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SOLVING THE EXACT NONLINEAR CONSOLIDATION EQUATION
USING CHEBYSHEV CARDINAL FUNCTIONS

A. HAVVAEI', R.G. EJLALI»*, M. LAKESTANI*345 F B. SARAND!

ABSTRACT. The governing equation for the consolidation phenomenon inherently exhibits non-
linearity due to the dependence of the consolidation coefficient on parameters such as permeabil-
ity and compressibility coefficients, which vary with both time and space. This study proposes
the utilization of the Chebyshev Cardinal Functions (CCF) method for accurate solution of the
given equation. A comparative analysis of the results, in conjunction with experimental observa-
tions and traditional methods, underscores the method’s remarkable precision. The evaluation
of efficiency employs the Nash Sutcliffe coefficient, yielding an average Nash-Sutcliffe Efficiency
(NSE) coefficient of 0.98 - a clear indication of excellent performance. In comparison to Terza-
ghi and finite difference methods, the proposed approach exhibits efficiency enhancements of 2.6
and 130%, respectively. Furthermore, this study introduces a continuous mathematical solution
that aligns with the underlying physics of the problem, diverging from the discrete solutions
offered by approximate and linear methods.

Keywords: Consolidation Coeflicient, Permeability, Compressibility, Chebyshev Cardinal Func-
tions, Collocation Method.

AMS Subject Classification: 65M70, 65N35, 65MO06.

1. INTRODUCTION

Based on the law of mass conservation and main assumptions including Darcy’s law, sat-
uration, homogeneity, isotropic soil behavior, and vertical drainage constraints, the governing
equation of one-dimensional soil consolidation is presented, which is the basis of Terzaghi’s con-
solidation theory in 1943 [42]. One of the most important assumptions in this equation is the
constancy of the consolidation coefficient, C,, during the soil consolidation process. This equa-
tion has been used linearly for a long time. The assumption that the consolidation coefficient
remains constant in this equation is not inherently correct due to the changes of parameters af-
fecting it such as permeability and compressibility coefficients during the consolidation process.
In reality, the value of the consolidation coefficient changes with variations in the volumetric
compressibility and permeability coefficients (m, and k) during consolidation. Additionally,
methods of experimental curves used to measure the consolidation coefficient provide different
values for C, for the same test data. These limitations result in a lack of confidence in the
prediction of the consolidation rate [1].

A good reasonable estimate of the C), requires an assessment of the rate of deformation/settle-
ment of the clay soil due to loading. Terzaghi’s theory for one-dimensional consolidation is the
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working basis of existing methods of measuring C,. The consolidation coefficient is generally
estimated from the time-deformation data (¢-d) obtained from the one-dimensional consolidation
test. Many researchers have tried to measure C, from t-d data based on the curve fitting
procedures. Basically, the curve fitting procedure uses the facilities related to the specifications
of the theoretical relationships of the degree of consolidation (U) and the time factor (7°) that
are obtained from the experimental data. It is worth noting that the value of C), obtained from
experimental ¢-d data may be affected by primary (immediately after loading) or secondary
compression [40]. In [39], the authors emphasized that primary compaction increases the value
of C), calculated by t-d data and secondary compaction decreases it. However, the authors showed
that the rectangular hyperbola method and Asaoka’s method can provide good predictions of
C, and end of primary compression (EOP) and are also useful tools for consolidation monitoring
in site in [41]. All the methods mentioned above are presented based on the relationship of the
consolidation equation, and in most scientific books, Terzaghi’s one-dimensional consolidation
equation was usually solved linearly using the finite difference method.

In recent decades, several researchers to illustrate the non-linear reality of this phenomenon
have endeavored to forecast the soil consolidation coefficient using alternative behavioral pa-
rameters [7,31]. Based on the relationship between e and logp, the authors of [11] proposed
the assumption that k,/m, and C, remain constant with increasing pressure and developed
the theory of non-linear consolidation for the first time. Other researchers have attempted to
present a more realistic nonlinear theory by incorporating the variable consolidation coefficient
and proposing various numerical methods [3,12,16,22,25,35,47,49].

Including, the authors of [16] have tried to provide a more realistic nonlinear theory by
neglecting the weight of the sample, considering creep in a confined layer of soil, and also
considering the variable permeability and compressibility. They presented the results of their
work based on the relationship between the degree of consolidation and the time factor. In this
method, deformations are presumed to be small, thus settlement increases with rising vertical
strain under the influence of increasing load. Their research delves into the impact of C./M ratio
on consolidation rate [16]. In [40], the authors asserted that the soil consolidation coefficient is
contingent upon its shrinkage index, Is. They also established the relationship C, as a function
of I. In [49], the authors also tackled the consolidation equation semi-analytically by considering
permeability and compressibility as variables. Similar to the paper [16], their approach involved
C, being variable based on degree of consolidation and the time factor. Consequently, limitations
persist regarding the measurement of C,.

In [1], the authors introduced the finite difference method for the semi-analytical solution
of the nonlinear consolidation equation, considering variable permeability and compressibility
based on the linear relationship between e-logo! and e-logk. The authors of [33] proposed a
curve fitting method to calculate C, using the relationship between the degree of dissipation at
the base of sample (Up) against log ¢, highlighting the minor impact of secondary compression.
In [21], the authors presented a straightforward mathematical approach for Asaoka’s method
applicable to settlement data acquired from one-dimensional consolidation tests. Utilizing Fred-
lund’s one-dimensional consolidation theory, as well as Darcy’s law and the authors developed a
semi-analytical solution for the consolidation of unsaturated soils in the presence of free drainage
wells [30]. In [34], the author resolved Terzaghi’s one-dimensional consolidation equation by em-
ploying the wave propagation equation in one dimension, through the Fourier-Laplace equations
and D’Alembert’s solution. In [48], the authors addressed the consolidation equation of un-
saturated soil with sand drainage using the differential quadrature method. Their research
employed the differential quadrature method (DQM) method to solve partial differential equa-
tions using Lagrange polynomials. The author of [5] has presented solutions for one-dimensional
consolidation of two-layered and multi-layered soils with impeded boundary drainage conditions
under time-dependent loadings [5,8]. Conversely, the authors have introduced impeded drainage
boundary conditions as special cases, combining permeability and incompressibility at the top
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and bottom of the soil layer in a multilayer system [15]. The authors provided an analytical
solution for one-dimensional consolidation of a soil layer under ramp loading with exponentially
time-growing drainage (ETGD) conditions, and compared it with Schiffman’s solution [36]. Sub-
sequently, research has been carried out on consolidation theory involving drainage boundary
conditions that exponentially time-growing. This research has covered saturated soils with both
single [20] and multiple layers [17] as well as unsaturated soils with single layer [44].

Also in recent decades, fractional differential equations have gained much attention due to the
exact description of nonlinear phenomena and physical phenomena such as damping laws, elec-
tromagnetic, acoustics, viscoelasticity, electroanalytical chemistry, neuron modeling, diffusion
processing, and material sciences [4,10]. In recent years, some attempts have been made to find
analytical and numerical solutions for the fractional problems. Numerical and analytical meth-
ods have included the finite difference method [19], the Adomian decomposition method [23,24],
the variational iteration method [28], the homotopy perturbation method [29], the homotopy
analysis method [13], and other methods [9,18,27,37,38,43,46]. Today, in the field of geotech-
nical engineering, the necessity of providing a mathematical solution with appropriate accuracy
to solve the consolidation equation in a non-linear form is highly needed. In this article, a
numerical technique for solving parabolic partial differential equations with variable coefficients
without simplifying assumptions such as given in [45]. The method is derived by expanding the
required approximate solution as the elements of Chebyshev cardinal functions [2,14]. Using
the operational matrix of derivative, the problem can be reduced to a set of algebraic equations.
From the computational point of view, the solution obtained by this method is in excellent
agreement with those obtained by previous works and also it is efficient to use.

2. THE NONLINEAR GOVERNING EQUATION

By recalling relation (1) from [1] and assuming the conditions used in the aforementioned
article, the Eqn. (1) - a completely non-linear partial differential equation with a high degree of
derivability - is presented as follows:

ou 0%u
ot :Cn(o't—“)a@a (1)
subject to the boundary and initial conditions:
u(0,t) =0, w(2H,t) =0, (2)
u(z,0) = up = oy. (3)

2.1. Chebyshev cardinal functions. The N-th order Chebyshev cardinal functions over the
range [—1, 1] are formally defined as following [2, 7, 16]:

() — Tn+1(2)
O = @)@ =)

where T 41(z) is the Chebyshev polynomial of the second kind:

j=1,2,...,N+1, (4)

Tni1(z) = cos((IN + 1) arccos(z)).

The points x; are the roots of Ty 1 (z):

2j—1 )
:Ej:cos<2N+27r>, j=12...,N+1.

Introducing the transformation ¢t = H(z + 1), we approximate any function g(t) over [0,2H] as:

N+1

g(t) = Y g(t;)Ci(t) = GTen(1), ()

j=1
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where t;, j = 1,2,..., N + 1, are the shifted points of x;, j = 1,2,..., N + 1, obtained by the
transformation ¢t = H(x + 1). Here, the points t; are chosen such that t; <ty <--- <ty41 and

G= [g(tl)vg(tQ)v"'7g(tN+1)]T7 @N(t) = [Ol(t)702(t)a"'7CN+1(t)]T- (6)
2.2. The operational matrix of derivative. The derivative of vector ®y in (6) is:
dy = Dby, (7)

where D is the operational matrix of derivative. Let

T
Ty (t) = [C1(1), C5(1), ..., Chya ()]
Using (5), we write:

N+1
= ) Ci(tr)C(t)- (8)
k=1
Hence,
Ci(tr) -+ Ciltn4)
p=| | ©)
Cfv+1(t1) C§V+1(tN+1)
To compute C}(t)), we use:
Ival) _ g Jﬁl t—ty), (10)
t—t;
k#]
where = HN —. Differentiating (10):
N+1 N+1 +1
d (Tni1 Ty+1(t)
dt(t—t ) B3 M-t Z(t—t)(t—ti)' (11)
i=1 k=1
i#) k#i,j z;éj
Thus,
N1 N+1
1 TN—H(t) 1
Ci(t) = = C;(t). 12
i) Tn11,0(t5) ZZ; (t —t;)(t —ti) ; T )
i#] i#]
For j = k:
N+1 1
i=1 !
i#i
and for j # k:
N+1
s
) = tk — ). 14
Ci(tk) Twiia(ty) ll_[l(k: 1) (14)
1#£k,j

2.3. Description of numerical method using Chebyshev cardinal functions with Crank-
Nicolson time stepping. This section focuses on resolving the Eqn. (1) accompanied by the
boundary and initial conditions specified in (2) and (3) using Chebyshev cardinal functions over
the interval [0,2H].

Integrating (1) over [t,t + 0t] gives:

t+6t
w(z,t+ 6t) — u(z, 1) = / (00 — (2, 1)) s (2 1) dl. (15)
t
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Using trapezoidal rule:
u(z,t+0t) —u(z,t) = % [en(or —u(z, 1) uzz(2,t) + en(or — u(z, t + 0t))“uzs(z,t + 5t)], (16)
where 4t is the time step size. Denoting u™ = u(z,t™) and t™ = ™! + §t, we write:
umtt gy = ﬁ [cn(at — um)o‘V2um + cp(or — umH)O‘VQumH} . (17)

2
The operator V signifies the gradient. Using (5) and (7):

N+1
u™ = u(z,t") ZumC’ =ULdN(2), m=0,1,2,... (18)
2 T d2 T4 T 12
Vou Umd 5PN (2) =1 Dd Pn(z) =U,,D*Dn(z). (19)
where Uy, = [uf", uf", ..., uf,]7. Substituting into (17):
ot
Up1®n(2) = Ecn(at—UELH‘PN(Z)) U1 D*®n(2) 20)
ot
=ULon(2) + S cnlon = UL®n(2)*ULD*@ N (2).
Using boundary condition that was given in (2):
Upmi1®n(0) =0, U ®n(2H) = 0. (21)

Applying (20) at points t;, j = 2,..., N and using ®y(t;) = e;, where e; denotes the j** column
of the N x N identity matrix, leading to the following expression:

ot ot
u™ — e, (o — umH) UTHD2 =uj' + 5 - Cnlor —uj")” UTD2

i 9 (22)
i=23,N, m=0,1,2.

Here, DJQ- is the j-th column of D?. The Eqns. (21) and (22) with initial condition that was
given in (3) form a system of N + 1 algebraic equations for unknowns U, at each time step m.
Consequently, the unknown functions u"(z) can be determined using the relation (18).

3. THEORETICAL STABILITY OF THE LINEARIZED SCHEME

We consider the notion of asymptotic stability for a numerical technique as outlined in [6] for

a discrete problem described as:
aUu
dt

where L is considered to be a diagonalizable matrix.

= LU, (23)

Definition 1. The absolute stability region of a numerical method is defined for the scalar
model problem:

au

— =AU 24

= (24)
as the collection of all A\dt such that ||U,,|| remains bounded as ¢t — co. A numerical method is
deemed asymptotically stable for a specific problem if, for sufficiently small §¢ > 0, the product

of 6t and each eigenvalue of L falls within the absolute stability region [32].

Regarding the Crank—Nicolson scheme, it exhibits absolute stability across the entirety of the
left-half plane.
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3.1. Stability for linearized governing equation. We consider the linearized governing
equation:
ou 0%u

E :Cn(o't—u) @, (25)

where the linearization coefficient p stands for values of u. We assume that |u| < M, where M
is an upper bound of u. Here L = I'"'A, where I and A are matrices in the form:

=W,Va,...,Vny1), A=(C1,Co...,Cny1), (26)
where V; and C;, i =1,2,..., N 4+ 1, are the vectors:
Vvi:@N(Zi)a i:1727"'7N+17 (27)
C; = cn(oy —u)®D?*®n(2), i=1,2,...,N+1. (28)
Thus, the discretized linearized governing equation becomes:
dU
— = LU. 2
o = LU (29)

The Crank—Nicolson method exhibits A-stability. The absolute stability region for the Crank—
Nicolson time-stepping approach is illustrated in Fig.1, for different values of «, ¢,, and oy
presented in the examples.
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FiGure 1. Eigenvalues of L: Top-left for a« = 0.31, top-right for @ = 0.45,
bottom-left for @ = —0.14, and bottom-right for o = —0.60.
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4. EXPERIMENTAL STUDIES

To evaluate and numerically solve the proposed equation, the authors conducted laboratory
experiments on four distinct soil samples in [1]. The nonlinear parameters of these tested samples
are documented in Table 1. As discussed in Section 2, it is assumed that the relationships
between e-logk and e-log o), are linear. The distance from the origin and the inclination of
the e-logk line are denoted as b and M, respectively, while for the e-logo) line, they are
represented as a and C,, respectively. These parameters are associated with soil permeability
and compressibility.

TABLE 1. Non-linear parameters of samples [1].

Soil Applied total stress | Initial void ratio | Compressibility characteristic | Permeability characteristic | Non-linearity coefficient
sample Ot (kPa) () a C. b M Chn (67
1 15 2.14 2.76 0.61 7.77 0.89 2.83E—-06 0.31
2 30 1.00 1.52 0.32 5.14 0.58 8.41E-07 0.45
3 60 0.83 1.36 0.34 1.92 0.18 9.77E—-04 -0.14
4 60 0.52 1.05 0.25 1.21 0.11 5.01E—-02 -0.60

Based on the above nonlinear parameters, the Eqn. (1) was solved by the method mentioned
in Section 2.
Here, we briefly present the method for Test Sample 1. In this case, we have:

u(z,0) = up = 15,
cn = 2.83 x 1076,

a = 0.31.
Using relation (18), we write:
N+1
u(z,0) =15 =Y ulC)(z) = Uf ®n(2),
j=1

so the entries of the vector Up, using relation (5), are:
0 _
uj = 15.

To find the function u(z,t) at time t!' = t° + At = At, we use relation (22) and construct the
following system of equations by setting m = 0:

5t . 5t . ,
ujl - 5%(15 — u}) UlTDJQ- = ug + Ecn(at - u?) UOTDJZ-, j=2,3,...,N. (30)

Note that here only the values of the vector U; are unknown. Applying boundary conditions
(21), we also have:

Ulon(0) =0, Uldy(2H)=0. (31)

The Eqns. (30) together with (31) form a system of N + 1 algebraic equations with N + 1
unknowns. Solving this system yields the vector Uy, and thus the value of the function u(z,t)
at time ¢! is obtained. Now, using u(z,t') as the starting point, we can proceed similarly to
compute u(z,t2), and so on.




476 APPL. COMPUT. MATH., VOL.24, NO.3, 2025

5. RESULTS

5.1. Variation of pore water pressure with time and depth. By promptly applying the
load and initiating the consolidation process, the pore water pressure decreases gradually due to
drainage. With two-way drainage conditions, changes in pore water pressure are also observed
at different depths of the sample. The graph illustrating changes in pore water pressure relative
to the sample depth and at various time intervals is depicted in Fig.2.

Sample-2

Pare Wder Pressre {kPa)
=)

— = 500 min

(] 001 o0z o003 004 005
Sample Height (m)

FIGURE 2. Diagram of pore water pressure changes at sample depth with differ-
ent times.

By transforming the diagram in Fig.2 into a three-dimensional representation, the pore water
pressure waterfall becomes visible. This waterfall effectively illustrates the process by which the
solutions of Terzaghi’s one-dimensional consolidation equation are situated within a non-linear
category. Furthermore, this waterfall visually demonstrates the tangible variations in pore water
pressure.

Sample-1

Por Waler Prissore{a)l

FIGURE 3. Pore pressure waterfall.

By focusing on Fig.3, we can readily comprehend and observe the variations in water pressure
within the cavity. These changes span from the initial moment, characterized by the highest
water pressure, to the point where the pressure head reaches zero. Additionally, the relationship
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between pore water pressure and the samples height-depicted as the width of the waterfall in
Fig.3 is clearly illustrated. The title of the “pore water pressure cascade” and its distinctive
shape enhance our understanding of pore water pressure fluctuations during the consolidation
process.

5.2. Time-settlement relationship. This research re-examines the relationship between the
average degree of consolidation and real time by eliminating the need to calculate the consolida-
tion coefficient and the time factor, as previously developed by the authors of [1]. The presented
graphs in Figs.4-7 are based on the results obtained from the proposed method in this study.
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FIGURE 4. Soil sample 1, applied pressure 15 kPa.

j’ f —+—Terzaghi [1] (NSE=-0.11)

e /

g If;j f —i—Experimentsl [1] (Reference)
B0 04 i .

A /:F f —— Abbasi [1] (NSE=0.92)

w 03 7 This § tudy (NSE=D.95)

= /J‘F" / -

w 02
Z .. X
o MM

0.01 01 1 10 100 1000 10000
Time(min)

FIGURE 5. Soil sample 2, applied pressure 30 kPa.

Based on the diagrams in Figs.4-7, we draw the following conclusions:

e The proposed method in this research exhibits significantly greater accuracy compared
to the finite difference method, yielding answers that closely align with laboratory values.
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e The magnitude of the parameter o plays a crucial role in estimating the consolidation
rate. Positive a values indicate a slower consolidation rate than predicted by Terzaghi’s
theory, while negative a conditions correspond to a faster consolidation rate. These
findings corroborate the results obtained by the authors of [1].

e The proposed method for evaluating consolidation in the range of primary consolidation
is more accurate than at the beginning of consolidation and during secondary consoli-
dation. This method plays an important role in determining the time steps for solving
the nonlinear equation.

Sample-3

=i Terzaghi[11] (NSE=0.36)
—ir— Experimental[11] (Reference)
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This study (NSE=0.99)
:E‘n 03
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0.0001 0001 001 0.1 1 10 100 1000

FIGURE 6. Soil sample 3, applied pressure 60 kPa.

e The relationship between the average degree of consolidation and real time was obtained
as a polynomial function with a high correlation coefficient. This relationship can be
presented as follows for Sample 1:

U(t) = —725.43t° 4 3098.1t° — 5276.5t* + 4640t> — 2287.7t% + 635.97t + 14.967.
R? = 0.998.

——Terzaghi[11] (NSE=0.96)
——Experimental[11] (Reference)
Abbasi[11] INSE=0.99)

This §tudy (NSE=1)

-
01
—-—i-&-’"‘“r/

0.0001 0001 0.01 0.1 1 10 100 1000
Time{min)

FIGURE 7. Soil sample 4, applied pressure 60 kPa.
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By using Eqn. (32), without the need for additional calculations and measurements, it be-
comes easy to calculate the degree of consolidation at any desired time. The high correlation
coefficient in the above relation ensures the accuracy of the average degree of consolidation
obtained from this expression.

g ==
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& 20 .-4'/
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i
& 4]
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FIGURE 8. Variation of the average degree of consolidation with the time factor
in the primary consolidation limit (soil sample 1).
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FIGURE 9. Variation of the average degree of consolidation with the time factor
in the primary consolidation limit (soil sample 2).

5.3. Determining the U—T relationship. Despite the direct determination of the relationship
between the average degree of consolidation and real time in the previous section, this section
aims to compare the achievements of the proposed method with the results of other research.

Specifically, we present the relationship between the average degree of consolidation and the
time factor.
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F1GuURE 10. Variation of the average degree of consolidation with the time factor
in the primary consolidation limit (soil sample 3).
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FIGURE 11. Variation of the average degree of consolidation with the time factor
in the primary consolidation limit (soil sample 4).

Based on the graphs in Figs.8-11, we present the relationship between the average degree
of consolidation and the time factor for each of the samples within the primary consolidation

range:

U =18.972In(T,) + 79.954, R? = 0.9687,
U =15.4581In(T,) + 94.901, R?>=0.9701,
U =16.1951n(T,) + 27.673, R* = 0.9821,
U = 16.4521n(T,,) 4 1.1299, R* = 0.9274,

Sample 1 (33)
Sample 2 (34)
Sample 3 (35)
Sample 4 (36)

As evident from the data, the relationships in the Eqns. (33)—(36) depend on the initial
characteristics of the samples and the applied stress level. However, it is not feasible to present
a single universal relationship for all samples with acceptable accuracy.

The continuous nature of the consolidation process allows us to obtain these relations without
the need for discretization. This approach aligns with the reality of the subject. In contrast, pre-
vious research often required graph discretization to illustrate the relationship between changes
in the degree of consolidation and the time factor. Fortunately, our current study has addressed

this issue.
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5.4. Evaluating the efficiency of the proposed method. In this study, the Nash-Sutcliffe
Efficiency (NSE) coefficient was used to optimize the objective function. This coefficient can be
calculated from the following relationship:

3

(Qm,i - Qs,i)2

NSE=1-"

)

(Qm,i - @)2

NNyl

-
Il

where:

e n represents the number of observations.

® Qi and Qs ; denote the measured and estimated values of the degree of consolidation,
respectively.

e @, is the average of the measured values of the degree of consolidation in the laboratory.

The numerical value of the NSE coefficient varies from negative infinity to 1, with 1 being
the optimal value. A value closer to 1 indicates a better estimation method. Generally, if the
Nash-Sutcliffe index is greater than 0.75, the models performance is considered excellent. If
it falls between 0.5 and 0.75, it is considered satisfactory, while values below 0.5 are deemed
unacceptable [26].

Table 2 presents the NSE coefficients for the Terzaghi method, the finite difference method,
and the method proposed in this study. As observed, the proposed method achieves the highest
NSE values across all samples, demonstrating its superior accuracy and excellent performance.

TABLE 2. The NSE coeflicient for different methods.

Method Sample-1 | Sample-2 | Sample-3 | Sample-4
Terzaghi -0.01 -0.11 0.86 0.96
Finite Difference (Abbasi et al. [1]) 0.97 0.92 0.94 0.99
This Study 0.98 0.95 0.99 1.00

6. DISCUSSION

In this paper, we presented a semi-analytical solution for the nonlinear equation of one-
dimensional soil consolidation. This solution was directly derived by revisiting the equation
developed by the authors of [1]. Notably, our proposed method exhibited greater accuracy
compared to other existing methods.

One fundamental assumption in Terzaghi’s consolidation theory pertains to the application
of instantaneous load. However, the reaction of the sample due to this type of loading remains
invisible in previously established solutions. In our novel approach, the response of the sample
to the application of instantaneous load becomes evident, as illustrated in Fig.12.

In the regions indicated in Fig.12, during the initial moments of consolidation and upon the
application of instantaneous load, the pore water pressure near the drainage boundaries exceeds
the initial value and promptly returns to normal. This behavior reflects a weak impact resulting
from instantaneous loading and demonstrates the elastic response of the sample environment.

In a multi-phase environment such as soil, the liquid phase exhibits continuity. As a result, the
initial response originates from this part and manifests as a momentary increase in pore water
pressure. In this context, the response of the gas phase is disregarded due to its insignificance.
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FIGURE 12. Specimen response to instantaneous loading.

One of the distinctive advantages of the method presented in this paper lies in its ability
to predict the environmental response under applied conditions. This prediction aligns with
the observed reality of the tested phenomenon, which is frequently overlooked in laboratory
measurements. The emphasis on this aspect within the proposed solution aims to demonstrate
the accuracy of the method put forth in this article.

7. CONCLUSION

In this study, we presented a novel semi-analytical solution for the non-linear Terzaghi con-
solidation equation using the Chebyshev Cardinal Functions (CCF). Additionally, we employed
the combined spectral-finite difference method for numerical solution.

The integration of combined methods in solving equations represents a recent approach that
enhances solution accuracy. Based on the results obtained in the present study, the following
results can be presented:

e The variable consolidation coefficient is linked to effective stress through two parameters,
«a and C,.

e The predicted consolidation, when compared to that obtained from Terzaghi’s theory,
depends on the numerical value of the exponent « in the Eqn. (1). Specifically, for
positive values of «, the predicted consolidation is slower than Terzaghi’s theory, while
the opposite holds true.

e For smaller |a| values, the consolidation speed in the initial consolidation range closely
aligns with the laboratory results.

e Accurate determination of the time steps in the numerical method results is crucial.
Failure to properly adjust these steps can lead to method instability.

e Laboratory results have been utilized to determine appropriate time steps.

e The proposed semi-analytical method, along with the combined numerical method used
in this research, exhibits relatively high accuracy. As a result, it can effectively simulate
the response of non-continuous environments under applied conditions.

e The relationship between the average degree of consolidation and real time was deter-
mined without the need to measure the consolidation coefficient or discretize the equation
with high accuracy.

e One of the prominent features of the proposed method is that it does not require dis-
cretization for relationships with continuous nature.
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e Slight deviations between experimental and theoretical results may arise from inconsis-
tencies in experimental settings and theoretical assumptions. Additionally, the effect of
the creep phenomenon on experimental results is likely.

e In the context of laboratory consolidation, the measured permeability tends to be larger
than the actual value due to water leakage from the space between the sample and
the mold. This unintended effect results in a faster settlement rate compared to the
theoretical results.

e The semi-analytical solution stands out as a highly effective method for solving chal-
lenging consolidation problems, especially when considering variable compressibility and
permeability.

e The proposed method demonstrates excellent efficiency based on the NSE criterion. It
yields more accurate results compared to other methods, making it highly effective for
estimating the rate of consolidation.

e Stability for the linearized governing equation, according to the Crank—Nicolson scheme,
is A-stable.
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