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Abstract: In this article, the (p,q)-analogs of the a-th fractional Fourier transform are provided, along
with a discussion of their characteristics in specific classes of (p,q)-generalized functions. Two spaces
of infinitely (p,q)-differentiable functions are defined by introducing two (p,q)-differential symmetric
operators. The (p,9)-analogs of the a-th fractional Fourier transform are demonstrated to be continuous
and linear between the spaces under discussion. Next, theorems pertaining to specific convolutions
are established. This leads to the establishment of multiple symmetric identities, which in turn
requires the construction of (p,q)-generalized spaces known as (p,q)-Boehmians. Finally, in addition to
deriving the inversion formulas, the generalized (p,g)- analogs of the a-th fractional Fourier transform
are introduced, and their general properties are discussed.

Keywords: (p,q)-differentiable; a-th fractional Fourier transform; (p,q)-derivative operator; (p,q)-
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1. Introduction

The core of g-calculus theory is the idea of deriving g-derivatives and g-integrals [1].
The g-calculus theory solves a wide range of symmetric problems, including sets of non-
differentiable functions, integral transforms, Bessel functions, hypergeometric functions,
beta functions, gamma functions, and many more (see, for more details, [2-6] and the
references cited therein). It is a fundamental idea in many fields of physical science, such
as mathematics, physics, high-energy nuclear physics, cosmic strings, and conformal
quantum mechanics. It also addresses topics in number theory, combinatorics, quantum
theory, physics, theory of relativity, orthogonal polynomials, and basic hypergeometric
functions (see, e.g., [7,8]; see also [9,10]).

The g-calculus is the simplified form of the (p,g)-calculus when p = 1. Sadjang [11-13]
carried out further research on the fundamental theorem of (p,q)-calculus as well as the (p,q)-
integration, (p,q)-derivative, and (p,4)-Taylor formulae. Many researchers and developers of
the (p,q)-Mathieu-type series, (p,q)-Hermite-Hadamard inequalities and (p,q)-Beta functions
have produced more detailed work in [14-16]. Several scholars have also conducted more
research on (p,q)-integral transformations. The characteristics of the (p,q)-analogs of the Laplace
transform and their applications in the resolution of specific (p,q)-difference equations were
investigated by Sadjang [12]. Later on, Jirakulchaiwong et al. [17] studied the (p,)-analogs of
Laplace-type integral transforms and gave characteristics that led to further applications.

The continuous linear forms known as generalized functions (distributions) are de-
fined over sets of indefinitely smooth functions and have been widely used in applied
physics and engineering problems [18]. Distributions are useful for characterizing physical
phenomena as point charges and for smoothing out discontinuous functions. The recent
generalized functions space, often called the space of Boehmians, has an algebraic structure
analogous to the field of quotients [19]. When applied to function spaces, different spaces
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of Boehmians are produced from the structure, and multiplications are interpreted as
convolutions [19-25]. Delta sequences with decreasing support in the origin are required
while constructing Boehmian spaces. The uniqueness theorems, which are regarded as an
uncertainty principle for Boehmian dynamics [26,27], were in reality the result of this idea.
However, Boehmians allow different interpretations of such extended operators to form
isomorphisms among the different Boehmian spaces because their definition is based on
abstract algebraic notions [28].

In Section 2, we give a brief introduction to the (p,q)-theory of Boehmians and the
(p,g)-calculus theory in this article. We prove a theory regarding (p,q)-convolutions and
extract certain properties of the (p,q)-analogs of the a-th fractional Fourier transforms
in Section 3. In Sections 4 and 5, we discuss two spaces of (p,q)-Boehmians. Section 6
examines a number of aspects of the generalized fractional integral operator, as well as its
generalized inversion.

2. (p,g)-Calculus and (p,q)-Generalized Functions

The common ideas and symbols found in the (p,q)-calculus are summarized here-
after [11-13,15,17]. We consider g to be a fixed real number and 0 < g < p < 1. The
(p.q)-derivative is defined as the (p,g)-analog of the ¢ derivative [29]

¥(p) —¥(4al) .
(Dpa) () := { pC—ag A0 (1)
P (0) ’ lfé =0

!

If y is differentiable, then lim, 5,1 Dpg9(Z) = ¢ (). [],,, and ([Q p,q)! must repre-
sent the (p,q)-numbers and (p,g)-factorials introduced by [30]

C_ g
[Clpq = E =T and ([g]m)! = ?:1 (1], (01,0 = 1, 2)

respectively.
The product and division of two continuous functions, {1 and ¢, meet the following
respective (p,g)-analogs when taken as a (p,g)-derivative [29]

Dyp,q($192)(2) = $1(p0)Dp,qp2() + $2(97) Dpgtp1(7) ©)
and
1P1> ~ P2(pC) Dpqa1(8) — $1(pZ) Dp,q2(8)
D bt = . 4
" (¢2 © $2(p0)a2(90) @
Alternatively, they could be described as
Dyp,q($192)(2) = $1(90) Dpg1(Z) + $2(pZ) Dp,gtp1 (7) ()
e 01 () _ 200Dyt (€) — 9160 Dpa@)
D 1) _ $2(46)Dpgt1(6) = $1(96) Dpg¥a(6) 6
M('ﬁz ©) 2(pL)$2(97) ©
The (p,9)-integrals of a function p are defined by [29]
: T | 9\ |p
/0 lp(g)d}a,qg - (p q)gg pi+1¢<€pi+1>/ q‘ > 1/ (7)
[ v@dnat = -0 & e (5 ) || > 1 ®)
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when the sums are finite for real number {. The (p, q)-integration by parts is defined for
functions ¢ and ¥, by [11]

L @D @dpaf = @@ — [ 02000Dpan @it ©)

The two types of (p,q)-exponential functions are defined by [12]

o 05D
E,0=Y1"%ceco), (10)

j=0 ([]]p,q)'

and o f(f;)gj
eng(@) = Y F— (I < 1), (11)

]

0 (Iil,)!

In Equations (11) and (12), the g-exponential functions E, and ey, respectively, are
obtained by substituting p = 1. Additionally, Ref. [11] provides (p,q)-derivatives of the
(p.9)-analogs of the exponential function as

Dygep,q(kC) = kepq(kpl) and Dy 4Epq(kl) = kEp(kq0), k € R. (12)
Consequently,
Dyp,qepq(8) = epq(pg) and DpgEpq(T) = Epq(q0). (13)
Further, from [12] (13), we recall that

D! sepq(kZ) = K"p@ey 4 (kp"C) and DI Eyq(kZ) = K"gDEp q(kq"7),n € Nk € R.

The (p,q)-gamma function of the first and second kinds are, respectively, defined by [11]

Tpq(i) = P@ /O.oo 0 Ep g (—q0)dpgl. (14)

Boehmians, driven by regular operators and introduced by Boehme [31], are among the
newest generalizations of generalized functions. Numerous articles exist that link the
expansion of Boehmians into several classes of tempered Boehmians, ultra Boehmians,
integral transformations and other applications. Assume that Y is a subspace of a linear
space X. Then, for any pair of elements i € (X, ¥) and w; € (Y, %), there are allocated the
products % and * such that:

(i) Forwi,wy € Y, wehave wi*wy € Y, wikwy = wrkwy.

(i) Fory € X,wy,wy €Y, wehave (¢ * ¥wq)*wy = P*(w1¥wy).

(i) Y, eXw €Y, reR=

(Y1 + P2)¥wr = Pr¥wr + Po¥wy, r(Pr¥wr) = (rr)¥ws. (15)
Let A represent a family of sequences that are part of Y. After that, A is regarded as a
family of delta sequences if it satisfies both A; and A,

Py :For 1, ¢n € X, (%) € A and p1¥x, = P%x,, we have 1 = ¢, Vn € N.

P2 : (yn), (.Xn) € A = (yn;‘x;/l) S A.

If S = {((¢n), (xn)), (¢n) € X, (x4) € A, Vn € N}, then ((¢n), (x,)) is a pair of quotients
of sequences in S iff
Yu¥xy = P ¥y, (16)
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for all natural numbers n and m. The pairs ((¢,), (yn)) and ((x,), (xn)) are equivalent
pairs of quotients according to the notation ~ iff

lpn’pxm = Km;(]/n/ (17)

for all natural numbers # and m. In this regard, ~ forms an equivalent relation on the set S,

P

and therefore, un constitutes an equivalence class named a Boehmian that we denote as B.
n
3. The a-th (p,q)-Fractional Fourier Transform and Its Convolution

A generalization of the classical Fourier integral operator into the fractional domains
is the fractional Fourier integral operator [32]. Although it has been defined in several ways
in the literature, the notion of rotations over an angle 77/2 in the classical Fourier integral
operator has been enlarged to give the most logical explanation of the fractional Fourier
integral operator [33,34]. A rotation over an angle « is correlated with the fractional Fourier
integral operator, whereas the typical Fourier integral operator corresponds with a rotation
on the time—frequency plane and g-difference equations [23,35,36].

Let S be the Schwartz space of rapidly decreasing functions on R, and V(R) denotes
the space [37]

VR)={ves:o®(0) =0k=012...}.
Then, the Lizorkin space ©(R) is defined as
OR)={ypeS:Fp e V(R)}

where F(¢) is the Fourier transform of ¢. If ¢ € S(R) and w > 0, then we have the
following definition.

Definition 1 ([33]). The a-th Fourier transform for a function  is defined for 0 < « <1 by

R@)@) = [ gt 18)

The inverse transform of the a-th fractional Fourier transform F, is given by [33]

1
V27t

Following [37], we introduce the following definition.

0= L [ rioe

Dt;ﬁr'}ition 2. An infinitely (p,q)-differentiable complex-valued function { over R is in Sy if and
only i

Yepa($) = sup|¢' Dy 9 (0)| < oo, (19)
CeR

for every choice of constants r and v.

The dense subspace of S}y denoted by D7, . (R) consists of those (p, q)-differentiable functions
of compact supports over R such that

SupgeR‘Dz,qlp(g)‘ < oo. (20)

Definition 3. The (p,q)-analog of the a-th Fourier transform of a function 1 of the first type is
defined for 0 < a <1 by

B @) = [ 9(@)Ep (igwt )dyat, @
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whereas the a-th (p,q)-analog of the Fourier transform of a function i of the second type is defined
for0 <a <1by

EP@)@) = [ 9@epq(igor ) dpat. 22)

Theorem 1. Let 1, 11 and Py be functions of certain exponential growth conditions. Then, the
following statements hold true.

(i) (Linearity) For real numbers aq, &1 we have
FoP(apr + aopn)(w) = a1 Fy P (1) (w) + aFy " () (w).
Fo 7l (aapy + aon) (w) = a B (1) (w) + an By P (92) (w).
(i)  (Scaling) For a real number B, we have

o, &, M, 1 S0,
%pwwamw=ﬁa”wwnci) apww@mw=ﬁa”www(;)
Proof. The proof of (i) follows from the definition of the (p,g)-integral. To prove (ii),
letz = Bl = dpyC =

1

dp,qz. Then, inserting the given substitution under the integral

sign yields P
BP@E)@) = [ 90 (itwt )l
- [ v (et )%
_ /13 Oootp(z)qu<iz(g;> )dpqz
- Eo)(5)
O]

The method used for the proof of the first part is also applicable to the second part.
This concludes the proof of the theorem.

Theorem 2. Let 0 < a < 1. Then, the (p, q)-analog of the a-th fractional Fourier transform of a
function  of the first type, assuming the following properties:

(i) FyP((C —x))(w) = Epg (it ) E7 () (w).

(i) Fy? (Dpat(2) () = —iwsg B () (g~ "0).

(i) Fy” (Dpa(C
(i) " (Dh(C
() Dy (B (D)) () =iLE7 () (g).

Proof. (i) From Definition 3, we have

EP@)0) = [ 9= x)Epa (G008 )dpat. @3)
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Using the change of variable v = { — x gives d, ;v = d} 4. Hence, we derive

BT = [ 9@Ep(ito+ vt )dygo
= [ @B (io+ D)t )dpgo
= Epg (ixw%) /j:o $(0)Epg (ivwad;@qv
= Epg (it ) B (9) (),

(ii) With the aid of Equations (1) and (21), we obtain

B (Dpa(@) (@) = | Dpgp(@)Epa (1608 ) dpat. 1)

Hence, the (p,q)-integration by parts (3) and the fact that ¢ € S?
. 1\ | )
P()Epq (lépwa) ‘_00 =0, yield

v.p,q(R), which gives

F? (Dpa(@) @) = 9@Epa(itpt)|”_ = [~ 9(a0)DpaEpg (icw? )dpat
= it [ a0 Epa(iGg0t ) dpat.
Using Equation (21) and altering the variables so that 4 = z reveal
" (Dpat) (w) = —iwiq™ / DEpq (iG99 w0 )dpal
—iwiq” / C)Epq 1@”‘) pat
= —zwﬂcq / C)Ep, 1vax)dpq§

= —iwig” F&"”(wxw)-

(1ii) Utilizing the definition of F; 7 in conjunction with the (p,q)-integration by parts sug-
gests that

B (Db9(@) (@) = [ Dh(@)Epg (z’@w%)dwg
= DZ?‘/’(@)EM lgpw”‘ / Dyq #(ag) DMEM(Zgw”‘)dMC
= D”‘llp(g)qu(lgpwa zwa/ Dyt (q0) qu(ztwa)dpqg
= —iglwt [ Dplp(e0) qu(zaw«) oal
= —ig'wi R (Dz,;1¢<5>)<w>.
(iv) This part follows by proceeding n-times using the (p,q)-integration by parts for

Part (iii).
(v) Using the definitions of the integral F‘;‘ 7 and the (p,q)-derivative, we derive
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(e )

T
=
-
/N
&h'-jg
=
=
D’
N
S
|
—

¥(8)DygEpg (igw%)dmg
N élP(C)Ep,q (ing%)dp,qg
&P(@)qu(é(q w)« ) pal

~.

|
3

— 2
3

|
3

N N N

&hjg
=
—
B
<=
~—
—

[
2

g
~—

~.

The proof is ended. [

The theorem that follows has a proof that is quite similar to the previous theorem.

Theorem 3. Let 0 < a < 1. Then, the (p, q)-analog of the a-th fractional Fourier transform of a
function  of the second type assumes the following properties:

(i) F;'P(¢(g —x)) (w) = Epq (izw0s ) 17 (9) ().
(i) Fy7 (Dpgtp)(w) = —iw%q’lﬁ“’p(lp)(q’“w).
(iii) Ey’ ( mlp) = —iqur I (D" 14’)( )-
(i) Iy (Dpgw)(w) = (~ig w) 7 (Dp'y) ().
(0 Dpg(E"(9(0))) (w) = L7 (€9(0)) (9" 0).

Theorem 4. (Convolution Theorems) Let 1 and y, be functions belonging to S Then, the
convolution theorems for F,‘; P and F,;‘ P are given by

(i) By (pr1792) () = (B9 ) () (F 72 ) (),

(id) Fy P () (w) = (B9 ) () (72 (),

where the convolution product %, is given by

W12 = [ p1(@a(C ~ 2dpgz £ >0 (25)

Proof. To prove the first part, from definitions of the (p,q)-analog of the a-th fractional
Fourier transform and the convolution product, we have

B @) @) = [ re9n) @Fp (it ) dpa
= [ Epa(icet) [ pi(@)9aC - dgadpt
Therefore, by allowing  — z = v, we obtain d,,; = d,, ;y. Hence, computations yield
B i)@) = [ Epg(iztyot) [ pi@eam)dgzdpy
= [ (it [ niE@eam)ddnay
SR RS AL oy
w).

= FPy(w)F o (w

Similar evidence supports the second part. This ends the proof. [
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Theorem 5. (Convolution Theorems) Let Y and , be functions belonging to SY, ,(R). Then, the

convolution theorems for F; P and 15; P are given by
D (1 x5 42) () = (B ) () (B2 ) (),
(i) Fy (x5 92 ) () = (7 ) (o) (B2 ) (),

where

(113 42) @ = [ 9122z~ Dz, T2 0. (26)

Proof. This theorem’s proof is comparable to that of the preceding theorem. However,
we have

/j:o (lpl Xq 1P2> (C)Epq (igw%)dp,qg
= [ [T w@nc - gz (igwt )y

Fo? (1t ye) )
= /j:o /OOO $1(2)P2(z — §)dgzEpq (igwﬂdp,qé

Altering the variable as u = z — { gives

L[ ni@adgzEy, (i = ww ) dy
/j:o Po(u)Ep,q (—iuw%)dp,qu /Ooo P1(2)Ep,q (izw%)dqz
F,‘;’p(lpz)(—w) /0°° $1(2)Epg (z’zw%>dqz.

Y (lPl Xq 1/12) (w)

This ends the proof. [

Definition 4. Let u be a locally integrable function on (a, o). Then, the (p,q)-Riemann—Liouville
integral of order «, 0 < a < 1, of the function u is given by

1 o0 .
) = s | =05 u@dpat, (27)

and for a locally integrable function u on (—oo,b), we have

1 b _

fu) = s [ =0 (Ot 28)
pA4

Inserting a = —oo in (27) and b = oo in (28), we obtain the (p,q)-analogs for the Weyl fractional

integrals of order «. However, we insert a proof for the simple result.

Theorem 6. Let u be a function belonging to Sy, the Lizorkin space. For 0 < & <1,0 < f <
1, > 0and w # 0, we have

(i) By (ol () :Fﬂ( C,ﬁl >(w)(F;""u)(w).

(if) Ifg’p (ﬂfou) (w) = v;’p (ri(;) ) (w) (ﬁ;’%) (w).

Proof. To prove the first part, we, by the definition of the (p, 4)-Riemann-Liouville integral
of order 8,0 < <1, >0, have
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Applying Theorem 4 gives

7 ) o = 7 (1 ) o 1)

The proof of the second part is omitted as it is similar. This ends the proof of our result. [

4. The (p,q)-Space B} , (SZ’,Z, Dy, %, A‘;‘;q>

In the present section, we aim to establish the (p,4)-analog of a recent space of general-
ized function (namely, the (p, g)-Boehmian space) with the sets Sy, Dy, %, Ag’q. Therefore,
we introduce a class of (p, q)-delta sequences as follows:

Definition 5. Let A;’q denote the set of subsequences (x,)7" of the (p,q)-space Dy such that the
following hold:

/_ O:o X (0)dpal =1,(¥n € N), (29)
all g = [ %0(@)ldpat < M, (M € R,n € N), (30)
supp(x,(g)) = 0asn — o0, A > 0. (31)

We prove the subsequent theorem.
Theorem 7. The class (Az’q, >T<) forms a class of (p,q)-delta identities.

Proof. Here, we show that (x,%y,) € A}7 for all (x,), (yn) € Ay’ As the proofs of
Equations (30) and (31) are straightforward, it suffices to show that Equation (29) holds. By
applying the (p,q)-convolution theorem for w = 0, we have

EP Gty (0) = (F70 ) (0) (B ) (0). (32)

Therefore, by applying Equation (21) for both sides of Equation (32), we derive

[ o) @t = ([ 0u@tad ) (| @)

Since (x,) and (y,) are (p, q)-delta sequences in AZ’q it follows that

/_oo(an‘]/n)(g)dp,qg =1
The proof is ended. [

Theorem 8. The product % is commutative in Sy, i.e., k¥ = Pp¥x.

Proof. We by the (p,9)-convolution theorem, (Theorem 4(ii)) have that

7 (kxp) (w) = (F7x) (w) (B ") (), (33)
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The right-hand side of Equation (33) can be interchanged to yield
7 (xxp) (w) = (F7) (w) () (w)
Hence, once again by the (p,q)-convolution theorem (Theorem 4(ii)), we obtain
FyP (k) (w) = B () ().
Thus, applying the inverse F,;X ¥ transform to both sides ends the proof of our result. [J

Theorem 9. Let «,, ¢ € Sy, then, the associative law holds: k% (P¥¢) = (k¥)¥g.

Proof. By applying the F; P transform to x%(p%¢@) and using (Theorem 4(ii)) four times,
we obtain

By P ik (pxg)) (w) =

Hence, by applying the inverse F; 7 transform to both sides, we reach the given result. []

Theorem 10. If p € Dy and k,Kn, ¢ € Sy, kn — K, as n — oo, then we have
i) (x+ @)% = K& + @¥y.

(i)  xp¥Pp — x¥Ppasn — oo.

(iii) A(x¥p) = (Ax*y), for some A € C.

Simple computations provide proof for this theorem. We removed the information as a result.

Theorem 11. Ifx € Sy and € Dyg, then k¥ € Sy

The definitions of Sy and D\ provide the proof for this theorem. We therefore removed the
details.

Theorem 12. Let (x,) € Ay and x € Sy/1; then x%x, — K as n — oo,

Proof. With reference to Equation (19), we arrive at

§' D g (k%30 — 1) (0)|

D3, ([ 5@ =50 ez

SM/
K

' Dl g (= (2)K=(8) = K(2))|dpgz — 0
as n — oo where ®,(0) = x;({) — x(Q), xz(t) = x(t — z), M is positive constant such that
|x,| < M and K is bounded subset in R such that supp(x,) C K foralln € N.
The proof is finished. O

The space ), = B}, (S%,, Dy, %, A;’q) of (p,q)-Boehmians is thereby defined. The

sequences (ky, x,) and (0, y,) are equivalent, (k,, X)) ~ (Om, Ym), in ,ng if

Kn¥Ym = Om*x,(Vm,n € N). (34)
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Indeed, ~ defines an equivalence relation on f} ; and the class containing (i, xx) is an

equivalence in 3, , denoted as
Kn
— 35
- (35)

which we call (p,q)-Boehmian. Some (p,4)-embedding between S,7; and Bp,q is expressed as
K*Xy

K — ,
Xn

forall m,n € N. If fn o B and ¢ € Spp, then
Xn

v
rpq

In the following section, we aim to construct a space of ranges for the a-th fractional
(p.g)-Fourier transforms.

5. The (p,q)-Space ,8‘; (S:’qf, D; fr ®, A‘;'}c) of Ultra-Boehmians
q

To define the class of (p,g)-ultra-Boehmians, we let Sg;’t and Dg: f be the fraction spaces
of F‘;‘ 7 of all members of Syp and Dpyp, over R, respectively. In that manner, we let Az 7( be
the fractional set of all F; ¥ transforms of all sequences in A},5- Then, we present a product
on Si? as follows:

(uf © Vf) (w) = Uy (w)Vy(w), (36)

for Llf S SZ jf and Vf € D;; Then, we are in a position to establish the following theorem.

Theorem 13. Let Uy, (Uf,n>:):1, Hg, Vi € S;Zl, Ufn — Upasn — oo and Yf € DZ?, Then,
the following identities hold.

(i) (Up+Vf) Oh Yy = Us O Yy + VO Y,

(i) Uy ©Yr = Ur©Yyas Uy, — Upasn — oo,

(iii) U ©Vy =V 0 Uy,

(i) Ur© (V@ Hy) = (Up© Vy) © Hy,

@ p(Upevy) = (1urovy),meC,

Proof. The proofs for (i) and (ii) are simple since they resemble the proofs provided to the
space f8}, , (SZ’L, Dy %, A%,q) .0

Proof. (iii) Let x,1p € Sy be such that Uy = Fy"’x and Vy = F;""y; then, by Equation (36),
we have
«, o,
(U © Vy) (@) = Upw)Vy(w) = (F7x) () (F7) (w).
Hence, using Theorem 4(ii) gives
(Up © vy) (w) = By (r5p) (w) € Sy4,

Since x¥ip = ¥« in By, ,, it follows again from Equation (36) that

(uf ® vf) (w) = F (k) (w) = (Vf ® uf) (w) € 5}, (37)
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Proof. The proof of (iv) is similar to that of (iii), whereas the proof of (v) is straightforward.
The proof is therefore ended. O

Theorem 14. Let (¢n), (pn) € A 7( and Uy € S ’}, then (¢n © ¢n) € Az? and limy o Uy ©
¢n = Uy,

Proof. Let (xy), (yn) € Ag/q be such that Fg’pxn = @, and F,';’pyn = ¢u,Vn € N. Then, by
Equation (36), we have

(Pn © @n)(w) = Gn(w)pu(w) = F;'p(an‘yn)(w) .

Hence, (¢,%¢n) belongs to Aij[ since (x,¥y,) belongs to A} .. It is also possible to
develop a comparable proof for the second part of the theorem. The proof of limy e Us ®
@n = Uy is straightforward.

This ends the proof. O

The space ‘B? = ‘Bj‘(( p’jf, D p’}, o, Ap f) of ultra-Boehmians is obtained.

It is clear from the context that the set of all (p, g)-delta sequences extends the set of
all delta sequences given in [38] as p and q tend to 1. Moreover, as g tends to 1 the spaces

s = IB?( p’jc, Dp’j(, o, N\ ) and g}, = (Sg 0 Dy %, A;,q) of (p,q) give new spaces of
Boehmians.
Two sequences (Uf,n, X f,n) and (CD s Yf,n) from ,Bj‘r are equivalent, (Uf,n, Xf,n) ~pq

(cp o Yf,n) iff
Usn © Yf,m =D O Xy y (Ym,n € N).

Indeed, ~ 4 defines an equivalence relation on [3?. An ultra-Boehmian in ﬁj‘( is written as

Ufn

(38)
X¢

where Uy, = F; Py € ngqf and Xf, = F; Pxy € A;; An embedding between Sg;’[ and ‘Bj‘,
is expressed as
Xfn

y— 2, (Vm,n € N).

Uf,n a,q
If € B%and X € S, then it follows that
X f v.f

u U, © X
) ox=Hr=2 (39)
Xf,?l Xf,Tl

The notions of addition, convergence, and scalar multiplication in ﬁiﬁ are comparable
to those of the first space.

Definition 6. Let (x,) € Ay, and (k) € Sy then, the generalized a-th (p,q)-fractional Fourier

. Ko
operator X;’p of a (p,q)-Boehmian x—" in By, can be drawn as
n

F“’pxn
XP <K”> =2 40
1 Xn F;'pxn (40)

where E; P, €8S Jq( and E P, e AV pfr which is indeed a member of /3?
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6. Inversion and Characteristics

This section discusses some properties of the generalized a-th (p, q)-fractional Fourier
operator Xg 7. In order to demonstrate the well-definedness of F; 7, we have the follow-
ing theorem.

Theorem 15. The generalized a-th (p, q)-fractional Fourier operator Xg’p DBy 53‘: is well-
defined.

K 0 . .
Proof. Let us assume that x—" = y—" € By pq- Then, the notion of quotients of sequences
n n

in B}, implies that %y, = O*xy, (m,n € N). Hence, applying F; ¥ to both sides of the
previous equation gives

Fy? (kn¥ym) = Fy7 (Om¥xy), (m,n € N). (41)

Consequently, the (p,q)-convolution theorem (Theorem 4) says

(P,;’"f’xn) (P;""ym) - (Pg"”em) (Pg"’”xn).

As an alternative, this might be written by using the operation ® as

(F¥x) © (B ym) = (F70m) © (Fj ).
Also as a result of Equation (56) and the concept of quotients in ,B‘j"(, we arrive at

A S

q
= ,(m,n € N). 42
F;'pxn F;’pyn ( ) (42)

Thus, using Equation (40), we reached to the conclusion that

0
X“’p<K”) = X“’p<">, m,n € N).
s 7\, ( )

This ends the proof. O

P . po
" Fpq
Proof of this theorem follows from the concept of addition of the (p, q)-Boehmians spaces. Hence, it

has been deleted.

Theorem 16. The generalized a-th (p, q)-fractional Fourier operator X,’; — ﬁ? is linear.

K K
Z;Jq/ — = 0; then X;,p il =0.
" Xn Xn

Proof of this theorem is straightforward. Details are, therefore, omitted.

Theorem 17. Let z—n €B
n

6
Theorem 18. Let K—n, —€p

Xn Yn

X0 (KO () = xeop (Kn ) xor ().
Xn Yn Xn Yn
Ky Oy

Proof. Let T’ U € B}, be given . Then, by employing %, we obtain
n n

X7 ("”;9”) — XM (K”w”)
1 Xn Yn 1 xn;yﬂ .

v .
v then, we have
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Hence, the (p,q)-convolution Theorem, Theorem 4, reveals

Xf,"”(K”>T<9”> (w) = X2 ("”)Xg"” <9”>
Xn Yn Xn Yn

The proof is complete. [

Definition 7. If

u u FPx
fn fmo A n, then we introduce the inverse operator of
n

— e lX, —
L P

-1
Xg? (X§7) 5 By Bl gas

’ -1 uf,n K
(x57) (an> - 43)
for each (xn) € A3 ;.

-1
Theorem 19. The inverse generalized a-th (p, q)-fractional Fourier operator (X;"p ) : ﬁ? —
b,q is well-defined and linear.

u v, u Fy"x v, F,"0
Proof. Let 27 = I in ,B‘j‘(, where —" = 7”, " and " = Z(p " Then,
Xfn Yin Xfn  Fg"xn o Yino Flyn

FyP i © FyPym = P60, © FyPx, (44)
for some (6,), (k,) in Spy. By using Theorem 4, we derive
Xo? (kn¥ym) = XoF (Bm¥xn)(m,n € N)
q n*Ym q m*Xn ’ .

Therefore, Applying the inversion formula in Equation (43), we get k%1 = Oy ¥x,(m,n € N).
Hence, we have

Kn _ Bn
Xn Yn '
-1 u EPxy V, E;'Pe
To show that (Xf;p) is linear, let fm _ Zq tmo Tfn_ Tq n be members in ,B‘J’é, then,

Xpn B Yo Eyn

by the addition of ‘Bj‘c and the (p,q)-convolution theorem, we write

-1fu % ~1 [ F;P (kn¥yn + On%x
(Xl’;"P) (Xf,ﬂ + Yf,ﬂ) _ (Xg,p) < q (;pyn ! n n))
fm fom Fq (xn¥*yn)

Therefore, considering the inversion formula in Equation (43), we assert that

(X;’p) -1 Ug, N Vin ) _ Kn¥yn —i— On¥
X Ypn Xn*Yn

Hence, addition in [3;’,,7 finishes the proof of the theorem. [

7. Conclusions

Two (p,q)-analogs of the a-th fractional Fourier transform in the post-quantum calculus
have been demonstrated and expanded into a class of (p,q)-generalized functions known as
(p.,9)-Boehmians. The generalized results are identified as a generalization of the traditional
results of Romero et al. [33]. Additionally, the paper has looked into different sets of (p,q)-
delta sequences, (p,q)-convolution products, and (p,q)-classes of Boehmians. As a result,
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the created sets of (p,q)-Boehmians were thoroughly examined using the generalized a-th
(p.9)-Fourier transform and its inversion formula. Numerous findings about the generalized
integral and its inverse formula were discovered.
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