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This paper presents a new hybrid control framework—Model Reference Adaptive Control with a Barrier Lyapunov 
Function-based PID Backstepping Nonsingular Terminal Sliding Mode Control (MRA-BLF-PBNTSMC)�-for robust 
attitude control of four-rotor UAVs under disturbances and uncertainties. By integrating a PID-type tracking 
error formulation within the BLF structure, the proposed method rigorously enforces state constraints while 
achieving finite-time convergence. A disturbance observer is employed to estimate unknown external disturbances 
in real time, and dynamic surface control is used to simplify backstepping implementation by avoiding repeated 
derivative calculations. The control laws are derived using Lyapunov stability theory, guaranteeing finite-time 
convergence and robustness against model uncertainties. Simulation results show that MRA-BLF-PBNTSMC 
achieves smoother control input, faster convergence, and reduced steady-state error compared with other 
methods, while effectively mitigating chattering and singularity issues. These results confirm the method’s 
applicability for UAVs operating in complex environments.

Nomenclature

UAV → Unmanned Aerial Vehicle

MRAC → Model Reference Adaptive Control

BLF → Barrier Lyapunov Function

PID → Proportional-Integral-Derivative

SMC → Sliding Mode Control

TSMC → Terminal Sliding Mode Control

BNTSMC → Backstepping Nonsingular Terminal Sliding Mode Control

PBNTSMC → PID-based Backstepping Nonsingular Terminal Sliding 
Mode Control

MRA-BLF-PBNTSMC → Model Reference Adaptive BLF-based PID Back

stepping Nonsingular Terminal Sliding Mode Control

MRA-BLF-BNTSMC → Model Reference Adaptive BLF-based Backstep

ping Nonsingular Terminal Sliding Mode Control
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MRA-BLF-BSMC → Model Reference Adaptive BLF-based Backstepping 
Sliding Mode Control

DSC → Dynamic Surface Control

DO → Disturbance Observer

DOF → Degrees of Freedom

Roll → Rotation around the longitudinal axis

Pitch → Rotation around the lateral axis

Yaw → Rotation around the vertical axis

Chattering → High-frequency oscillations in control signals

Singularity → A condition where control signals become undefined or 
infinite

Finite-time Convergence → Convergence of system states in a finite time 
interval

State Constraints → Limits placed on system variables

Tracking Error → Difference between actual and reference system out

puts
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1. Introduction

In this modern era, multirotor unmanned aerial vehicles (UAVs or 
flying robots) are being extensively used in different applications like 
rescue and search missions, agricultural protection, surveillance, logis

tics, delivery, tall structures operations at remote areas such as offshore 
floating wind turbines, and many more applications [1--3]. Beyond their 
conventional uses, UAVs are revolutionizing a wide range of sectors. 
They are essential instruments in contemporary culture because of their 
effectiveness, adaptability, and capacity to function in a variety of set

tings. The four-rotor UAV or quadrotor UAV is a prominent design of 
multirotor UAVs [4,5], which contains four rotors assembled on a square 
body frame with a cross sign pattern, as can be seen in Fig. 1. Because of 
its efficiency, adaptability, and simplicity, this design is highly valued 
and potentially used in multiple scenarios. This underactuated model 
layout has multi-input multi-output (MIMO), which consists of four in

puts and six outputs, high coupling effect complexity, and nonlinear 
dynamics. Therefore, designing the control system for a four-rotor UAV 
is a difficult challenge.

The uncertainties, unmodeled dynamics, and environmental distur

bances have a substantial effect on UAV performance, leading to prob

lems with stability, reduced efficiency, higher energy usage, sensor in

terference, structural stress, difficulties with control, and navigational 
errors [6,7]. Normally, the system faces internal or external distur

bances. External disturbances are mostly caused by environmental situa

tions that negatively impact the drone’s or control system’s performance. 
On the other hand, unmodeled dynamics, noise, and parametric fluctu

ations brought on by outside disturbances are the sources of internal 
disturbances. Recently, control engineers’ primary goal has been to de

sign precise autopilot systems for UAVs. Disturbance observer-based 
control (DOBC) is commonly used to mitigate the disturbances from 
such nonlinear systems [8--10]. Using control inputs and measured out

puts, the disturbance observer makes real-time estimations of external 
disturbances. By estimating these interruptions by the observer’s feed

back, the controller subsequently improves the stability and robustness 
of the system.

A control approach called model reference adaptive control (MRAC) 
uses a reference model to describe the system’s desired performance 
[11]. In order to minimize the difference between the original system’s 
output and the reference model’s output, the adaptive controller contin

ually adjusts the control inputs in real time. This ensures that the system 
stays on the intended trajectory even in the presence of uncertainties or 
disturbances. This approach is specifically valuable for sustaining robust 
performance in a variety of operational circumstances and managing 
dynamic alterations. In [12], a harmful bacterial illness in wheat crops 
has been determined by using UAV with machine learning and neural 
network-based model reference intelligent adaptive control. The authors 
[13] have developed a reference model-based robust control system to 
improve the utilization of multirotor UAVs in industrial transportation.

Backstepping control methodology ensures system stability by build

ing a Lyapunov function with step-by-step using a recursive procedure. It 
is mostly useful for nonlinear complex control systems. The authors [14] 
utilized the backstepping control methodology to design controllers for 
managing the three operational modes of a biplane quadrotor. Besides 
this, one of the powerful robust control methods is called sliding mode 
control (SMC) which applies a discontinuous control signal to nonlinear 
systems to alter their dynamics and make them follow a predetermined 
sliding surface. SMC is efficient with handling uncertainties and distur

bances, but due to the switches quickly, it frequently causes chattering 
[15--17]. The impact of integrators in proportional-integral-derivative 
(PID) control and integral SMC effectively addresses steady-state errors, 
reduces chattering, and enhances robustness [18--20]. For minimizing 
chattering, nonsingular terminal sliding mode control (NTSMC) works 
better. Its beneficial features include smooth control input, finite-time 
convergence, and avoidance of singularities [21--25].

Fig. 1. Schematic of four-rotor UAV. 

A four-rotor UAV’s attitude angles are normally considered to be be

tween -90◦ and 90◦, which is essential for protecting the mechanical 
structure, sustaining stability, collecting reliable sensor readings, and 
simplifying control laws [26--30]. Utilizing the Barrier Lyapunov Func

tion (BLF) when designing a control law guarantees that the constraints 
stay inside the necessary bounds [31--33]. Four-rotor UAV is an underac

tuated system, it is challenging to develop an accurate control algorithm 
under the necessitating consideration of unmodeled dynamics, uncer

tainties, and disturbances. Some of these problems are addressed sepa

rately by different authors using different control strategies [34--38]. To 
mitigate uncertainties, unmodeled dynamics, disturbances, singularity, 
and chattering issues, and to pursue accurate attitude tracking purposes, 
this research work has developed a disturbance observer (DO) based ro

bust control scheme.

This research is motivated by the need for a comprehensive control 
strategy that can effectively address the aforementioned challenges in 
real-time flight scenarios. The proposed research targets critical limi

tations in existing control schemes for quadrotor UAVs operating un

der dynamic uncertainties and external disturbances. While established 
techniques such as MRAC, backstepping, and SMC offer robustness, they 
are often hindered by issues including slow convergence rates, persistent 
tracking errors, and high control chattering. To overcome these chal

lenges, this study introduces a new hybrid control strategy—PID-based 
backstepping nonsingular terminal sliding mode control (PBNTSMC). 
The design synergistically incorporates a Barrier Lyapunov Function to 
rigorously enforce state constraints, a real-time disturbance observer 
to compensate for unknown external inputs, and dynamic surface con

trol to simplify derivative computations and improve implementation 
feasibility. Collectively, these enhancements enable fast and finite-time 
convergence, strong robustness against disturbances, and smoother con

trol actions, thereby advancing the practical applicability of quadrotor 
control beyond the capabilities of traditional methods. The key novelties 
and contributions of this study are summarized as follows:

1. Robust Hybrid Controller Design: A new MRA-BLF-PBNTSMC 
framework is developed by integrating a Barrier Lyapunov Function 
(BLF) into a PID-based Backstepping Nonsingular Terminal Sliding 
Mode Control (PBNTSMC) structure within the Model Reference 
Adaptive Control (MRAC) paradigm to achieve robust attitude con

trol of the UAV.

2. Disturbance Compensation: A real-time disturbance observer is 
introduced to estimate and reject external unknown disturbances, 
enhancing system robustness.

3. Reduced Computational Complexity: Dynamic surface control is 
utilized to avoid recursive differentiation and improve implemen

tation feasibility.
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4. Numerical Validation: The proposed control scheme is evaluated 
through comprehensive simulations. Results show superior track

ing performance of roll, pitch, and yaw angles within the defined 
constraints, improved convergence speed, and reduced chattering 
when compared to MRA-based BLF-BSMC and MRA-based BLF

BNTSMC controllers.

These enhancements collectively demonstrate improved stability, 
finite-time convergence, and high tracking accuracy, which make the 
proposed control law practically viable for UAV operations in uncertain 
and dynamic environments. The remainder of the paper is organized as 
follows: Part 2 presents the four-rotor UAV’s attitude dynamical model 
and prerequisites. Part 3 covers the different phases of the DO-based 
robust control design. Part 4 includes the simulation results and their 
discussion, and Part 5 provides conclusive remarks.

2. Attitude dynamics and prerequisites for a four-rotor UAV

2.1. Attitude dynamics of a four-rotor UAV

Fig. 1 represents a schematic diagram of a four-rotor UAV. It has 
four rotors (Ri) directed upward with thrust (Ti) and angular velocity 
(Ωi), where i=1,2,3,4. The attitude roll, pitch, and yaw angles are rep

resented by 𝛼, 𝛽, and 𝛾 along the Cartesian coordinates x, y, and z, 
respectively. Following [10], the four-rotor UAV attitude model can be 
represented as a nonlinear system that is: Ẋ(t)= g(X,U) such as

Ẋ(t) =

⎡⎢⎢⎢⎢⎢⎢⎣

𝛼̇

v1𝛽̇𝛾̇+v2Ωi𝛽̇+v6U𝛼

𝛽̇

v3𝛼̇𝛾̇−v4Ωi𝛼̇+v7U𝛽

𝛾̇

v5𝛼̇𝛽̇+v8U𝛾

⎤⎥⎥⎥⎥⎥⎥⎦
(1)

where the state vector X(t) =
[
𝛼 𝛼̇ 𝛽 𝛽̇ 𝛾 𝛾̇

]T = [
xa xb xc xd xe xf

]T
. 

Therefore, Eq. (1) can be rewritten as:

⎡⎢⎢⎢⎢⎢⎢⎣

ẋa
ẋb
ẋc
ẋd
ẋe
ẋf

⎤⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎣

xb
v1xdxf+v2Ωixd+v6U𝛼

xd
v3xbxf − v4Ωixb+v7U𝛽

xf
v5xbxd+v8U𝛾

⎤⎥⎥⎥⎥⎥⎥⎦
(2)

Some of the constant variables are defined as: v1 = I−1x
(
Iy−Iz

)
, v2 =

I−1x
(
Ji
)
, v3 = I−1y

(
Iz−Ix

)
, v4 = I−1y

(
Ji
)
, v5 = I−1z

(
Ix−Iy

)
, v6 = I−1x 𝓁,v7 =

I−1y 𝓁,v8 = I−1z , where 𝓁 represents the length, Ji is the rotor inertia, and 
air-frame inertia of the roll, pitch, and yaw are denoted by Ix, Iy , and Iz
respectively. While U𝛼 , U𝛽 , and U𝛾 are the control inputs of roll, pitch, 
and yaw respectively.

2.2. Prerequisites

Lemma 1. In nonlinear systems [39], parametric or structured uncertainty 
can be expressed as:

g∗(x) =Ξ∗TΔ(x) (3)

where an unknown vector Ξ∗ =
[
a1 a2 … ap

]T ∈ Rp has constant 
values and a vector with a bounded basis function is represented by 
Δ(x) =

[
b1(x) b2(x) … bp(x)

]T ∈ Rp.

Lemma 2. Based on Barbalat’s lemma [40], as t approaches infinity, there 
exists a differentiable and finite function g(t) that shows continuous behavior 
of ġ(t), such that lim 

t→∞
ġ(t) = 0.

Lemma 3. A dynamic surface control method [41] can eliminate the re
peated differentiation in the backstepping virtual law. Its mathematical rep

resentation is as follows:

ΘΛ̇ +Λ = c (4)

where Λ is the first-order filter with having virtual control c and time constant 
Θ. The initial condition is assumed that Λ(0) = c(0).

Lemma 4. Based on the continuous nature of functions [42], s(x) is a con

tinuous function that can be restricted by a maximum value s̄, assuming the 
initial conditions are in a compact set.

Assumption 1. It is assumed that [10] the attitude roll angle 𝛼 and the pitch 
angle 𝛽 of the Euler-based four-rotor UAV mathematical model are within 
the interval [−𝜋∕2, 𝜋∕2] to prevent inevitable singularity.

3. Design of a disturbance observer-based MRA-BLF-PBNTSMC

Firstly, this portion presents the step-by-step design of a disturbance 
observer-based Model Reference Adaptive PID-based Backstepping Non

singular Terminal Sliding Mode Control (PBNTSMC) using a Barrier 
Lyapunov Function (BLF) for the roll dynamics of a four-rotor UAV. Uti

lizing Eq. (2), the roll model with matched uncertainties and bounded 
disturbances is expressed as follows:{

ẋa(t) =xb(t)
ẋb(t) =v1xdxf+v2Ωixd+ΞTΔ(𝛼)+v6U𝛼+n𝛼(t)

(5)

where, according to Lemma 1, the model uncertainties can be repre

sented as n1(𝛿(𝛼)) =ΞTΔ(𝛼) and n𝛼(t) denotes the matched disturbance.

3.1. Feedback linearization control design

In this step, we will design a feedback linearization control law (U𝛼 ) 
for Eq. (5) as follows:

U𝛼= −v−16
(
xa(t)+xb(t)+𝜉𝛼−u𝛼(t)

)
(6)

where 𝜉𝛼 = v1xdxf+v2Ωixd and the input u𝛼(t) needs to be designed. 
Thus, substituting (6) into (5) results in:

ẋ𝛼(t) =A𝛼x𝛼(t)+B𝛼

(
ΞT
𝛼
Δ𝛼(𝛼)+u𝛼(t)

)
+D𝛼n𝛼(t) (7)

where x𝛼(t) =
[
xa(t) xb(t)

]T
, A𝛼 = [0 −1, 1 −1]T B𝛼 =

[
0 v𝛼

]T
, 

D𝛼 =
[
0 1

]T
, and v𝛼= 1.

3.2. Reference model design

In order to fulfill the criteria of matching and adaptation, the follow

ing reference model is selected:

𝜃̈r+2𝜄r∠r 𝜃̇r+∠2
r 𝜃r = vrr𝛼(t) (8)

where 𝜃r represents a state variable, and to demonstrate that Eq. (8) is 
Hurwitz, 𝜄r and ∠r are design constants. The constant vr is associated 
with the reference input r𝛼(t). Eq. (8) can now be expressed as follows:

𝜓̇r (t) =Ar𝜓r (t)+Brr𝛼(t) (9)

where 𝜓r (t) =
[
𝜓1 𝜓2

]T
, Ar =

[
0 −∠2

r , 1 −2𝜄r∠r
]T

, and Br =
[
0 vr

]T
. 

The Hurwitz criterion is satisfied by selecting the parameters of Ar such 
as: ∠r = 4, vr = 2, and 𝜄r = 1∕4.

3.3. Model reference adaptive PBNTSMC design

In this step, the model reference adaptive (MRA) PID-based back

stepping nonsingular terminal sliding mode control (MRA-PBNTSMC) 
input is selected for Eq. (7), as follows:
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u𝛼(t) =Ĥ𝛼(t)x𝛼(t)+ĥ1(t)r𝛼(t)−ĥ2(t)ū𝛼(t) − Ξ̂T
𝛼
Δ𝛼(𝛼) (10)

where adaptive gains are represented as: Ĥ𝛼(t) ∈ R2x2, ̂h1(t) ∈ R, and 
ĥ2(t) ∈ R. The uncertainty estimation and controller are represented by 
Ξ̂T
𝛼
Δ𝛼(𝛼) and ū𝛼(t) respectively. Therefore, Eq. (7) can be expressed as:

ẋ𝛼(t) =A𝛼x𝛼(t)+B𝛼 ū𝛼(t)+D𝛼n𝛼(t) (11)

3.4. Disturbance observer design

According to [10], a standard disturbance observer for Eq. (11) can 
be designed as follows:{

̇̂n𝛼(t) = 𝜁𝛼D𝛼 ñ𝛼(t)
= 𝜁𝛼

(
ẋ𝛼−A𝛼x𝛼 −B𝛼 ū𝛼 −D𝛼 n̂𝛼(t)

) (12)

where ñ𝛼(t) = n𝛼(t) − n̂𝛼(t) and the disturbance observer gain function 
is represented by 𝜁𝛼 . The error dynamics of the disturbance observer 
are obtained as ̇̃n𝛼(t) = −𝜁𝛼D𝛼 ñ2𝛼(t). An extra on-board sensor will be 
required due to the appearance of term ẋ𝛼 in Eq. (12). Therefore, by 
defining an auxiliary variable ∇𝛼 , we can prevent it from this extra bur

den such as:

∇𝛼 = n̂𝛼(t) − 𝜇𝛼(x) (13)

where the nonlinear design function 𝜇𝛼(x) will be used to determine 
𝜁𝛼 , such as: 𝜁𝛼 = 𝜕𝜇𝛼(x)∕𝜕x. An enhanced disturbance observer can be 
achieved by taking the time derivative of Eq. (13) and further simplify

ing it, which becomes:{
∇̇𝛼 = −𝜁𝛼D𝛼∇𝛼 − 𝜁𝛼

(
A𝛼x𝛼 +B𝛼 ū𝛼 +D𝛼𝜇𝛼(x)

)
n̂𝛼 =∇𝛼 + 𝜇𝛼(x)

(14)

A Lyapunov function candidate is selected to determine its error dynam

ics as follows:

Vn̂𝛼= 0.5ñ2
𝛼
(t) (15)

To fulfill the Lyapunov stability criteria, we take the time derivative of 
Eq. (15) and simplify it further, resulting in:

V̇n̂𝛼 = −𝜁𝛼D𝛼 ñ2𝛼(t) = −𝜁𝛼D𝛼

√
2Vn̂𝛼 (16)

Hence, the error dynamics of both the standard disturbance observer 
and the enhanced disturbance observer are stable and identical.

3.5. Backstepping-based model design

In backstepping, we first select the following auxiliary variable:

𝜆1 = xa(t)−𝜓1 (17)

By taking the derivative of Eq. (17), we obtain:

𝜆̇1 = ẋa(t)−𝜓̇1 = xb(t)−𝜓2 (18)

The Lyapunov function is used in the backstepping method as a design 
tool; therefore, various issues arise due to taking the derivative of un

certainties, disturbances, and the auxiliary control law. So, this problem 
can be resolved using Lemma 3. Now we can design an auxiliary feed

back control input c𝛼(t) as follows:

c𝛼(t) = −j1𝜆1+𝜓2 (19)

where j1 is a positive constant. Now, to follow Lemma 3, we can de

sign a filter to resolve the issue of repeated derivatives of the auxiliary 
feedback control input, such as:

Θ𝛼Λ̇𝛼+Λ𝛼 = c𝛼 (20)

where Λ𝛼(0) =c𝛼(0), Θ𝛼 > 0, and Λ𝛼 represents a filter. Now, we can 
take 𝜛𝛼 = Λ𝛼−c𝛼 and 𝜆2 as follows:

𝜆2 = xb(t)−𝜓2 − Λ𝛼 (21)

After this, we can now take Λ̇𝛼 = −𝜛𝛼∕Θ𝛼 and xb(t) =𝜆2+𝜓2 +𝜛𝛼+c𝛼 . 
We can rewrite equation (18) using Eq. (19) as follows:

𝜆̇1 = −j1𝜆1 + 𝜆2 +𝜛𝛼 +𝜓2 (22)

Now, we can take the Lyapunov function candidate in the following 
manner:

V𝜆a
= 0.5(𝜆21+𝜛

2
𝛼
) (23)

Applying the derivative to Eq. (23) and simplifying the expression gives 
us:

V̇𝜆a
≤ −j1𝜆21 + (𝜆2 +𝜛𝛼 +𝜓2) 𝜆1 − (𝜛2

𝛼
∕Θ𝛼) − K𝛼(ℑ)𝜛𝛼 (24)

where a continuous function K𝛼(ℑ) = K𝛼(𝜆1, 𝜆2,𝜛𝛼,𝜓1, 𝜓2) = (𝜕c1ẋa∕ 
𝜕xa) + (𝜕c1𝜆̇1∕𝜕𝜆1) fulfills the Lemma 4 criteria. Now, we can simplify 
it further as follows:

V̇𝜆a
≤ −(j1 − 1.5)𝜆21 − Θ−1

𝛼
𝜛2

𝛼
− 0.5(K̄2

𝛼
+𝜆22) (25)

Hence, V̇𝜆a
≤ 0 if j1 ≥ 1.5. Now, we can write the backstepping-based 

state-space model as follows:⎧⎪⎨⎪⎩
𝜆̇1= −j1𝜆1+𝜆2 +𝜛𝛼 +𝜓2
𝜆̇2= −xa(t)−xb(t)+ū𝛼(t)+∠2

1𝜓1 + 2𝜄1∠1𝜓2
−v𝛼r𝛼(t)+𝜛𝛼∕Θ𝛼

(26)

3.6. BLF-based PBNTSMC design

To design a BLF-based PBNTSMC, we will select the following sliding 
mode surface, such as:

Υ𝛼(𝜆𝛼) =
[
j2 1

] [
𝜆1+∫ 𝜆1 𝜆2+j4𝜆

j7
2

]T
(27)

where j2 and j3 are the positive constants, while j4 = 1∕j3. Similarly, 
j7 = j5∕j6 where j5 and j6 are positive odd integers that fulfill the crite

ria j6 < j5 < 2j6. Now, select an appropriate Barrier Lyapunov function 
candidate as follows:

V𝛼(t) = ||Υ𝛼
||+0.5j8ln(j29∕(j29−𝜆21)) (28)

where j8 and j9 are the positive gain constants. Now, taking the time 
derivative of Eq. (28) and further simplifying will yield:

V̇𝛼(t)= sgn(Υ𝛼)
[
G+ j2(j1𝜆1+𝜆1+𝜆2 +𝜛𝛼 +𝜓2)

+(1 + j10𝜆
j11
2 )ū𝛼(t) − L

]
(29)

where j10 = j5∕j3j6, j11 = (j5 − j6)∕j6, G = (1 + j10𝜆
j11
2 )(−xa(t) − xb(t) +

n𝛼(t)+∠2
1𝜓1+2𝜄1∠1𝜓2−v𝛼r𝛼(t)+𝜛𝛼∕Θ𝛼)+j8𝜆1(j29 − 𝜆21)

−1(||Υ𝛼
||+(𝜛𝛼+

𝜓2)sgn(Υ𝛼)), and L = j8𝜆1(j29−𝜆
2
1)

−1(j1𝜆1 + (j2𝜆1+j2 ∫ 𝜆1 + j4𝜆
j7
2 )). Now, 

we can select the robust control law ū𝛼(t) as follows:

ū𝛼(t) = − 1 
(1+j10𝜆

j11
2 )

[
j2 1

]
×

⎡⎢⎢⎢⎣
−j1𝜆1+𝜆2 +𝜛𝛼 +𝜓2

G +

(
j12

(
𝜆1√
j29−𝜆

2
1

+
√||2Υ𝛼

||
)

−𝐿+ j13

)
sgn(Υ𝛼)

⎤⎥⎥⎥⎦
(30)

where j12 and j13 are positive gain constants, and the disturbance factor 
n𝛼(t) appearing in G is replaced with the estimated disturbance n̂𝛼(t). 
Now, substituting Eq. (30) into Eq. (29) and using Young’s inequality, 
we obtain:

V̇𝛼(t) ≤ −j12
√
2V𝛼 − j13+0.5 ñ2𝛼 (31)

Hence, with the proper selection of the switching gains (j12 , j13) and 
the design of the estimated disturbance (n̂𝛼(t)), we can guarantee the 
Lyapunov finite-time stability of the BLF-based PBNTSMC.

Ain Shams Engineering Journal 16 (2025) 103639 

4 



S.A.A. Shah, S. Yu, M. El-Meligy et al. 

3.7. Adaptive control with adaptive gain design

In this article, we address unmodeled dynamics, matched distur

bances, and uncertainties. To prevent the switching gain criteria from 
being affected by uncertainties in the model, we have introduced adap

tive criteria into the proposed controller, which can adapt to the un

certain behavior of the model. For this purpose, we can consider the 
following uncertain system from Eq. (7), such as:

ẋ𝛼(t) =A𝛼x𝛼(t)+B𝛼

(
ΞT
𝛼
Δ𝛼(𝛼)+u𝛼(t)

)
(32)

Let the tracking error be defined as:

⊥𝛼(t) =x𝛼(t)−𝜓r (t) (33)

Substituting ẋ𝛼(t), 𝜓̇r (t), and u𝛼(t) after taking the derivative of Eq. (32) 
as follows:

⊥̇𝛼(t) =
(
A𝛼+B𝛼Ĥ𝛼(t)

)
x𝛼(t)−Ar𝜓r (t)+

(
B𝛼 ĥ1(t)−Br

)
r𝛼(t)

+B𝛼Ξ̃TΔ(𝛼)−B𝛼 ĥ2(t)ū𝛼(t)
(34)

The matching conditions according to the model reference control law 
are expressed as:{

A𝛼+B𝛼H𝛼 =Ar
B𝛼h1 = Br

(35)

The adaptive errors are defined as:

⎧⎪⎪⎨⎪⎪⎩
H̃𝛼(t) =H𝛼−Ĥ𝛼(t)
h̃1(t) =h1−ĥ1(t)
h̃2(t) =h2−ĥ2(t)
Ξ̃𝛼(t) =Ξ𝛼−Ξ̂𝛼(t)

(36)

Substituting the respective values into Eq. (34), we get the following 
expression:

⊥̇𝛼(t) = Ar⊥𝛼(t)−B𝛼H̃𝛼(t)x𝛼(t)−B𝛼 h̃1(t)r𝛼(t) + B𝛼 h̃2(t)ū𝛼(t)
+B𝛼Ξ̃T

𝛼
Δ(𝛼) (37)

Now, we can define a Lyapunov function as:

V
(
⊥𝛼, H̃𝛼, h̃1, h̃2, Ξ̃

)
= ⊥T

𝛼
P⊥𝛼 + v𝛼

(
H̃𝛼 j−113aH̃

T
𝛼
+ j−114ah̃

2
1

+j−114bh̃
2
2 + Ξ̃𝑇

𝛼
j−113bΞ̃𝛼

) (38)

Here, the positive-definite matrices are defined as: j13a= jT13a ∈ R2x2, 
j13b= jT13b ∈ R2x2, while j14a and j14b are the positive adaptive gains. 
Now, defining the matrices P =PT> 0 ∈ R2x2 and Q=QT ∈ R2x2 where

−Q= PAr+AT
r P (39)

For simplicity, the derivative of Eq. (38) is defined as: V̇(†) = V̇
(
⊥𝛼, H̃𝛼, 

h̃1, h̃2, Ξ̃
)
. Substitute Eq. (37) into V̇(†) as follows:

V̇(†) = ⊥T
𝛼
(PAr+AT

r P)⊥𝛼 + 2⊥T
𝛼
PB𝛼

(
−H̃𝛼x𝛼(t) + h̃2(t)ū𝛼

−h̃1(t)r𝛼(t) + Ξ̃TΔ(𝛼)
)
+ v𝛼

(
2H̃𝛼 j−113ȧ̃H

T
𝛼
+ 2j−114ah̃1̇̃h1

+2j−114bh̃2̇̃h2 + 2Ξ̃𝑇
𝛼
j−113ḃ̃Ξ𝛼

) (40)

The parameters of matrix P are further defined as: P =
[
P̄1 P̄2

]
, where 

P̄1 =
[
j1a j2a

]T
and P̄2 =

[
j1b j2b

]T
. Now, we can derive the follow

ing relation:

2⊥T
𝛼
PB𝛼 = 2⊥T

𝛼
P̄2v𝛼 ∈ R (41)

Now, by using Eq. (39) and Eq. (41), we can further simplify V̇(†) as 
follows:

V̇(†) = −⊥T
𝛼
Q⊥𝛼 + 2v𝛼H̃𝛼

(
−x𝛼(t)⊥T

𝛼
P̄2 + j−113ȧ̃H

T
𝛼 𝛼
(t)

)
+2v𝛼 h̃1

(
−r𝛼(t)⊥T

𝛼
P̄2 + j−114ȧ̃h1

)
+ 2v𝛼 h̃2

(
ū𝛼⊥T

𝛼
P̄2

+j−114ḃ̃h2
)
+ 2v𝛼Ξ̃T (Δ(𝛼)⊥T

𝛼
P̄2 + j−113ḃ̃Ξ𝛼

) (42)

Fig. 2. Flow diagram of the DO-based MRA-BLF-PBNTSMC for the attitude con

trol of a four-rotor UAV.

From this, we can design adaptive gain laws as follows:

⎧⎪⎪⎨⎪⎪⎩

̇̃H
T
𝛼
= j13ax𝛼(t)⊥T

𝛼
P̄2

̇̃h1 = j14ar𝛼(t)⊥T
𝛼
P̄2

̇̃h2 = −j14bū𝛼⊥T
𝛼
P̄2

̇̃Ξ𝛼 = −j13bΔ(𝛼)⊥T
𝛼
P̄2

(43)

Substituting the adaptive gain laws into Eq. (42) yields:

V̇(†) = −⊥T
𝛼
Q⊥𝛼 ≤ −Emin(Q)‖‖⊥𝛼

‖‖22 ≤ 0 (44)

where the minimum eigenvalue of the matrix Q is represented by 
Emin(Q). Hence, we can conclude that the adaptive gains Ĥ𝛼 , ̂h1, ̂h2, and 
Ξ̂𝛼 in the proposed adaptive control law u𝛼(t) are bounded and stable. 
We can further write the expression as:

lim 
t→∞

V(†) = V
(
⊥𝛼, H̃𝛼, h̃1, h̃2, Ξ̃

)
= lim 

t→∞
V
(
⊥𝛼0

, H̃𝛼0
, h̃10 , h̃20 , Ξ̃0

)
− Emin(Q)‖‖⊥𝛼

‖‖22 (45)

where the initial condition of the Lyapunov candidate function is rep

resented as: V(†0) = V
(
⊥𝛼0

, H̃𝛼0
, h̃10 , h̃20 , Ξ̃0

)
, and Fig. 2 is the flow 

diagram of the DO-based MRA-BLF-PBNTSMC for the attitude control of 
a four-rotor UAV. In a compact form, the DO-based MRA-BLF-PBNTSMC 
can be represented in the theorem below.

Theorem 1. The following DO-based MRA-BLF-PBNTSMC mitigates un

certainties, unmodeled dynamics, and disturbances in a four-rotor UAV, 
guaranteeing the tracking of attitude angles.

Attitude DO-based MRA-BLF-PBNTSMC:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

U𝜙= −v−16𝜙
(
xa𝜙(t)+xb𝜙(t)+𝜉𝜙−u𝜙(t)

)
u𝜙(t) =Ĥ𝜙(t)x𝜙(t)+ĥ1𝜙(t)r𝜙(t)−ĥ2𝜙(t)ū𝜙(t) − Ξ̂T

𝜙
Δ𝜙(𝜙)

ū𝜙(t) = − 1 
(1+j10𝜙𝜆

j11𝜙
2𝜙 )

(
j2𝜙(−j1𝜙𝜆1𝜙+𝜆2𝜙 +𝜛𝜙 +𝜓2𝜙) + G𝜙

+j12𝜙sgn(Υ𝜙)
(
𝜆1𝜙(j29𝜙−𝜆

2
1𝜙)

−0.5 +
√|||2Υ𝜙

|||
)

+j13𝜙sgn(Υ𝜙)
)

(46)

Adaptive Gains:

⎧⎪⎪⎨⎪⎪⎩

̇̃H
T
𝜙
= j13a𝜙x𝜙(t)⊥T

𝜙
P̄2𝜙

̇̃h1𝜙 = j14a𝜙r𝜙(t)⊥T
𝜙
P̄2𝜙

̇̃h2𝜙 = −j14b𝜙ū𝜙⊥T
𝜙
P̄2𝜙

̇̃Ξ𝜙 = −j13b𝜙Δ(𝜙)⊥T
𝜙
P̄2𝜙

(47)

Disturbance Observer:
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∇̇𝜙 = −𝜁𝜙D𝜙∇𝜙 − 𝜁𝜙

(
A𝜙x𝜙 +B𝜙ū𝜙 +D𝜙𝜇𝜙(x)

)
n̂𝜙 =∇𝜙 + 𝜇𝜙(x)

(48)

where 𝜙 represents attitude angles (𝛼, 𝛽, 𝛾). Furthermore, the gain parameter 
of the disturbance observer 𝜁𝜙 and the switching law gains (j12, j13) have to 
fulfill their respective conditions.

Proof. Consider a Lyapunov function in the following manner:

VT𝜙 =
𝛾∑

𝜙=𝛼

(
V𝜙(t)+Vn̂𝜙(t) + V𝜛𝜙(t) + V

(
⊥𝜙, H̃𝜙, h̃1𝜙, h̃2𝜙, Ξ̃𝜙

))
(49)

where Vn̂𝜙= 0.5ñ2
𝜙
(t), V 

(
⊥𝜙, H̃𝜙, h̃1𝜙, h̃2𝜙, Ξ̃𝜙

)
=⊥T

𝜙
P𝜙⊥𝜙+v𝜙

(
H̃𝜙j−113𝜙H̃

T
𝜙

+j−114𝜙h̃
2
1𝜙+j−114b𝜙h̃

2
2𝜙+Ξ̃𝑇

𝜙
j−113b𝜙Ξ̃𝜙

)
, V𝜙(t) =

|||Υ𝜙
|||+0.5j8𝜙ln(j29𝜙∕(j29𝜙−𝜆21𝜙)), 

and V𝜛𝜙(t) = 0.5𝜛2
𝜙
. Now, taking the time derivative of Eq. (49) gives 

us:

V̇T𝜙 =
𝛾∑

𝜙=𝛼

(
sgn

(
Υ𝜙

) [
j2𝜙

(
j1𝜙𝜆1𝜙+𝜆1𝜙+𝜆2𝜙 +𝜛𝜙 +𝜓2𝜙

)
(
1 + j10𝜙𝜆

j11𝜙
2𝜙

)
ū𝜙(t) + G𝜙

]
− L𝜙 + v𝜙

(
2H̃𝜙j−113a𝜙̇̃H

T
𝜙

+2j−114a𝜙h̃1𝜙̇̃h1𝜙 + 2j−114b𝜙h̃2𝜙̇̃h2𝜙 + 2Ξ̃𝑇
𝜙
j−113b𝜙̇̃Ξ𝜙

)
+ñ𝜙̇̃n𝜙 +𝜛𝜙𝜛̇𝜙 +⊥̇T

𝜙
P𝜙⊥𝜙 +⊥T

𝜙
P𝜙⊥̇𝜙

)
(50)

Further simplifying Eq. (50) by using the Young’s inequality, it becomes:

V̇T𝜙 ≤
𝛾∑

𝜙=𝛼

(
−j12𝜙

√
2V𝜙 − j13𝜙 + 0.5ñ2

𝜙
− L𝜙 − ℏ𝜙𝜛

2
𝜙

−𝜁𝜙D𝜙

√
2Vn̂𝜙 − 0.5K̄2

𝜙
−Emin(Q)𝜙

‖‖‖⊥𝜙
‖‖‖22
) (51)

where ℏ𝜙 = 0.5 + 1∕Θ𝜙 > 0, K̄𝜙 ≥ K𝜙(ℑ), and K𝜙(ℑ) is a continuous 
function. Hence, with the proper selection of the switching gains (j12𝜙 , 
j13𝜙) and the design of the estimated disturbance (n̂𝜙(t)), we can guaran

tee the Lyapunov finite-time stability of the DO-based PBNTSMC, which 
completes the proof. □

Algorithm 1 outlines the pseudocode for attitude control using the 
disturbance observer-based MRA-BLF-PBNTSMC strategy for a four

rotor UAV.

Algorithm 1 DO-based MRA-BLF-PBNTSMC for Four-Rotor UAV Atti

tude Control.

1: Initialize: System parameters 𝑣𝑖, 𝑗𝜙𝑖, 𝑗𝑖𝜙, 𝜁𝜙, Θ𝜙, controller gains

2: Set initial states 𝑋(𝑡) = [𝛼, 𝛼̇, 𝛽, 𝛽̇, 𝛾, 𝛾̇]⊤
3: Define desired trajectory and reference model

4: while system is operating do 
5: Compute UAV attitude dynamics:

6: 𝑋̇(𝑡) = 𝑔(𝑋,𝑈 )
7: Compute tracking errors:

8: 𝑒𝜙 = 𝜙− 𝜙ref

9: 𝑒̇𝜙 = 𝜙̇− 𝜙̇ref

10: Compute sliding variable using BLF:

11: Υ𝜙 = BLF(𝑒𝜙, 𝑒̇𝜙)
12: Update disturbance observer:

13: ∇̇𝜙 = −𝜁𝜙𝐷𝜙∇𝜙 − 𝜁𝜙(𝐴𝜙𝑥𝜙 +𝐵𝜙𝑢̄𝜙 +𝐷𝜙𝜇𝜙(𝑥))
14: 𝑛̂𝜙 =∇𝜙 + 𝜇𝜙(𝑥)
15: Compute auxiliary control input:

16: 𝑢̄𝜙 = BLF-PBNTSMC_Sliding_Law(Υ𝜙, 𝜆𝑖𝜙, 𝑗𝑖𝜙)
17: Compute adaptive control law:

18: 𝑢𝜙(𝑡) = 𝐻̂𝜙𝑥𝜙 + ℎ̂1𝜙𝑟𝜙 − ℎ̂2𝜙𝑢̄𝜙 − Ξ̂⊤
𝜙
Δ𝜙(𝜙)

19: 𝑈𝜙 = −𝑣−16𝜙(𝑥𝑎𝜙 + 𝑥𝑏𝜙 + 𝜉𝜙 − 𝑢𝜙)
20: Update adaptive parameters:

21: ̇̃𝐻⊤
𝜙
= 𝑗13𝑎𝜙𝑥𝜙𝜃

⊤
𝜙
𝑃2𝜙

22: ̇̃ℎ1𝜙 = 𝑗14𝑎𝜙𝑟𝜙𝜃
⊤
𝜙
𝑃2𝜙

23: ̇̃ℎ2𝜙 = −𝑗14𝑏𝜙𝑢̄𝜙𝜃⊤𝜙𝑃2𝜙

24: ̇̃Ξ𝜙 = −𝑗13𝑏𝜙Δ(𝜙)𝜃⊤𝜙𝑃2𝜙
25: end while

Table 1
Parameters of the four-rotor UAV.

Parameter Value Description 
Ix 4.856 × 10−3kgm2 Roll airframe inertia 
Iy 4.856 × 10−3kgm2 Pitch airframe inertia 
Iz 8.801 × 10−3kgm2 Roll airframe inertia 
Ωi 2.980 × 10−6 Thrust coefficient 
Ji 1.140 × 10−7 Drag coefficient 
g 9.81m∕s2 Gravity of earth 
l 0.225m Distance 
m 0.468kg Mass 

Table 2
Observer, controller, and adaptive gains for MRA

BLF-PBNTSMC.

𝜙: 𝛼 𝛽 𝛾

𝜁𝜙 70 70 70 
j𝜙1 1 1 1 
Θ𝜙 0.001 0.001 0.001 
j𝜙2 1 1 1 
j𝜙3 10 10 10 
j𝜙5

/
j𝜙6 7/5 7/5 7/5 

j𝜙13 100 100 100 
j13𝑎𝜙 [1 0; 0 1] [1 0; 0 1] [1 0; 0 1]
j14𝑎𝜙 50 50 50 
P2𝜙

[
50 50

]T [
50 50

]T [
50 50

]T

4. Simulation results and discussion

This part presents the simulations of attitude tracking of four

rotor UAV under disturbances, which are obtained by using MAT

LAB/Simulink. The four-rotor UAV design data is taken from [10] and 
given in Table 1. The roll model simulation using the design parame

ters of observer, controller, and adaptive gains for MRA-BLF-PBNTSMC 
are shown in Table 2. Furthermore, to verify the efficiency and validity 
of proposed control algorithm (MRA-BLF-PBNTSMC) is compared with 
two other control laws (MRA-BLF-BNTSMC, MRA-BLF-BSMC).

The simulation outcomes for roll, pitch, and yaw tracking are il
lustrated in Figs. 3--5. These figures present a comparative analysis of 
three control strategies: MRA-BLF-PBNTSMC, MRA-BLF-BNTSMC, and 
MRA-BLF-BSMC. In each plot, the purple line denotes the barrier lim

its imposed on the respective attitude angles (0.5 rad, 0.4 rad, and 
0.3 rad), while the corresponding tracking errors are also depicted. All 
controllers successfully guide the system to track the desired reference 
angles (0.3 rad, 0.25 rad, and 0.2 rad) within the predefined constraints. 
It is evident that all three controllers achieve nearly identical steady

state responses after 4.5 seconds. However, the MRA-BLF-PBNTSMC 
approach demonstrates superior performance by attaining significantly 
lower steady-state errors on the order of 10−5 for roll, pitch, and yaw, re

spectively. The effectiveness of all compared controllers is attributed to 
the inclusion of the Barrier Lyapunov Function, which strictly enforces 
state constraints and enhances overall stability and tracking precision. 
Among them, the proposed control method demonstrates improved ac

curacy, faster convergence, and robust tracking under the imposed BLF 
criteria. A comparative performance index for all three MRA-BLF-based 
robust controllers is presented in Table 3. In case of MRA-BLF-BSMC law 
the standard sliding mode surface is selected as: Υ𝜙

(
𝜆𝜙

)
= 𝑗2𝜆1 + 𝑗2𝜙𝜆2, 

where gain constant 𝑗2𝜙 = 2. Furthermore all the remaining gain param

eters of all three control laws are same as shown in Table 2.

To rigorously evaluate the effectiveness of the proposed control 
scheme, a disturbance observer is employed to estimate nonlinear dis

turbances acting on the roll dynamics. The observer demonstrates accu

rate tracking of external perturbations, thereby enabling the controller 
to robustly reject uncertainties and maintain system stability, as illus

trated in Fig. 6. The disturbance modeled in this simulation is defined 
as follows:
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Fig. 3. Performance of roll angle tracking. 

Fig. 4. Performance of pitch angle tracking. 

Fig. 5. Performance of yaw angle tracking. 

𝑛𝛼(𝑡) =𝐴 ⋅ sin
(
2𝜋

(
𝑓0𝑡+

(𝑓1 − 𝑓0)
2𝑇 

𝑡2
))

(52)

Here, 𝐴 denotes the disturbance amplitude, 𝑓0 is the initial fre

quency, 𝑓1 represents the final frequency at the sweep time 𝑇 , and 𝑡
is the time variable. This chirp signal formulation enables comprehen

sive disturbance modeling across a broad frequency range, effectively 
simulating real-world conditions such as turbulent wind, structural vi

brations, or aerodynamic irregularities typically encountered by UAVs.

In Fig. 6, two scenarios are depicted: part (a) evaluates the con

troller under a low-amplitude, low-frequency disturbance signal, while 
part (b) examines performance under a high-amplitude, high-frequency 
disturbance. The simulation results confirm that the proposed approach 

Fig. 6. Nonlinear disturbance estimation. 

Fig. 7. Control inputs for the roll angle. 

retains finite-time convergence and robust tracking in both mild and 
extreme disturbance conditions.

Fig. 7 illustrates the control input responses corresponding to the roll 
angle trajectory tracking under external disturbances. Among the three 
control strategies evaluated, the MRA-BLF-BSMC scheme exhibits no

ticeably higher control effort and more pronounced chattering behavior 
compared to the proposed MRA-BLF-PBNTSMC. This highlights the im

proved smoothness and efficiency of the control signal achieved through 
the integration of PID feedback and dynamic surface control. Addition

ally, it is observed that the control responses of MRA-BLF-PBNTSMC 
and MRA-BLF-BNTSMC remain closely aligned across the simulation, 
indicating comparable performance in terms of control input behavior. 
The adaptive gains by using the algorithm of the proposed MRA-BLF

PBNTSMC for obtaining desired roll angle tracking and mitigating the 
unwanted disturbances are shown in Fig. 8. It can be clearly seen from 
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Fig. 8. MRA-BLF-PBNTSMC-based adaptive gains for roll angle. 

Table 3
Performance indices for MRA-BLF-based robust controllers.

Parameters MRA-BLF MRA-BLF MRA-BLF 
PBNTSMC BNTSMC BSMC 

RMSE(𝛼) 4.725𝑒−05 5.719𝑒−05 6.957𝑒−05

RMSE(𝛽) 6.712𝑒−05 8.754𝑒−05 7.31𝑒−04

RMSE(𝛾) 5.27𝑒−05 6.926𝑒−05 8.771𝑒−05

Control Effort Excellent V.Good Good 
Robustness Yes Yes Yes 
Stability Finite-Time Finite-Time Asymptotically 

all the simulation figures for roll model that the performance of the pro

posed MRA-BLF-PBNTSMC is better than MRA-BLF-BNTSMC and MRA

BLF-BSMC. On the other hand, the overall performance of MRA-BLF

BSMC is not as efficient as MRA-BLF-PBNTSMC and MRA-BLF-BNTSMC 
due to the selection of sliding surfaces. Furthermore, the performance of 
these control techniques is almost the same for pitch and yaw models.

5. Conclusion

This paper has introduced a robust hybrid control approach for atti

tude tracking of a four-rotor unmanned aerial vehicle (UAV) under the 
influence of external bounded disturbances and modeling uncertainties. 
The proposed method integrates model reference adaptive control with 
a Barrier Lyapunov function-based PID backstepping nonsingular ter

minal sliding mode control (MRA-BLF-PBNTSMC) framework to ensure 
smooth and precise trajectory tracking.

Simulation-based evaluations have demonstrated that the proposed 
control law achieves finite-time convergence, suppresses chattering and 
singularity issues, and maintains tracking accuracy even under rapidly 
changing and high-amplitude disturbances. Comparative analysis with 
two other schemes—MRA-BLF-BNTSMC and MRA-BLF-BSMC�- further 
validates the superior performance of the proposed approach in terms 
of precision, convergence speed, and robustness.

Beyond theoretical and simulation benefits, the control strategy 
shows promise for real-world UAV applications where strong robust

ness is critical. Such scenarios include aggressive flight maneuvers, 
disturbance-prone environments, and missions requiring high-accuracy 
performance such as aerial inspection, package delivery, and au

tonomous navigation in cluttered or dynamic settings.

Based on Lyapunov-based stability analysis and disturbance observer 
integration, the proposed MRA-BLF-PBNTSMC control framework has 
been shown to be a reliable and effective solution for UAV attitude con

trol tasks involving external disturbances.

Future work will focus on extending the control design to the full 
6-DOF dynamics of a four-rotor UAV, including both attitude and trans

lational control. Additionally, real-time implementation and validation 
of the proposed MRA-BLF-PBNTSMC controller on a hardware-in-the

loop (HIL) testbed or actual UAV platform will be pursued to evaluate 
its practical feasibility and performance in real-world flight scenarios.
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