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Abstract. Real-world problems often involve imprecision and uncertainty, presenting challenges
across various domains such as engineering, artificial intelligence, social sciences, and medical sci-
ences. To bridge this gap, Pawlak introduced classical rough set models, focusing on upper and
lower approximations based on equivalence relations. However, these relations restrict the appli-
cability of rough sets in many contexts. This paper explores new approaches to extending rough
set theory by introducing ”primal approximation spaces”. Primal is defined as novel structures
designed to generalize rough set approximations beyond the traditional methods. This paper pro-
poses a new technique for generating rough approximations by using x-neighborhoods and primal
which allows for creating diverse supra-topologies and enhancing the flexibility of rough set models.
Furthermore, we here introduce bi-primal approximation spaces, a new form of approximation that
can be examined through two distinct methods, as a result, revealing their unique characteristics
and relationships. The research underlines the practical applications of these new methods by
providing a detailed case study that demonstrates their effectiveness in solving decision-making
problems. Moreover, this study also compares the primal-based methods with existing approaches
based on ideals, illustrating their distinctive advantages and limitations. Overall, this work offers a
remarkable advancement in rough set theory by expanding its theoretical framework and practical
applicability through the introduction of primal and bi-primal approximation spaces.
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1. Introduction

There are considerable real-life problems involving imprecision, such as those in engi-
neering, artificial intelligence, social science, and medical science. Various mathematical
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modeling techniques have been presented to address these problems, including the theory
of probability, fuzzy sets, rough sets, and decision-making theory. These theories have re-
duced the gap between classical mathematical methods and the inaccuracies of real-world
information. However, each of these theories has inherent difficulties and disadvantages,
which motivated Pawlak [59] to initiate classical rough set models as modern approach to
modeling the vagueness of data from real-life problems. While the core concepts include
upper and lower approximations based on equivalence relations, these restrict application
domains. As a result, several researchers have employed topological concepts to generalize
these approximations and replace equivalence relations with any binary relation (see, for
instance, generalized rough sets [21, 24, 37, 42, 64], information systems [65], feature selec-
tion [37, 42], topological structures of rough sets [26, 28, 50, 53], and medical applications
of topological rough sets [5, 22]).

In 1996, Yao [73] introduced a method that led to several generalizations incorporat-
ing various types of relations, including tolerance relations [48, 60, 66|, similarity relations
[67], and general binary relations [7, 12, 13, 49]. Abd El-Monsef et al. [35] introduced the
notion of k-neighborhood spaces (briefly, xK-NS) to generalize rough set theory through
various topologies induced by arbitrary relations. These methods represent an extension
of the work [21, 49], which opened the way for more topological applications in rough sets
[26, 38, 43, 63] and their applications in many fields [18, 32, 71, 72].

It is worth noting that the concept of a ”basic-neighborhood” (introduced in [7]) was
studied by El-Gayar et al. [31] and Taher et al. [71, 72] provided a comprehensive analysis,
exploring the relationships between the generated topologies and approximations. Fur-
thermore, these papers established new results, comparing their methods with previous
techniques such as those in [7, 12, 13, 20, 35, 73]. Additionally, these works demonstrated
impressive applications in the medical and economic fields [28, 30, 31].

Mashhour [56] expanded the notion of topology to supra-topology by ignoring the finite
intersection condition. A supra-topology is defined on a nonempty set ) as a subclass S of
the power set of V satisfying two axioms: (), V € S, and S is closed under arbitrary union.
This makes supra-topology more elastic in characterizing some real-life problems [51] and
establishing examples that illustrate the relationships between topological notions.

The idea of minimal spaces as a generalization of topological spaces was introduced in
[55]. These spaces have yielded many valuable results consistent with general topology.
Kuratowski [52] offered the concept of an ideal from the filter notion. One may consider
an ideal as the dual of a filter. Similarly, one of the classical structures of topology is the
grill, which was defined by Choquet [19]. Acharjee et al. [9] presented a primal structure,
which is dual to the grill and also generated a primal topology.

Another promising direction for extending rough sets involves the concept of ideals
[52], which are foundational in both topology and rough set theory, albeit serving differ-
ent purposes in each field. In topology, ideals are pivotal for defining closure operations,
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characterizing convergence, and facilitating compactification. In rough set theory, they
play a crucial role in information granulation, shaping lower and upper approximations
essential for managing data uncertainty [41, 44, 46, 47]. This framework has been applied
to various domains, as demonstrated in [45, 58]. Additionally, numerous studies have
leveraged topological structures to expand the applicability of rough sets [3, 6, 23, 27].
For a comprehensive overview of the applications of topological structures and rough sets,
we direct readers to the existing literature [1, 2, 4, 50, 70, 74].

So, the current manuscript emphasizes the versatility of primal as mathematical con-
structs, demonstrating their impact not only in rough set theory but also in other fields,
especially topology. The paper delicacy primal as a class of objects within an information
system, governed by particular conditions.

The main goal of the present manuscript is to provide a new framework for approxi-
mate rough sets using novel structures called ”primal.” The choice of a primal is carefully
guided and prepared by domain experts, emphasizing the practical importance of primal
in customizing granulation methods for definite problem domains.

Two different directions to extend Pawlak’s philosophy are suggested based on primal.
In the first direction, we define the original method of generating rough approximations
depending on k-neighborhoods and primal. The technique represents a novel method to
induce different supra-topologies via k-neighborhoods and primal, which opens the way for
more topological structures in rough-set models. The current paradigm loosens the con-
straints that typically restrict the modeling of a given problem. By relaxing the primary
condition imposed on the model, we achieve greater flexibility in describing and address-
ing practical issues. For instance, eliminating the intersection condition from topological
rough models, as proposed in this approach, broadens the scope of problems that can be
addressed.

Secondly, a novel type of approximation space, termed bi-primal approximation spaces,
was introduced for the first time. This new form of approximation was examined through
two distinct methods, with their properties thoroughly investigated and the relationship
between these methods explored. The importance of these approaches lies in their foun-
dation on the concept of primal, which serve as topological tools; here, the two primal
represent two distinct perspectives rather than a single one. It should be noted that the
two notions, ”ideals” and ”primal,” are not dual; rather, they are independent, as illus-
trated in the current paper. Consequently, the methods introduced represent new tools
that are entirely distinct from those that use ideals in their approaches (such as those
proposed by M. Hosny et al.[41]). These methods offer solutions to problems that ideals
(or other methods) maybe unable to address, as we will illustrate in the practical appli-
cation presented at the end of the paper. Thus, we can conclude that the methods based
on primal provide a different perspective and solutions to decision-making problems that
ideals may not be able to solve, while primal may also be limited in solving some problems
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that ideals can address.

The current framework offers the flexibility to relax constraints that typically limit the
scope of modeling problems. It is widely recognized that loosening key conditions im-
posed on a model allows for greater adaptability in tackling real-world challenges. For
example, in the proposed model, removing the requirement for intersection in topolog-
ical rough models broadens the range of problems that can be addressed. Specifically,
generating a supra-topological space leads to unique outcomes that are especially useful
in decision-making processes, such as competitive job selection. In these scenarios, can-
didates are usually required to meet several criteria. However, applying the concept of
supra-topology helps to systematically eliminate redundant or overlapping criteria, allow-
ing for a more focused assessment of each candidate’s distinct qualifications. This refined
approach reduces the uncertainty involved in making final decisions by concentrating on
the most relevant attributes for the role, thereby simplifying the selection process.

The paper concludes with a practical example that productively illustrates the definitions
in a clear and comprehensive way.

e Objectives:

The main objective of this research is developing a novel framework for approximate rough
sets by introducing and employing the concept of ”primal.” This study aims to extend
and refine existing rough set theory by incorporating these new structures, focusing on
enhancing the flexibility and applicability of rough set models in various domains. In
short, the research seeks to achieve the following:

1. Defining a new method for generating rough approximations using k-neighborhoods
and primals, thereby inducing diverse supra-topologies.

2. Introducing and thoroughly investigating a new type of approximation space called
bi-primal approximation spaces, exploring the distinct methods and properties of this ap-
proach.

3. Demonstrating the practical applications of these new methods in solving decision-
making problems that are challenging or impossible to address by using existing ap-
proaches, such as those based on ideals.

e Motivations:

The motivation that drives us to doing this research arises from the drawbacks of the
existing mathematical methods in effectively dealing with the vagueness and imprecision
inherent in real-world problems. While classical rough set theory and its various exten-
sions have made significant strides, they still face challenges in certain applications owing
to the restrictive conditions imposed by traditional topological and set-theoretical con-
structs. The introduction of primal and bi-primal approximation spaces offers a response
to these challenges, offering a more versatile and adaptable framework. This approach is
motivated by the need to:

1. Overcome the drawbacks of existing rough set models, especially those that rely on
rigid conditions such as the finite intersection condition in topologies.

2. Provide new methods which allow for greater flexibility in modeling and analyzing
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complex systems, especially in fields where traditional methods fall short.

3. Explore the potential of topological structures like primal in broadening the scope of
rough set theory and its applications across various disciplines, including artificial intelli-
gence, engineering, and medical science.

e Contributions:

This paper makes several significant contributions to the field of rough set theory and its
applications:

1. Introduction of primal: The concept of primal is introduced as a novel structure in
rough set theory, providing a new method for generating rough approximations through -
neighborhoods and primal. This contribution widens the theoretical foundations of rough
set models and opens up further avenues for topological applications.

2. Development of Bi-Primal Approximation Spaces: The research presents the
first-ever introduction of bi-primal approximation spaces, offering two distinct ways for
their construction and examining their properties and relationships. This contribution
provides a new perspective on approximation spaces and enriches the toolbox for dealing
with uncertainty and imprecision in data.

3. Practical Applications and Case Study: The paper includes a practical exam-
ple demonstrating the applicability and effectiveness of the proposed methods in solving
decision-making problems. This contribution highlights the practical value of the research
and its potential impact on various real-world applications.

4. Comparison with Existing Methods: The research provides a detailed comparison
between the newly introduced methods and existing approaches based on ideals, illustrat-
ing the unique advantages and limitations of each. This contribution helps to clarify the
distinctiveness and utility of the primal-based methods in different contexts.

2. Fundamental Ideas

This part exhibits the master ideas about primal, k-neighborhood, and supra topolog-
ical spaces cited in [9, 12, 13, 35, 56, 73].

Definition 1. [9] Let V # (). A class P C 2V is named a primal on V), if it satisfies the
next conditions:

(i) V&P,

(ii)) O¢P and OCH = H¢P,

(iti) H¢ P and O ¢ P = HNO ¢ P.
Lemma 1. Let P be a primal on V. H¢ P and O ¢ P < HNO ¢ P.

Proof. By Definition 1, the proof is obvious.
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Remark 1. The class P = {0} does not constitute a primal on any set. For example,
consider YV = {a,b}. In this case, we have {a}N{b} = 0 € P, despite the fact that {a} & P
and {b} & P.

Remark 2. When the universe consists of a single element, such asV = {a}, it is possible
to construct an ideal; however, constructing a primal is not feasible. To construct a primal,
the set V must contain at least two distinct elements.

Remark 3. [9] The collection of sets obtained through the intersection (or union) of
elements from two primal does not necessarily form a primal on'V, as demonstrated in the
next example:

Example 1. Let P = {Q)’ {a’}v {b}v {d}’ {CL, b}v {b’ d}7 {CL, d}7 {a’ b, d}}’ and
P ={0,{a},{b},{c},{a,b},{b,c}, {a,c},{a,b,c}} be two primals on V = {a,b,c,d}. Then

(i) PUP =2Y\ {V,{a,c,d},{b,c,d},{c,d}} is a primal.

(ii) The familyV = {ANB: A€ P,BcP}={01{a},{b},{a,b}} is not a primal on V
since {a,b,c} N{a,b,d} = {a,b} € V but neither {a,b,c} € V nor {a,b,d} € V.

(iii) The family N ={AUB:AcP,BecP}=2"is not a primal on V, since V € A.

Definition 2. [56] Let S be a supra-topology on V. A set H C 'V is called supra-open
(resp. supra-closed) if it is a member of S (resp. its complement belongs to S). The supra-
interior points of a set H, denoted by Sint(H), is defined as a union of all supra-open
subsets of this set. Also, the supra-closure points of a H, denoted by Scl(H ), is defined as
an intersection of all supra-closed supersets of this set.

Various types of neighborhoods in a set V based on a binary relation R were defined.
These neighborhoods are determined by different ways in which elements of V relate to
each other according to R. Here’s an explanation of the different neighborhoods:

Definition 3. [12, 13, 35, 49, 73] If R is a binary relation on V. Then, k-neighborhoods
of yeV (briefly, N.(y)), for various choices of k (k € {r,l,i,u, (r),(l), (i), (u)}) is defined
as follows:

(i) r-neighborhood: N,(y) = {z€V : yRz}.
(i1) l-neighborhood: Ni(y) = {z€V : zRy}.
(#1i) i-neighborhood: N;(y) = Ny(y) N N (y).
(iv) u-neighborhood: Ny(y) = Ny(y) U Ni(y).

(v) (r)-neighborhood: Ny(y) = N{N;(z) : y € N.(2)} provided that there exists Ny (z)
containing y. Otherwise, Ny (y) = 0.
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(vi) (I)-neighborhood: Ngy(y) = N{Ni(z) : yEN(2)} provided that there exists Nj(z)
containing y. Otherwise, Ny (y) = 0.

(vii) (i)-neighborhood: Ny (y) = Ny (y) N Ny (y).
(viii) (u)-neighborhood: N, (y) = Ny (y) U Ny (y)-
Henceforward, &,V ke{r,l,i,u, (r), (), (i), (u) }, will be treated, unless otherwise noted.

Definition 4. [35] Let R be a binary relation on V, and (.: V — 2Y be a mapping
which designates for each y in V its k-neighborhood in 2Y. Then (V,R, () is named a
k-neighborhood space (k-NS).

Proposition 1. [6, 22, 31, 43, 71, 72] Let (V,R,(s) be a k-NS and X\ € V. Then,
(i) X € Nu(N), i. e. Ng(N) # 0, for each k, if R is a reflexive relation.
(1) Niy(A) C Ne(N), k€{r,l,i,u}, if R is a reflezive relation.

(iii) N:(N) = Ni(A) = Ni(3) = Nu(A) and Niy () = Ngy(3) = Ny(D) = Ny V), if R
is a symmetric relation.

(1v) Ny (A) = Ne(A), k€{r,l,i,u}, if R is a preorder (reflexive and transitive) relation.

Theorem 1. [35] Let (V,R,(x) be a k-NS, and let H C V. Then, for each k, the class
7. ={H CV:Vye H N.(y) C H} is a topology on V.

Definition 5. [35] Let (V, R, () be a k-NS. A set H C 'V is called a 7-open set if H € 7,
and its complement is called a T4-closed set. The family T, of all T4-closed sets is defined
as

YT.,={ECV:E€er,},

where E° is the complement of E.

Definition 6. [35] Let 7, be a topology on'V generated by k-NS. Then the k-lower, k-upper
approximations, k-boundary and k-accuracy of a subset H CV are defined respectively for
each k as:

(i) 7o L(H) = 1wint(H), where T.int(H) represents interior of H w.r.t. 7y.
(ii) 7.U(H) = 71.cl(H), where 7.cl(H) represents closure of H w.r.t. 7.
(iii) 7.B(H) = 7,U(H) — 7,L(H).

(iv) Too(H) = ‘I;ggg;l‘ where | U (H)|#£0.

In [41] (which were corrected by R. Hosny et al. in [44]), Hosny used the method of
[35] to define a new technique for generating different topologies via xk-NS and ideals, as
illustrated in the following theorem.
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Theorem 2. [41, 44] Let (V,R, () be a k-NS, and let H C V. IfT is an ideal on V), then

for each k, the class
E={HCV:Vyec HN.(y)—HcT}
s a topology on V.

Definition 7. [{1, 44] Let 7 be a topology on V' generated by k-NS and ideal T. Then, for
every K, the k-lower, k-upper approximations, and k-accuracy of a set H are respectively
given as:

(i) TEL(H) = tFint(H), where tLint(H) represents interior of H w.r.t. TE.
(is) TEU(H) = ttcl(H), where TEcl(H) represents closure of H w.r.t. L.
TL(H
(iii) Lo (H) = % where |7EU (H)|30.

In what follows, we explore some of the previous generations of rough sets.

Definition 8. Yao approach [73] Let R be a binary relation on V. For each GCW,
the YV-lower (resp. Y-upper) approzimation, Y-boundary region and Y-accuracy of the
approximations are defined as follows:

Y.(G)={reV:N,(\) CG};
Vo(G)={A€V:N,(N)NG #0};
By(G) = Yr(G) = Y,(G); and

ov(9) = F=gy | V(@) 1 0.

Definition 9. Allam et al. approach [12, 18] Let R be a binary relation on V. For each
GQV, the A-lower (resp. A-upper) approzimation, A-boundary region and A-accuracy of
the approximations are defined as follows:

A(r)(g) ={\eV: N<T>(/\) C G};
Ay (@) ={XxeV: N, (\) NG #0};

Ba(G) = A(r)(g) - A<r> (G); and

A @ —

Definition 10. [20] Suppose R is a binary relation on V. For each A€V, the mazimal
right neighborhood (shortened by Ny, ) is defined as follows:

Nm()\) = U)\ENT(;J,)NT (:u) .
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Definition 11. Dai et al. approach [20] Let R be a binary relation on V. For any subset
G CV, the D-lower (resp. D-upper) approzimation, D-boundary region, and D-accuracy
of the approximations are defined as follows:

D, (9) ={N €V : Nu(A) CG};
Du(G)={N €V : Na(A) NG £ 0};

3. Approximations and Supra Topologies Generated by Different x-INS
and primal

The aim of this section is to present eight distinct supra-topologies generated from pri-
mal and k-neighborhoods, where k € {r,1,i,u, (r), (l), (), (u) }. The relationships between
these topologies will be examined, along with comparisons to highlight their differences.
Additionally, new rough approximations derived from these topologies will be constructed,
and some of their properties will be explored. It is evident that the best approximations
and the highest accuracy measures are obtained for x € {7, (i) }. Furthermore, the proposed
approximations will be compared with previous ones from the literature [12, 20, 35, 73].
We will prove that primal play a key role in extending these methods.

The following result presents a method for generating x-supra topology structures from
Ny-neighborhood systems and primal.

Theorem 3. Let (V,R,(s) be a k-NS, P be a primal on V, and H CV. Then, for every
K, the class 77 = {H CV :Vz €H, N, (z) — H €P} is a supra topology on V.

Proof.
(i) Clearly V and () belong to 77

(ii) Let Hy €77, a €Q and 2z €UseqHy, then there exists ag €9 s.t. z €H,,. Hence,
Nu(z) — Hyy €P. Since —(UpeqHa) C —Hgyy, then Ny(2) — (UpeHa) EP ie
UacoHa € T,ZD.

So, Tf is a supra topology on V.

The next example shows that 77 need not be a topology.

Example 2. Let V = {a,b, ¢}, and consider the collection P = {0, {a}, {b}, {c},{a, b}, {a,c}},
which forms a primal on V. Let R = {(a,b), (a,c¢),(b,b),(b,c),(c,b)} be an arbitrary re-
lation on V. Then, the associated structure is given by:

7?) = {@, V, {b}v {C}7 {Cl, b}, {Cl, C}, {bv C}}
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Notably, while {a,b},{a,c} € 77, their intersection {a,b} N{a,c} = {a} ¢ 77, illustrating
that 77 is not necessarily closed under intersections.

7P is a collection of subsets of V that forms a supra topology. Its structure is deter-

mined by the properties of the x-neighborhoods and the primal P, making it a flexible
framework for studying generalized topological spaces.

Remark 4. The process of obtaining a supra-topological space yields distinctive outcomes.
For instance, when applying for a position through a competitive process, various selection
criteria are typically required. By employing the concept of supra-topology in the decision-
making process, it becomes possible to eliminate shared or redundant conditions. This
approach allows for a focus on the unique qualifications of each candidate, thereby reducing
uncertainties associated with the final selection.

Lemma 2. Let V # (). Then the following families are primal on V
(i) [9] 2¥ \ {V} (trivial primal).
(ii)) Py={M CV:y¢ M} (excluded point primal).

(iii) Po={M CV: MUO # V}.

Proof. Direct to prove.

Remark 5. (i) If P =Py, then the supra topology 7P will consist of all subsets H CV
such that for each z €V, the difference N,(z) — H does not contain y. This implies
that y will be excluded from certain neighborhoods that are needed to define the supra
topology.

(i) The primal Po is dependent on the set O, where the choice of O directly affects for
sets belong to TF. When O is an empty set, then Po includes all proper subsets of
V, which making 7 potentially larger.

The k-supra topology 7. is finer than the s-topology 7, generated by N,-neighbourhood
for various choices of x. The present sort of these topologies are finer than the previous
one [35] as it is exhibited in the next result.

Theorem 4. Let (V,R,(;) be a k-NS, and P be a primal on V. Then, for every k,
T C T,Z).

Proof. Let H €r,. Then, N.(y) CH, Yy €H and so N.(y) — H = () €P, Vy €H.
Therefore, H €7F. Hence, 7, C 77

Remark 6. According to Theorem /4, the present approaches are consider as extensions
to Abd El-Monsef et al.’s results [35]. The converse of Theorem 4 doesn’t hold as the next
example exhibited.
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Example 3. Continuation of Example 2. The following structures are obtained:
7 =4{0,V,{b,c}},

7 ={0,V,{a}},

T = {@, V, {Cl}, {b7 C}},

Tu = {01 V}7

Additionally, we have:

Ty = Ty = {Q)a V, {a}a {b}a {av b}v {b7 C}},

Ty = Ty = {0,V,{a,b}}.

For the primal structures, we obtain:

TZ) = TZ) = {®7 V, {b}v {C}7 {Cl, b}7 {Cl, C}7 {bv C}}7

Tlp = TZ-P = TZ:> = 7'<7jl> =Th = TZZ> =2V,

These results illustrate the structural differences between various topological and primal
frameworks.

Definition 12. The system (V,Tf) is called a k-supra topological space, where T,

. 1S a
supra topology on V. A set H of V is called a 7T open set if H €1, and its complement
is termed a T -closed set. The family Y7 of all 77 closed sets is given by YE = {F C V' :

Fe e 1P}, where F€ is the complement of F.
According to Proposition 1, the proof of the next theorem is explicit.
Theorem 5. Let (V,R,(x) be a k-NS, and P be a primal on V. Then,
(i) 77 C 7'<72>, ke{r,l,i,u}, if R is a reflexive relation.

(’L'L) TZD:TIP:T' :’TZ) andTZ;:TZ;:T(?zD‘):TZZV

f if R is a symmetric relation.

(iii) TP = 7'<72>, ke{r,l,i,u}, if R is a preorder relation.

Remark 7. TZZ ,T,Z) are generally incomparable for k € {r,l,i,u} when R is a transitive

relation as illustrated in the next example:

Example 4. Let R = {(a,b),(a,c¢),(b,b),(b,¢),(2,0)} be a transitive relation on V =
{a,b,¢,0}. If P = {0,{a}}, then 77 = {0,V, {c}, {0}, {b,c}, {c, 0}, {a, b,c}, {b,c,0}},
0y = {0, V. {a}, {0}, {a, 0}, {b, ¢}, {a,b, ¢}, {b,c, 0} }.

Example 5. Let V = {a,b,¢,0} and R = {(a,a), (a,b), (a,¢), (b,¢), (¢,0)}. Hence,
7 =1{0,V, {0}, {c,0},{b,¢c,0}},

T = {Qa V, {a}a {Cl, b}a {Cl, b, C}},

T, = 2V,

o = {0, V},

Ty = Ty = {0, V, {c}, {0}, {c, 0}, {a, b, c}},

Tay = 76 = {0,V, {a}, {c}, {0}, {a, b}, {a, c}, {a, 0}, {c,0}, {a, b, c},{a,b,0}, {a,c,0}}.
If P ={0,{a},{6},{c}, {a,b},{b,c}, {a,c}, {a,b,c}}, then
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r = {@ V,{a},{b}, {0}, {a, b}, {a,0},{b,0}, {c,0},{a,b,0}, {a,c,0},{b,c,0}},

TZ == Tl ,
P _ 77 _ P _ P _ 9V
Ty = Ty = T<z‘> =Ty = 2"
If P =2V \{V,{b,0},{a,b,0},{b,c,0}}, then
P P— P =9

V
b}, { 2 {ﬂ b}, {a,0},{b,c}, {b,0}, {c,0},{a, b, c},{a, b0}, {a, 0}, {b, ¢, 0}},

Remark 8. If N.(z) € P Vz € H, then it follows that H € 7. However, as illustrated in
Ezxample 5, the converse does not necessarily hold. Specifically, we observe that {d} € TZ;,

while Ny ({0}) = {0} € P, demonstrating a counterezample to the converse implication.
Proposition 2. Let (V,R,(;) be a k-NS and P be a primal on V. Then the following
results hold.

() rr crPnsf P url <P,

(ZZ)T ﬂT<> <>U7’<> 7'<>

Proof. Suppose € = r or I. Since Nj(z) C N:(x) C Ny(r) and Ny (z) € Nioy(w) C
Ny (x), for each z € V then the proof is evident.

Example 5 shows that the converse of item 1 of Proposition 2 needs not to be true.

Proposition 3. Let P and P be two primals on k-supra topological spaces (V,Tf) and
(V,7F), respectively, where P C P. Then, for any k, it follows that X C 7.

Proof. Direct to prove.

Remark 9. According to Example 5, the converse of Proposition 8 does not necessarily
hold. Consider the primals

P ={0,{a},{b},{c}, {a,b},{0b,c},{a,c},{a,b,c}}, and
P =2Y\{V,{b,0},{a,b,0},{b,c,0}} on V.

Suppose £ = r. Then, we have

= {Qj V? {a}’ {b}’ {D}’ {a7 b}? {a7 0}7 {b? D}’ {c7 0}7 {a’ b? D}’ {a’ c7 0}7 {b? C, D}}?

while 7 = 2Y. Thus, it follows that 7 ¢ 7T

Definition 13. Let 77 be a r-supra topology generated by r-NS and primal P. Then
rPint(H), 7Pcl(H) of a set H are assigned respectively for each k as:

rPint(H) = U{W erl’ : W C H},
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rPel(H) =n{F €YF : H C F}
M = - - .

The behavior of 77 L(.) and 7°U(.) can vary significantly based on the choice of k£ and
the primal set P. Different selections of k-neighborhood systems and primal structure can
lead to varying levels of granularity in the approximations, thus tailoring the approach to
specific contexts or applications. These properties help describe how the lower and upper
approximations interact within the x-supra topology, providing a framework for dealing
with uncertainty and approximate reasoning.

In the next, different kinds of rough approximations utilizing the topologies generated
from k-NS and primal P will be established. In addition, some of their properties will be
studied.

Definition 14. Let 77 be a r-supra topology generated by k-NS and primal P. Then, the
Py-lower, P-upper approrimations, P-boundary and Py-accuracy of a subset H CV are
assigned respectively for each Kk as:

(i) TP L(H) = tFPint(H).
(is) TPU(H) = 7Fcl(H).
(iti) TPB(H) = 1PU(H) — 17 L(H).

(iv) TPo(H) = %, where |TPU(H)|#£0.

It is evident that 0 < 770 (H) < 1. If 700 is close to 1, it implies that the lower and
upper bounds are of similar magnitude, suggesting that the estimates are close, leading to

higher accuracy. If 770 (H) = 1, then H is referred to as an 77 o-exact set. Elsewise, H
is termed an 77 o-rough set.

Definition 15. A subset H of k-supra topological space (V, T,ZD) 1s called:

(i) Totally P,-definable, if TP L(H) = H = tFU(H). This means that every element of
H can be precisely defined and no ambiguity exists about whether an element belongs
to the set H.

(i3) Internally P.-definable, if TP L(H) = H and TPU(H)#H. This means that the set
is fully described by its "core” elements.

(i4i) Externally P.-definable, if 7F L(H)#H and 7PU(H) = H. This means that there is
some uncertainty about which elements are strictly part of the set, but it is certain
that H includes all elements from the upper approximation

(iv) Py-rough set, if 77 L(H)#H and 77U (H)#H. This means that there are elements
that are not fully classified as either definitely in or definitely out of the set.

Remark 10. According to Example 5, then
(i) Totally P.-definable sets are {a},{b},{a,b}, {c,0},{a,c,0},{b,¢,0},0, and V.
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(11) Internally Pr-definable sets are {0}, {a,0},{b,0}, and {a,b,d}.

(i1i) Externally P,-definable sets are {c},{a,c},{b,c}, and {a,b,c}.

(iv) There is no any Pr-rough set.

Proposition 4. Let H be a subset of r-supra topological space (V,7F). For each k, the
following statements hold:

(i) TeL(H) C 7] L(H).
(it) TPU(H) C 7,U(H).
(iii) Too(H) < 7FPo(H).

Proof. In view of Theorem 4, the proof is clear.

Proposition 5. Let H be a subset of k-supra topological space (V,T,?). For each k, the
following statements hold:

(i) If H € 77, then TP L(H) = H.

(i) If H € YP, then TTU(H) = H.

The next proposition which explains the main properties of 7,7 L(.), 77U(.) opera-
tors are intelligible, by observing that 77int(.), 7 cl(H) achieve all characteristics of the
interior and closure operators of the topology, respectively.

Proposition 6. Let H,fI be subsets of k-supra topological space (V,7]). Then, the
following properties hold for each k.

(L1) 7PL(H) C H (Ul) H C 7 U(H)

(L2) 7L(0) =0 (U2) PU0) =0

(L3) P L(V) =V (U3) rPU(V) =V

(L4) If H C H, then 77 L(H) C 7 L(H) (U4) If HC H, then 7 U(H) C 7 U(H)
(L) 7PL(HNH) =P L(H)N7PL(H)  (U5) 7PUMHNH) C7PUH) N7 U(H)
(L6) 7P L(HUH) D7 L(H)UTPL(H)  (U6) 7PU(HUH) =+ U(H) U7 U(H)
(L7) 7] L(H) = [7] U(H)° (U7) 7JU(H) = [7] L(H®))°

(L8) 77 L(7] L(H)) = 7, L(H) (U8) 7 U(r[U(H)) = 7] U(H)

Remark 11. Ezample 5 demonstrates that the converse of (L1), (L4), (L6) ( resp. (U1),
(U4), (Ub)) for Proposition 6 fails in general.

(L1) Suppose that k =r. Let H = {c}, then 77 L(H) =0 and so H ¢ 77 L(H),



R. A. Hosny, M. K. El-Bably, M. A. El-Gayar / Eur. J. Pure Appl. Math, 18 (1) (2025), 5827 15 of 29

(L4) Suppose that k = r. Let H = { .t H {a,b}, then TP L(H) = {b}, and
7P L(H) = {a,b}. Then tP L(H) C 7P L(H), and H ¢ H,

(L6) Suppose that k = r. Let H = {a,c}, H = {a,0}, then TPL(H) = {a}, and
TPL(H) = Ao, a} So, TPL(HUH) ={a,¢,0}, 7P L(H)U TP L(H) = {a,0}. Then
TPL(HUH) ¢ 7P L(H)UTP L(H).

Their specific characteristics and relationships may be influenced by the nature of the
primal P and the k-neighborhoods, giving rise to unique topological structures.

Proposition 7. Let (V, R, P) be a primal approzimation space. If R is a preorder relation,
then for any w € V: 7P L(Nk(w)) = Ny (w), for each x € {r,1,4, (r), (1), (i), u, (u)}.

Proof. According to [6], since R is preorder, it follows that Ny(w) € 7. Therefore,
N..(w) € 7F, which implies that 77 L(N,(w)) = N, (w) for each x € {r, 1,4, (r), (1), (i), u, {(u)}.

Remark 12. According to Example 5, it is observed that the preorder conditions in Propo-
sition 7 are indeed strict. Let w = a and k = r. Then N,(a) = {a,b,c}, which implies
that 77 L(N,(a)) = {a,b}. Therefore, 77 L(N,(a)) # N,(a).

The next propositions are straightforward, and their proofs are omitted for brevity.

Proposition 8. Consider 71 is a k-supra topology generated by r-NS and primal P. If
H CV and z € V, then the subsequent items hold:

(i) TP L(H) C 7P L(H) C 77 L(H) and 7] L(H) C 7P L(H) C 77 L(H).
(ii) TPU(H) C tPU(H) C 7PU(H) and 77U(H) C 77U(H) C 77 U(H).
(iii) TV o(H) < tPo(H) < 7Po(H) and 7] o(H) < 77o(H) < 7Po(H).
(iv) TZZ>L(H) - TZ:>L(H) C 7P L(H) and TZZ>L(H) - TZ;L(H) Cr Z,;L(H)

—
S
<

(v) TZ;U(H) - TZ:>U(H) - 7'<72>U(H) and TZ;U(H) - TZ;U(H) - 7'<7Z>U(H).

(vi) 7'<72>0(H) < TZ:>O'(H) < TZ;O‘(H) and 7'<72>0(H) < TZZD)O'(H) < T<i>O'(H).
Theorem 6. Let P and P be two primals on two k-supra topological spaces (V, Tf) and
V., 1. ), respectively, with P C P.IfHC V, then the following statements hold:

P l h f hen the foll hold

(i) TP L(H) C 77 L(H),

(i) TPU(H) 2 7P U(H),

(iii) TP o(H) < rlo(H).

Remark 13. Example 5 demonstrates that the converse of Theorem 6 fails in general.
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(i) Suppose that k = r. Let H = {c}, then TPL(H) = 0, T,ZSL(H) = {c} and so
7o L(H) £ 77L(H),

(ii) Suppose that k = r. Let H = {a,b,0}, then TPU(H) = V,7PU(H) = {a,b,0}.
Hence, T7U(H) ¢ 7FU(H) ,

(i4i) Suppose that k =r. Let H = {c}, then 7 o(H) = O,Tfa(H) =1 Hence, T,?O’(H) e
Po(H).

Example 6. LetV = {a,b,c}, and consider the primal P = {0, {a}, {6}, {c}, {a, b},{a,c}}.
If R is a binary relation on V defined as R = {(a,b), (a,¢), (b, b), (b,c),(c,b)}, then the

corresponding neighborhoods are determined as follows:

Right neighborhoods Minimal neighborhoods Maximal neighborhoods

N, (a) = {b,¢) Niy(a) = 0 Nw(a) = 0
N, (6) = {b,¢} Ny () = {0} Nn(6) = {0}
N (e) = {b} Niry(0) = {b.c} Na(e) = {b,}

Hence, Table 1 explains comparative studies between the previous approaches and the pro-
posed technique.

Table 1: (Comparisons of the boundary regions and the accuracy measures among different methods, whenever

P = {0,{a}, {6}, {c}, {a, b}, {a,c}}

Yao Allam Dai Abd El-Monsef | Current Method
GV By(@) 0y |BalG) oaG) | Bo©) o0(G) | mBE) r0(G) | 77BG) 7o(0)
{a} 0 undef. 0 undef. 0 undef. | {a} 0 {a} 0
{b} {a,b} 1/3 {c} 1 0 1/2 0 0 0 1
{c¢} | {a,b} 0 0 1 0 1/2 v 0 0 1
{a,b} | {a,b} 1/3 {c} 1 {b,c} 1/2 0 0 0 1
{a,c} | {a,b} 0 0 1 {b,¢} 0.5 0 0 0 1
{b,c} 0 1 0 1.5 {a} 3/2 {a} 2/3 {a} 2/3
w 0 1 0 1.5 0 3/2 0 1 0 1
0 ) 1 0 undef. 0 undef. 0 1 0 1

Note: "undef.” refers to ”undefined quantity” in Table 1

4. Bi-primal approximation spaces

This section introduces a novel type of approximation space referred to as ”Bi-primal
approximation spaces.” These spaces are distinguished by the presence of two distinct pri-
mal sets, each offering a unique framework for approximating and estimating the properties
of sets. The integration of these two primals allows for multiple analytical perspectives,
giving a more flexible and comprehensive approach to approximation theory. The im-
portance of this methodology lies in its banking on primal sets, which serve as essential
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topological tools. By incorporating two primals, the framework enriches the analysis,
transcending a singular viewpoint. Additionally, the constructed approximations of two
primals are more accurate than those generated by a single primal, without affecting the
basic properties of these approximations.

A key component of this structure is the primal set P, where the specific selection of these
primals directly influences the form of the supra topology. The union of the primal sets
further enhances the flexibility of the structure, enabling the development of various kinds
of supra topologies based on the chosen primal.

Definition 16. The quadrable (V,R,PJS) 18 called a Bi-primal approximation space

where R is a binary relation on V, and P, P are two primals on V.

Theorem 7. Let (V,R, P, 75) be a Bi-primal approximation space. Then, lejuﬁ = T,ZDUT,?,
V K.

Proof. Since P C P U P, and P C P UP, then by Proposition 3 77 U Tf - TfUﬁ.
Let H € 7PYP. Then N,(z) - H 6PU75~, Vz €H. Hence, Ny(z) — H €P, Vz €H or
Ni(z) — H €P, ¥z €H. So 7P € 7P UrF. Consequently, 77V = 7P U 7P,

Definition 17. Let TfUﬁ be a k-supra topology generated by r-NS and primals P, P.
Then the lower and upper approzimations, LEYP (H), UPYP(H) of a set H are assigned
respectively for each k as:

LPYP(H) = U{W erPYP . W C H},
UPYP(H) =n{F eYP? . H C F}.

Using Theorem 7, Definition 17 can be restated as follows:

Definition 18. Let (V,R,PJS) be a Bi-primal approzimation space. If H C'V, then the
lower and upper approzimations, LEYF (H), UPYP(H) are defined, respectively, as:

LPYP(H) = 7] L(H) U TP L(H)

UPYP(H) = 77U (H) N7 U(H)

Example 7. Let R = {(a,a),(a,b),(a,c),(b,c),(c,0),(0,¢)} be an arbitrary relation on
V ={a,b,c,0}.

If P ={0,{a},{6},{0},{a,b},{b,0},{a,0},{a,b,0}}, then
7P ={0,V,{c},{a,c},{b,c},{c,0}, {a,b,c},{a,c,0}, {b,c,0}}.

If P = {0,{a}, {6}, {c}, {a, b}, {b, ¢}, {a, ¢}, {a, b,c}}, then
77 ={0,V,{a},{b},{0}, {a, b}, {b,0},{a,0}, {a, 0,0}, {c, 0}, {a,¢,0},{b,¢,0}}.
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IFPUP =2\ {V,{a,c,0},{b,c,0},{c,0}}, then 77VP =2V,

Remark 14. The present operators introduced in Definition 18 can be viewed as a real
generalization of the operators offered in Definition 14. Because the two Definitions are
coincide, if one of the following conditions is held :

(i) PCPorPDP.
(ii)) PCP and PO P i.e P =P.
If 7PL(H) (vesp. TPU(H)) and T,ZSL(H) (resp. TfU(H)) preserve certain structural
properties of H (see Proposition 6), then LFYP(H) (resp. UPYP(H)) might retain those

properties.
According to Definition 18 and Proposition 6, the proof of the next proposition is simple.

Proposition 9. Let (V,R,P, 75) be a Bi-primal approximation space. If H, H are subsets
of V, then the following properties hold:

(L1) L2VP(H) C H (U1) H C UPYP (H)

(L2) L2VP(0) =0 (U2) UPYP(0) =0

(L3) LIVP(V) =V (U3) UPYP(v) =V

(L4) If H C H, then LPYP(H) € LPYP(H) (U4) If H C H, then UPYP(H) € UPYP(H)
(L5) LIYP(H N H) € LEP(H) N LEYP() - (Us) UTYP(H N H) € UPYP(H) nUPYP (1)
(L6) LIYP(H U H) 2 LEP(H) U LIVP(H) - (U6) UTYP(H U H) 2 UTVP(H) U UPYP (H)
(L7) LIV (H) = [UTVP (HO)) (UT) UPYP(H) = [L2VP (HO))°

(L8) LEVP(LEYP (1)) € LEYP (H) (US) UPYP(UFYP (1)) 2 UPYP (H).

Remark 15. Example 5 demonstrates that the converse of (L1), (L4), (L5), (L6) ( resp.
(U1), (U4), (U5), (U6)) for Proposition 9 fails in general.

(L1) Suppose that k = u. Let H = {a,c}, then LPYP(H) = {a} and so H ¢ LPYP(H),

(L4) Suppose that k = u. Let H = {c} H = {b}, then LPYP(H) = 0, and LPYP(H) =
{b}. Then LPYP(H) C LPYP(H), and H ¢ H,

(L5) Suppose that k =u. Let H = {a,b,c}, H = {a,c,0}, then LPWB( H) ={a,b,c},
LPUP( ) = {a,c,0}, LPUP(H) LW’( ) = {a,c} and LPYP(HNH) = {a}. Hence,
LPUP(HDH) # LPUP(H) ﬂLPUP(H),

(L6) Suppose that k = u. Let H = {b}, H = {c}, then LPUP( ) = {b}, and LPU?S(ET) =
0. So, LPUP(HUH) = {b,c}, EPYP(H) U LPYP(H) = {b}. Then LPYP(H U H) #
LPUP(H> LPUP (H)
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Proposition 10. Let (V,R, P, 75) be a Bi-primal approximation space. If R is a preorder

relation, then for anyw € V: LPYP (N (w)) = Ny(w), for each k € {r, 1,4, (r), (1), (i), u, (u)}.

Proof. According to Proposition 7, the proof is obvious.

Remark 16. According to Example 5 illustrates that the conditions of reflexivity and tran-
sitivity in Proposition 7 are indeed strict. Letw = b. Then Ny(w) = {a,c}, LPYP(N,(w)) =
{a}. Hence, Ny(w) ¢ LTYP (N, (w)).

Proposition 11. Let (V,R,P,?s) be a Bi-primal approximation space. If H is a subset
of V, then

(i) TP L(H) C LPYP(H) and TP L(H) C LPYP(H).

K

(ii) UPYP(H) C tPU(H) and UPYP(H) C rPU(H).

— 'K — 'K

(iii) TPo(H) < oPYP(H) and rPo(H) < oPYP(H).

K

Proof. Direct to prove.

Remark 17. Ezample 5 demonstrates that the converse of Proposition 11 fails in general.

(i) Suppose that k = u. Let H = {b,c}, then LZ:WS(H) ={b,c}, 7P L(H) = {b}. Hence,
LEYP(H) ¢ 7] L(H).

(ii) Suppose that k = u. Let H = {0}, then UfUﬁ(H) = {0},7PU(H) = {c,0}. Hence,
UrP(H) 2 77U(H).

(iii) Suppose that k = u. Let H = {0}, then 7 o(H) = %,UEWS(H) = 1. Hence,
TLo(H) # olYP(H).

5. Application

The present section is devoted to providing an interesting real-life application to
demonstrate the importance of Primal approximation spaces in decision-making problems
and to identify their differences from other methods, such as Ideal rough sets.

5.1. Experimental Outcomes and Medical Decision Table

This section provides an analysis of the computed results derived from examinations
administered to five students across four subjects, using the current approach. The data,
originally presented in [11], contained inaccuracies which are addressed and corrected
in this analysis. The evaluation focuses on student performance in biology, chemistry,
mathematics, and physics. The five students, denoted as V = {e1,¢€2,¢€3,¢€4,€5}, were
assessed in these academic disciplines. The results of the assessments are classified into
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Figure 1: Graphical representation.

five distinct levels or ranks, illustrated in Figure 1 (Fig. 1).

The hierarchical arrangement of these ranks is as follows: excellent > very good > good
> fair > failed, where the symbol > denotes ”greater than”. The relational structure
defining associations among students is established as follows: wRz if and only if student
w possesses at least two subjects with a rank superior to that of the corresponding subjects
of student z. For instance, e4Res is valid due to the higher ranks of student ¢4 in biology,
mathematics, and physics compared to those of student €3 in the same subjects. However,
the pair (es,esq) does not belong to R as student e3 only has one subject with a rank
higher than that of student e4. The construction of the approximation space for the
student’s information system begins with the conversion of Table 2 into the binary relation

R, = {(61, 63), (62, 61), (62, 64), (62, 65), (63, 61), (64, 62), (64, 63), (65, 63)}.

Table 2: The information system pertaining to students’ academic standings in each subject

Biology | Chemistry | Mathematics | Physics
€1 Good Fair Excellent Excellent
es | V. Good Good Excellent Fair
e3 | V. Good Good Failed Good
€4 | Excellent Fair V. Good Excellent
€5 | V. Good Fair V. Good Excellent

The graphical representation shown in Figure 1 (Fig. 1) is instrumental for analyzing
the relative performance and ranking of students, allowing educators to effectively tar-
get interventions or recognitions. Additionally, the s-neighborhoods for each k can be
depicted, as illustrated in Figure 1 (Fig. 2), which specifically shows the right neighbor-
hoods.
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Thus, the generated topologies are:

Table 3: Neighborhoods of each student

N () Ni() | Ni() | Nu() Ny () Noy(-) Niiy () Niwy ()

€1 {es} {e2,e3} | {es} | {e2 €3} {er} {e1, €4, 65} {er} {e1, a5 65}
€2 | {e1,€a,65} {ea} {ea} | {er,earest | {e2, €3} {e2} {e2} {e2, €3}
€3 {er} {en,ea,65} | {ea} | {er,eare5} {es} {e2, €3} {es} {e2, €3}
€1 | {e2, €3} {e2} {i;} {ea,e3} | {er,ea,65} {ea} {ea} {e1, 4,65}

€5 {es} {e2} {ea, €3} | {e1,€ea,€5} | {€1,€a,65} | {e1,€a,€5} | {€1,€4,€5}

{(Z),V,{El,e:g}, {61,63,65}}.

{@,V,{62,64}, {62,64,65}}.

{@, V, {65}, {61, 63}, {62, 64}, {62, €4, 65}, {61, €3, 65}, {61, €2, €3, 64}}.

{0, V}.

T(ry = {®7 V, {61}7 {62}3 {63}5 {617 62}? {613 63}7 {€2a E3}a {647 65}7 {61’ €2, 63}7 {Ela €4, 65}> {62, €4, 65},
{€s,€4,€65},{€1,€2,€4, €65}, {€1,€3,€4, €65}, {€2, €3, €4, €5} }.

oy = {0, V, {ea}, {e3}, {ea}, {2, e3}, {ea, €4}, {€3, ea}, {ea, €5}, {e1, €4, €5}, {€2, €3, €4}, {€2, €4, €5},
{€s,€4,€65},{€1,€2,€4, €65}, {€1,€3,€4, €65}, {€2, €3, €4, €5} }.

Ty = {0’ V, {61}’ {62}7 {63}7 {64}7 {617 62}7 {617 63}7 {61’ 64}’ {62’ 63}7 {62’ 64}7 {637 64}7 {647 65}7 {61,
€2, €3}, {€1, €, €4}, {€1, €3, €4}, {€1, €1, 65}, {€2, €3, €4}, {€2, €4, €5}, {€3, €4, €5}, {€1, €2, €3, €4}, {1, €2,
€4,€5},{€1,€3,€4,€5},{€2,€3,€4,€5}}.

T(u) = {@, V, {62}, {63}, {62, 63}, {64, 65}, {61, €4, 65}, {62, €3, 65}, {62, €4, 65}, {63, €4, 65}, {61, €2, €4, 65},
{€1,€3,€4,€5},{€2,€3,€4,€5}}.

Tr
T
Ti
Tu

Let P = QV\{V, {61, €4, 65}, {61, €2, €4, 65}, {61, €3, €4, 65}}, and 75 = 2V\{V, {62, 63}, {61, €2, 63}, {62, €3,
€q}, {€a, €3, €5}, {€1,€2,€3,€4}, {€1, €2, €3, €5}, {€2, €3, €4, €5} } be two primals on V. Then,
TZ) = {@7 V, {61}, {63}7 {64}7 {65}7 {617 62}7 {617 63}7 {61, 64}7 {617 65}7 {627 64}7 {627 65}7 {637 64}7 {63, 65}7
{ea, €5}, {e1, €2, €3}, {€1, €2, €4}, {e1, €2, €5}, {€1, €3, €a}, {€1, €3, €5}, {e1, €a, €5}, {€2, €3, €4}, {€2, €3, €5},
{€2,€4,€65},{€3, €4, €5}, {€1,€2,€3,€4},{€1,€2,€3,€5}, {€1, €2, €4, €5}, {€1, €3, €4, €5}, {€2, €3, €4, €5} }.
7—ZP = {Q)v V, {61}’ {62}’ {64}7 {65}7 {617 62}7 {617 63}’ {61’ 64}7 {61’ 65}’ {627 64}7 {627 65}7 {637 64}’ {63’ 65}7
{es, 65}, {e1, €2, €3}, {e1, €2, €4}, {e1, €2, €5}, {1, €3, a}, {e1, €3, €5}, {€1, €a, €5}, {€2, €3, €4}, {€2, €3, €5},
{;2,64,;5},{63,64,65}, {€1,€9,€3,€4},{€1,€2,€3,€5}, {€1,€2,€4,€5}, {€1,€3,€4,€5}, {€2,€3,€4,€5}}.
T, = 2%,
Tﬂ;P = {(2)7 V, {61}7 {64}7 {65}7 {617 62}7 {617 63}7 {617 64}’ {617 65}7 {627 64}7 {627 65}7 {637 64}7 {637 65})
{ea, €65}, {€1, €2, €3}, {€1, €2, €4}, {€1,€2, €5}, {€1, €3, €4}, {€1, €3, €5}, {€1, €4, €5}, {€2, €3, €4}, {€2, €3, €5},
{e2,€4,€65},{€3, €4, €65}, {€1,€2,€3,€4},{€1,€2,€3,€65},{€1, €2, €4, €65}, {€1, €3, €4, €5}, {€2, €3, €4, €5} }.
7'7: :7'7; :7'75 :7'72 =2V,

(r) ) (i) (u)
77 ={0,V,{ei} {e2} {es} {es}, {en, 2}, {en, es}, {er, €5} {e2, €3}, {e2, ea}, {ea, €5}, {es, ey
{es,e5},{€1,€2,€3}, {e1, €2, €4}, {€1,€2,€5}, {€1,€3, €4}, {€1,€3, €5}, {€2,€3, €4}, {€2,€3,€5}, {€2, €4, €5},
{es,ea €5}, {€1, €2, €3, €4}, {€1, €2, €3, €5}, {€1, €2, €1, €5}, {€1, €3, €4, €5}, {€a, €3, €4, €5} }.
7—lp = {@, V, {62}a {63}’ {64}7 {65}7 {617 62}7 {61’ 63}’ {62a 63}7 {627 64}’ {627 65}7 {637 64}7 {63’ 65}’ {64a 65}a

{617 €2, 63}7 {617 €2, 64}7 {617 €2, 65}7 {617 €3, 64}) {ela €3, 65}7 {627 €3, 64}) {627 €3, 65}7 {627 €4, 65}7 {637 €4, 65}7
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{e1, €2, €3, ea}, {€1, €2, €3, €5}, {€1, €2, €4, €5}, {€1, €3, €4, €5}, {€2, €3, €1, €5} }.

TZ-P =2V,

T'Z,D = {@, V, {EQ}a {63}a {Ela 62}a {617 63}’ {627 63}7 {627 64}? {623 65}’ {€3a 64}a {637 65}’ {61’ €2, 63}7
{e1,€2,€e4},{€1,€2,€65},{€1,€3,€4},{€1,€3,€5},{€2,€3,€4},{€2,€3,€5},{€2,€4,€65},{€3, €4, €5},
{er,e2,€3, e}, {e1, €2, €3, 65}, {e1, €2, €4, 65}, {€1, €3, €4, €5}, {€2, €3, €4, €5} ]

T(% = T<7l)) = TZZ)-) = 7'<7;> =2V,

Note that: P is not ideal.

Let Z = {0,{e1},{ea},{es}, {e1,€2},{€1, €3}, {€2,€3},{€1,€2,€3}} be an ideal on V. Then,

TZ: = {Q)v V, {61}7 {63}7 {64}, {65}7 {617 63}, {617 64}7 {617 65}7 {637 64}7 {637 65}7 {647 65}7 {617 €3, 64}7
{€1,€3,€65},{€1,€4,€5},{€2,€4,€5},{€3,€4,€5}, {€1,€2,€4,€5},{€1,€3,€4,€5}, {€2,€3,€4,€5}}.

TlI ={0,V,{e1},{es}, {es5},{€1,ea}, {€1,€5},{€2, €4}, {€a, €5}, {€1, €2, €4}, {€1,€4,€65},{€2,€4,€5},
{€3,€4,€5},{€1,€2,€4,€5},{€1,€3,€4,€5}, {€2,€3,€4,€5}}.

tE={0,V,{e1},{es},{ea}, {e5}. {e1, 3}, {e1, ea}, {e1. €5}, {€2, €4}, {€s, €a}, {€3, €5}, {€a, €5}, {en,
€2,€4},{€1, €3, €4}, {€1, €3, €5, {€1, €4, 65}, {€2, €3, €}, {€2, €4, €5}, {€3, €4, €5}, {€1, €2, €3, €4}, {1, €2,
64,65},{61,63,64,65}, {62,63,64,65}}.

L ={0,V,{e1}, {ea}, {e5}, {e1, ea}, {e1, €5}, {ea, 5}, {€1, €a, €5}, {€2, €4, €5}, {€3, €4, €5}, {e1, €2,
€4,€5},{€1,€3,€4,€5},{€2,€3,€4,€5}}.

T(IT> ={0,V,{e1},{e2}, {e3}, {€1, €2}, {€1,€3},{€2, €3}, {€a, €5}, {€1,€2, €3}, {€1,€4,€5},{€2, €4,€5},
{€3,€4,€65},{€1,€2,€4,€5},{€1,€3,€4,€5}, {€2,€3,€4,€5}}.

T<Il> ={0,V,{e2},{es}, {ea}, {€2, €3}, {€2, €4}, {€3, €4}, {€a, €5}, {€2, €3, €4}, {€1,€4,€5},{€2, €4,€5},
{es,€4,€65},{€1,€2,€4, €65}, {€1,€3,€4, €65}, {€2, €3, €4, €5} }.

T(I¢> = {(D’ V? {61}’ {62}7 {63}7 {64}7 {617 62}7 {617 63}7 {61’ 64}a {62a 63}7 {62’ 64}’ {637 64}7 {647 65}7 {61,
€2, €3}, {€1, €, €4}, {€1,€3,€4},{€1,€a,65}, {€2,€4,€5}, {€3, €4, €5}, {€2, €3, €4}, {€1, €2, €3, €4}, {1, €2,
€4,€5}, {€1,€3,€4,€5}, {€2,€3,€4,€5}}.

7‘<Iu> ={0,V,{e2},{es},{e2,€3},{€a, €5}, {€1,€4,€5},{€2,€4,€5},{€3,€4,€5},{€2,€3,€4,€5},{€1, €2, €4,
€5}, {€1,€3,€4,€5}}.

Suppose that H = {e1,€5}. Then,

Table 4: Lower, upper approximation, and accuracy degree with 7

l i u (r) (1) (1) (w)

@ {65} @ {61} @ {61} @

{€1,€3,€5} {61,613,65} V| {e1,€a,65} | {€1,65} {61,165} {€1,€4,€5}
0 1

1
0 3 3 0 3 0

5!
-
N N
=z
o< S 3

Table 5: Lower, upper approximation, and accuracy degree with 7,7

K r l i u (r) (1) (1) (u)
H) | {e1,e5} | {er,e5} | {er,es} | {erses} | {er,es} | {er,es} | {en e} | {e1, 65}
H) | {e1,es} | {ere5} | {er,e5} | {er, €5} | {er, €5} | {e1, €5} | {e1,€5} | {e1, €5}
H) 1 1 1 1 1 1 1 1
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Table 6: Lower, upper approximation, and accuracy degree with Tf

K r l 7 U (r) (1) (1) (u)
H) {61,65} {65} {61,65} @ {61,65} {61,65} {61,65} {61,65}
H) | {e,e5} | {e1,65) | {e1,e5} | {e1,65} | {e1,e5} | {e1, 65} | {e1,€65} | {e1,€5}
H 1 3 1 0 1 1 1 1

Table 7: Lower, upper approximation, and accuracy degree with T,fws

K r l 1 U (r) (1) (1) (u)

PP o(H) 1 1 1 1 1 1 1 1

TEOPL(H) | {er,e5} | {er,es5} | {en,es} | {en,es} | {en,es} | {en,es} | {enes} | {er,e5)
POPUH) | {65} | {er,es) | {er,es) | {en,es) | {en,e5} | {5} | {en,e5} | {e1, 65}

6. Conclusions and Future Works

In this study, we have offered a novel framework for approximate rough sets by in-
troducing the concept of ”"primal” and exploring bi-primal approximation spaces. The
findings indicate that these new structures effectively address the drawbacks of traditional
rough set models, especially those arising from rigid topological conditions. By employing
k-neighborhoods and primal, we have established methods for generating diverse supra-
topologies that not only enhance flexibility but also allow for a broader range of real-world
applications.

The approach of supra-topological structures used to develop new models of rough set
theory in this manuscript is more adjustable than traditional topological structures. This
flexibility allows for a broader scope in describing various phenomena, as it removes the
need for an intersection condition that may not be suitable in certain contexts. For in-
stance, in the provided application, we demonstrated how the generated supra-topologies
aided in more accurate decision-making by avoiding common levels, thereby providing
more precise decisions.

The introduction of Bi-primal approximation spaces underlines a significant advancement
in rough set theory. Our investigation into the distinct methods associated with these
spaces reveals their potential for offering solutions to complex decision-making problems.
Notably, these approaches enable the modeling of scenarios where existing methods based
on ideals may fall short. For instance, the elimination of the finite intersection condition
in topological rough models not only widens the applicability of the framework but also
facilitates a more nuanced understanding of the relationships between various attributes

Table 8: Lower, upper approximation, and accuracy degree with 77

K T l 1 U (r) (1) (1) (u)
o L(H) | {e1 65} {e,est | {er, e} {e1,e5} {er} {es} {er} 0
TIU(H) | {e1,e2,65}) | {e1,e3,e5}) | {er,e5} | {e1,€2,€3,¢5} | {e1,ea,e5) | {e1,e3, 65} | {e1,e5} | {e1, €5}
o (H) 2 2 1 L L 1 1 0
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involved in decision-making processes. Additionally, we illustrated that the constructed
approximations of two primals are more accurate than those generated by a single primal,
without affecting the basic properties of these approximations.

Moreover, our practical example demonstrates the efficacy of the proposed methods in
real-world applications, underlining the ability of primals to streamline the evaluation of
candidates against multiple criteria. This refined approach reduces uncertainty by focusing
on the most pertinent attributes, thereby simplifying the selection process in competitive
scenarios.

The implications of this research extend beyond rough set theory; they provide new aspects
for query into the interplay between topological constructs and the handling of imprecision
in diverse fields such as artificial intelligence, engineering, and medical science. Future re-
search may build upon these foundations by exploring additional applications of primal
and bi-primal spaces, further enriching the theoretical landscape of rough set modeling.
In summary, the contributions of this paper underscore the importance of flexible math-
ematical frameworks in addressing the complexities of real-life problems. By relaxing
traditional constraints and introducing innovative concepts, we pave the way for more
adaptive and effective solutions in the realm of decision-making.

Promising directions for future research include the following:

1. Investigating practical applications: Applying these newly developed approxima-
tions to various real-world scenarios, as demonstrated in [23, 30].

2. Incorporating novel neighborhoods: Advancing current techniques by utilizing
new neighborhood structures (maximal neighborhoods [20], basic-neighborhoods [7, 31,
71, 72], initial-neighborhoods [62], and adhesion neighborhoods [17, 25]).

3. Expanding with near open sets: Building on the current results by introducing
near open sets, as discussed in [29, 36, 39, 40].

4. Extending to broader fields: Widening the scope of this study to encompass rough
fuzzy methods and other related fields, in alignment with [8, 33, 34, 54, 68, 69], soft
topological spaces [10, 14, 15, 61] and decision-making problems in [16, 57].
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