

Proof. Suppose the contrary where s € Q)3; i.e., there exists as; > sg, such that »(3(s)) > 0
and »(h(s)) for all s > s;. Considering the fact that ¥ (s) > »(s) > 0 for s > s; and (5),

we have
a—1

(e[r e[ 6 ) = gl i) <o

-1
which implies that 8(s) ¥ (") (s) ’ ¥("=1)(s) is non-increasing. Since ¥~V (s) < 0,
then by using Lemma 7, we obtain

(065) (~¥")") (¥ 20, 5> 1.
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Let w(s) be defined by (13) for s > s, > sy. It then follows that w(s) > 0 for all s > s;.
From Lemma 8, we obtain

wW'(s) > §(s) (yﬂo(zs(i )>ﬁ +Bmo 1 (s)w TV (s), 5 > 5. (24)

Multiplying (24) by 3 (s) and integrating the resulting inequality from s3 > s, to's, we have
p
" iote) (128 ) g
/S 11007 (6) [7e(6) — Bmpio()ew T/ (6) | de + il (s)w(s).  (25)
/83

Using Lemma 3, where B = v, A = Bmyip(s), and u = w(s), we obtain

,Y’H-l

Y
yuls) = B TV1s) < T

<77+1) B (ﬁzﬂ> 7 ;431(5)

which, with (25), gives

s P
[ (#3 (o) (1128 ) - M)dg < jo)ls)

whereL:{ (%)Vﬂ(ﬁlm)yf a # B,
()" w=p.

From Lemma 8, we see that j1] (s)w(s) is bounded. Letting s — oo in the above inequality,
we obtain a contradiction with (23). The proof is now complete. [

Lemma 10. Assume that (4) and g(s) < pn—2(s)/pHn—2(3(s)) hold. If

lim infpu) ™" L(s)0M%(s)d(s) (V”_z(s)>ﬂ > L, (26)

S—00 ,‘UO(S)

then Q)3 =

Proof. Suppose that (26) holds. Then for any e > 0, there exists a sufficiently large s; > s,

such that 5
Y\ .un—Z(g) L—e¢
FO(S)q(S)( po(c) > ” ()87 (s)’

Integrating this inequality from s; to s, we then obtain

s Un— 2() 'B_ L —¢ S;
/ (“0( Jale )( 1o(c) > uo(g)f)“"‘(g))dg g /51 B0 (s) ¢

N £<ln 1401(5) -n Vo(151)>‘

By allowing s — oo n the inequality presented above, we establish that (23) is satisfied.
Thus, the proof is concluded. [
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3.2. Category ()

In this subsection, we introduce a collection of lemmas focused on the asymptotic
properties of solutions belonging to the (Cp) class.

Lemma 11. Let ¢ € Q). Assume that (4) holds. Then,

(65) (¥ (5))") +3(s) P (0(5)) <. @)

Proof. Let sr € ();. Then there exists a s; > sy, such that »(3(s)) > 0 and s(h(s)) > 0 for
s > s1. By multiplying both sides of (1) by ¢, we obtain

a—1

(@l I6[ Y6 = o)A 0(s), s s

Since ¥("~1)(s) > 0, this inequality simplifies to
(05) (Y V(s))") = —g(s)a(s)+ (9(s)) <. (28)

This implies that 6(s) (‘I’(”’l) (s)) "is non-increasing. By using the definition of ¥ (s), we
can deduce

»(s) = ¥(s) —g(s)(5(s)) = ¥(s) — 8(s)¥(5(s))-
Since ¥'(s) > 0, and 3(s) < s, we can conclude that ¥(s) > ¥(3(s)), which implies

#(s) = (1= g(s))¥(s).
Consequently, it follows that
#(h(s)) = (1 —g(bh(s)))¥(h(s))- (29)
Using (29) with (28), we have
(06 (#"6)*) = —p(s)aE)(h(s))
< —g(s)als)(1 —g(b(s)))P¥P(n(s)) = —a(s)¥P (b(s)).
The proof is now complete. [

Lemma 12. Assume that (4) holds. If there exists a positive non-decreasing function o(s) €
CY([so, ), (0,00)), such that

imsup [ oy ((m=2))"  8((¢))
1Hsoop g (Q(G)CI(G) (011" (KAia(c)h

(0'(c)™!

<g>rw2<g>>“>dg s 0

then O = @.

Proof. Suppose the contrary, where ¢ € ();. In other words, there exists a s; > sy such
that »(3(s)) > 0 and »(h(s)) for all s > sy. Define a function @(s) by

G(S)(‘I’(”_l)(s))lx
YA (h(s))

@(s) :=o(s) , 8> 8. (31)
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, 0 (¥ e)" (0 (¥ (s)")
B TS B T C15)
e (Yee)
B (9)2(5) ey ¥ () &
By using Lemma 1, we obtain
¥ 2 (n ):12)15”_2?("_1)(5)’
or equivalently
¥(b(9) > b2 (). )
By using (27), (31), and (33) in (32), we have
@(s) < —eile) + &)

0(s) (¥ 1(s))"
¥ (o(s))

A 1 YRI—
T AASANNOLO!

¥ (p(s).  (34)

o
For this inequality, we first treat the case # < B. Note that 6(s) (‘-I’(”’l) (s)) is a positive
nonincreasing function; then,

61/%(s)¥ " (s) < 67%(n(s)) ¥ (b(s)).

In view of (34), we obtain

@'(s) < —o(s)a(s) +

Since Y is an increasing function, thus there exist the constants K; > 0 and s, > s; such that
¥/ (p(s)) = Ki, 5 > 5o (35)

Hence, we obtain

'(s) ooy Mk b'(s)b™%(s) (a+1) /o
O et %

Note that if « = 8, then K; = 1; thus, (36) still holds.

/
Now, if & > B, because «’(s) > 0, we have 6/(s) > 0. Recall that (9(5) (‘I’(”_l)(s))“) <0,
and hence ¥(")(s) < 0, which implies that

—u)/
(T("*l)(s))(ﬁ VP Ky s> s, 37)
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By combining (34) and (37), we have

' Q'(s) MB W ()" 2(8) (- (B—2)/P
@'(s) < —Q(s)q(s)—l—g() (s)_(ﬂiZ)!(Q(s)g(s))l/ﬁ(q{( 1)(5(5))) @ B+1/B(s)
_ Q'(s) _MB b'(s)h"2(s) (B+1)/B
< —o(s)als) + o) @(s) (”_2)!K2(Q(s)9(s))1/5w (s),

which, together with (36), implies that

(5) < ~o(sits) + &3 ts) - A K O o) sz s, o

where v = min{«, B}, K = min{Ky, K, }, and

Using Lemma 3, where B = ¢/(s)/0(s), x = AvKp (s)h"2(s)/(n — 2)!(0(s)0(6(s))) ",
and u = @(s), we obtain

(o'(s))""!
"(s)h"2(s))”’

Ql(s)c@(s)— /\OVK ?/( s)h"” 2( s) w(v-l—l)/v(s < ((n_z),)v 0(0 (s)

Agv )
2 (o(s)0(8(s)))M? (0+1)°" (KAro(s)b

which, with (38), gives

L ((n=2)H)"  6((s)

)(¢'(s)""!
(0+1)°TT (KAa(s)b/

(s)h"2(s))”

By integrating the above inequality from s4 > s3 to s, we find

sy ((1=2))"  6(8(c))
@(s) < @(s4) _/54 (Q(g)q(g)  (v+1)"T (KAio(g)h

(')
b)) )dg'

Letting s — oo in the above inequality, we then obtain a contradiction with (30). The proof
is now complete. O

Lemma 13. Suppose that (4) holds. If there is a positive non-decreasing function ¢ € C*([sg, 00), (0,0)),
such that .
limsup [ q(s)dg = oo, (39)

S—00 S0

then ) = @

Proof. Condition (39) follows by substituting o(s) = 1 into (30). [

3.3. Category ()

In this subsection, we introduce a collection of lemmas focused on the asymptotic
properties of solutions belonging to the (Cy) class.

Lemma 14. Let ¢ € (). Assume that (4) holds. Then, eventually,
(Qq1) ¥(s) > eos¥'(s);

(Qu2) ¥ (s) > —0*(s)po(s) ¥ " (s);

(Qu3) y(n-2) (s)/po(s) is increasing.
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Proof. By applying Lemma 2 with m = n — 2 and x(s) = ¥(s), we derive

¥(s) > ni_ozs‘l”(s).

/
Given that (91/“(5)‘?(”’1) (s)) < 0, we obtain

1/04 (n—1)
/ y(n=1) g)dg > — / 6 012: (e )dg > —91/“(5)]40(5)‘1’(”71)(8).

Thus,

¥\ 0V (s)uo(e) ¥ (5) + ¥ (s)
( o )““ O (o) =0

This concludes the proof. O

Lemma 15. Let 5r € (). Assume that (4) holds. Then, eventually
(Qs1) 5(s) = ga(s;m)¥(s); /
(Qs2) (0(5) (—¥0D(s))") @ (s)¥e(b(s)) = 0.

Proof. (Qs1) From Lemma 5, we have that (3) holds. Based on the properties of solutions
in the class (), we conclude that ‘I’(;,[Zi] (s)) > ‘-I’(;, 2i+1] (s)) fori = 1,2,...,m. Thus,

(3) becomes
“(6)> 1, (Hg(ﬂkws))) [gwm) - 1]?(3[21@). (40)

Using (Qy4,1), we obtain

s
Which, with (40), gives
. (n—2)/€
m [ 2i 1 2()[21](s)>
> : -1 Y (s)
Z:(k_og ) [z (5
= gas;m)¥(s)

(Qs2) Since ¥(*~1)(s) < 0, then from (5), we obtain

(6) (¥ ))") = ps)als) (v(s) > 0. @)

By using (Qs1), we can deduce

(66 (~¥"V©)) = p(s)als)(5(s))

> g(s)als)gh (h(s);m)¥P(b(s)) = 1 (s)¥P (b(s)).

The proof is now complete. [
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Lemma 16. Assume that « > 1. There is then a positive function 9(s) € C'([sg, o), (0,00))
such that

imsup [ _ 0(g)ale) (d'(e) 1+a) \* .
1 s—>oop 81 (ﬁ(g) (“ + 1)1x+l ( a(g) + 91/“(g)y0(g)> )dg = oo, (42)

holds for some Ay € (0,1) and any positive constants My and My, where

— 5(s\a N o)L (&= 1)3(s)
#(6) = OO (257" 20)) Gty

then Oy, = @.

Proof. Suppose the contrary, where sz € (). In other words, there exists a s; > sp such
that »(3(s)) > 0 and »(h(s)) for all s > s;. Since ¥("~1) < 0, then (5) becomes

(665) (~¥" ()Y = g(s)ae) (0(s)) > 0.

From (Qs,1 ), we deduce that

(6 (- )") = gs)als)(5(s))
> g(s)a(s)gh (b(s)im)¥P (h(s))
= @) ¥P(h(s)),
which means that N
(065) (=¥ V() ) = @ (s)¥A (h(s)): (43)

Since 6(s) (—‘I’(”’l)(s))a is increasing, this means that 8/%(s)¥("~1)(s) is decreasing.
Therefore,

D0 ¥ = [ Yo
< Gl/a(s)ly(nfl)(s) /Sl 91/1(g)dg'
Putting | — oo, we have,
—Y (=2 (5) < 01/%(s)¥ () puo(s).

That is, .
> 0(s) (—¥"(s)) Wb (5): (44)

Let us define E(s) as

E(s) :=o(s)| — + al(s) . (45)
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From (44), we have E(s) > 0, for s > s;. Therefore, we have

0 (s B(h(s
B < TSRS 800 g
A0 ()T e
(F(-2)(s)) " He T (s)01/4(s)

Using (45), we deduce that

E'(s) <

5@><E@>_ 1@)W“Vﬁ+w+fa>

oU/a(s) \2(s5)  m( (s)61/4(s)
T s HOE) (YUPOE) e
= 35 E©) awm@>ﬁmhab$»ﬁ =TI (¥ (b(s))
L, 0) (E(s) 1\ 0]
9”%@(6@) uﬂ)) WL (5)01/a(s)’ #e)
Using Lemma 1, we obtain
¥(s) > (nizz)!s“‘y(“)(s). (47)
Since ¥("~1) < 0, then o)

By using (47) and (48) in (46), it becomes clear that

P < W0k —awmeo (G e ) (e D)

0 (-2
_ag(s) (E(s) 1\ ad(s)
evww<a@> VM@) T )ei/a(s) )

o
If we consider the scenario where & < 8, applying the increasing nature of ¢ (—‘I’(”_l))
for s > s1, we obtain

That is,
01/ (s)¥ "V (s) < 07 (s1)¥ "V (s1) = —M/* <0,

then,
Bl/pc(s)\};(nfl) (S) < —M}/“,

If we divide this inequality by §/% and integrating the resulting inequality from s to I,
we obtain

1
YD) < ¥ (e M [ e
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Letting [ — co and using (4), we obtain
0< ¥ (s) — MY pug(s),
which yields
T2 (s) > Mo ).
Thus, we conclude that
n— p-a —a)/a B—a
(¥20))" " = ME ). (50)
By using (50) in (49), we obtain
/ a'(s) vy A2 n—2 P (B—a)/a_ p—u
Bs) < LES) -0 (g 26 M
_ ad(s) (E(s) 1 )“‘“’/“ aQ(s) (51)
01/ (s) \ a(s)  mp(s) udtl(s)o1/a(s)

In the scenario where & = §, it is clear that (‘P(”_2) (s)) pre = 1; thus, (51) still holds.

In the case where a > B, given that ¥("~2)(s) is non-increasing and positive, we can find a
constant My > 0 such that ¥("~2)(s) < M. This leads to the conclusion that

(\P(n72>(s))’3_“ > MEe

(52)
By using (52) in (49), we have
/ 0’ ~ A e P —a
B < LB - a2y ) ) M
_ag(s) (E(s) 1 )“‘“W ag(s) 53
01/%(s) (§(s> 1o (s) pst(s)01/x(s)” 3)
which, together with (51), implies that
/ d PAY A n— P
B < LEEe) - aome) (5 20 7)) &)
e (te )“‘“W 4g(s) 54
gl/a(s) 6(5) yg(s) Vg—i—l (S)gl/zx(s).
1 ifa =6,
where &(s) = Mffaygfa ifa < B,
ME" if o > B
By using the inequality

1/«
Ala+1)/a _ (A— B)(wrl)/a < BT[(l +a)A—B], AB >0,

with A = E(s)/0(s) and B = 1/u((s), we obtain
E/(S) S Ql(s>

s) — 5(s)d: (s Ao anS P S L(S)
6(5) E( ) Q( )Cl1( )<(1’l—2)!h ( )) C( )+ Vooc-&-l(s)gl/uc(s)

() el -]

apio(s) a(s)  Hg(s)
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which is

/ 6/(5) 1 + Oé) . _ A . ‘B
) < < 3(s) "o (s)n O(S)>E(S) —Q(S)ql(5)<(n fz)!b 2(s)> Z(s)
aE(e1)/a(g) o(s) N 0 |
COUR(S)QVE(s) 6T (s) OV ()T (s)

(55)

Using Lemma 3 where B = ¢/(s)/o(s) + (1 4+ a)/60"/%(s)uo(s), A = a/0'/%(s)0"/%(s) and
u = ¢(s), we obtain

' A n— P a—1)o(s
e 0 (G2 0) g
0(s)a(s) (d'(s) (1+a) \*!
+(tx+1) <Q(S) 01/%(s)po(s )) ‘ (56)

Integrating (56) from s; to s, we have

’ _ 0(g)ale) (d(g) (1+«) a+1 s
/sl <l9<(;) (a+1)*" ( oe) Gl/a(g)yo(g)> >d€ < E(s1),

which contradicts (42). The proof is now complete. O

Lemma 17. Assume that o > 1. If

. s _ Ay uo B . a .
limsup | (ql(g)é‘(g)<(n_2)!h (g)> el/w(g)ygﬂ(g))dg_ , 67

holds for some Ay € (0,1) and any positive constants My and My, then Oy = @
Proof. Condition (57) follows by substituting ¢(s) = 1 into (42). O

4. Theorems on the Oscillatory Behavior of Solutions

In this section, we build upon the results from the previous discussion to establish
new criteria for analyzing the oscillatory behavior of all solutions of the Equation (1). By
integrating the earlier derived conditions that exclude positive solutions in cases (Cy) (C2)
and (C3), we derive two theorems that provide essential tools for identifying the oscillatory
nature of the given equation.

Theorem 1. Let « > 1. Suppose that conditions (23), (30), and (42) are satisfied. Then, the
Equation (1) exhibits oscillatory behavior.

Proof. Let »r be a solution of Equation (1) that becomes positive for sufficiently large s. By
Lemma 4, the behavior of ¥ and its derivatives falls into one of three possible scenarios.
Utilizing Lemmas 9, 12, and 16, we conclude that, under the constraints given by (23), (30),
and (42), no positive solutions of Equation (1) can exist that also satisfy conditions (Cy),
(Cy) and (C3). Thus, the proof is established. O

Theorem 2. Let « > 1. Suppose that conditions (26), (39), and (57) are satisfied. Then, the
Equation (1) exhibits oscillatory behavior.

Proof. Let »r be a solution of Equation (1) that becomes positive for sufficiently large s. By
Lemma 4, the behavior of ¥ and its derivatives falls into one of three possible scenarios.
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Utilizing Lemmas 10, 13, and 17, we conclude that, under the constraints given by (26), (39),
and (57), no positive solutions of Equation (1) can exist that also satisfy conditions (Cy),
(C2) and (C3). Thus, the proof is established. [

Example 1. Consider the non-linear differential equation (NDE):

i a— " ! 3 " a— i oa—
(s*[¥" ()" " (s)) +Sl—:]‘1’ (s)[* 'y (s)+sziil|%(bos)\ '5(hos) =0, (58)

where ¥ (s) = 2(s) + gox(308),s > 1, a > 1,0 < gy < 1,30, ho € (0,1) and qo > 0. By
analyzing this equation in relation to (1), we can deduce that n = 4, p = « = 1, k(s) = s%,
q(s) = qo/s***1, g(s) = go, h(s) = hos and 3(s) = 30s. It is easy to find that

p(s) =™, 0(s) =s*,
1 1 1
po(s) = 353’ Hi(s) = 652’ pa(s) = 6s’

m
g1 (s;m) = ( ) Zgo, ga(s;m) = (1—g) Zg%laé’/eo,

and

(s) = qos* 'gf, d(s) = gos* (1 —g0)", Fu(s) = gos* 'g5.

Condition (23) holds when

6 4
Q0 > 3L<g1> . (59)
Condition (30) with o(s) = s" is satisfied when
« a+1 2ho «
= <"‘+1> (K/\l(lgo)) ' (©0)
Condition (42) with 9(s) = s* holds when
o
2 0c+3(1+oc))“+1 i
> -1)3 . 61
a0 <A2C2%> () e 61

Applying Theorem 1, it follows that Equation (58) exhibits oscillatory behavior provided that the
conditions (59), (60), and (61) are satisfied. This result can be confirmed by substituting appropriate
values into Equation (58).

Example 2. Consider the non-linear differential equation (NDE):

(s(%(s) + 0.5%(0.85))’”>/ + 3(5(s) +0.55(0.8s))" + 55 2#(0.7s) =0, (62)

Clearly,

a=pB=1,x(s)=s, q(s) = 255/s%, c(s) = 1/2, h(s) = 0.7s, and 3(s) = 0.8s.

Consequently, we can easily deduce:

p(s) =5, 0(s) =s*,
1 1 1
Ho(s) 33 p1(s) o2 12(s) e
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05) & 2
g1(s;10) = <1 - > ) (0.5) = 0.59259,
09) =
10 ) )
g2(5;10) = Y (0.5)%%1(0.9)*/ 2 0.603 20, where €y = 0.9,
i=0

and
q(s) = 0.59259q9, q(s) = 0.5q9, q1(s) = 0.603 20qp.

Condition (26) leads to

.. 1 4 353
hggmf—s (0.59259q)) G

1
— =0.03292 -
nf256 S 0.0329 q0>4,

which is satisfied when
qo > 7.5942

Condition (39) leads to

S S
limsup [ q(s)d¢ =limsup [ 0.5gpdg = oo.

S—00 SQ S—00 Sp

Condition (57) with A, = 0.5 leads to

s 0. 9¢° s
lim sup (0.603 20q9 (5(0.7)2(;2) — i) dg = limsup [ (0.07389q¢ — 9)c*d¢ = o,
S—00 S1 2 G S—00 S1
which is satisfied when
qo > 121.8.

Thus, when qy > 121.8, conditions (26), (39), and (57) are met. Applying Theorem 2, it follows
that (62) exhibits oscillatory behavior.

5. Conclusions

In this paper, we study the asymptotic and oscillatory behavior of a class of even-
order nonlinear neutral differential equations, incorporating damping terms to deepen
the understanding of solution behavior. The relationship between the solutions and their
associated functions is refined, providing new insights into the monotonic properties of
these solutions, and establishing precise conditions and criteria that guarantee the presence
of oscillation. The study introduces improved criteria based on the Riccati technique and
the comparison method, offering effective analytical tools for examining these dynamic
systems. This research enriches the existing literature by broadening the scope of current
criteria and presenting new approaches for analyzing NDEs. However, the study is confined
to even-order equations and does not extend to odd-order cases. Consequently, future
work could benefit from applying the methodology outlined in this paper to odd-order
neutral equations, opening new avenues for a more comprehensive understanding of these
systems. Additionally, it is interesting to note that we have derived oscillation criteria
without the need for the condition « > 1.
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