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This paper is devoted to analyzing a new model of a coupled Langevin system with frac-
tional operators under nonlocal antiperiodic integral boundary conditions. This model
involves nonlinear Langevin fractional equations with Caputo-Hadamard and Caputo
fractional operators. Also, the existence and uniqueness of solutions to the suggested
model have been investigated by the fixed-point technique. Moreover, the Hyers—Ulam
stability of the solutions has been discussed. Finally, we provide an illustrative example
to support the theoretical results.
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1. Introduction

Recent studies have shown that some real-world processes cannot be effectively
described by classical differential equations (DEs) formulated using standard deriva-
tives and integrals, integer order ordinary DEs or partial DEs. Fractional calculus is
a powerful tool for simulating these complex processes, since it extends the idea of
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integer order to arbitrary order. Due to its numerous applications across a variety
of scientific domains, fractional calculus has attracted a lot of attention during the
past few decades. It has been applied to a variety of scientific disciplines, including
polymer rheology, biology, capacitor theory, the blood-Bow phenomenon, nonlinear
seismic oscillation, image processing, aerodynamics, geophysics, and electrical cir-
cuits. We cite some publications [TH4] for other applications of fractional differential
equations (FDEs).

The evolution of physical events in an environment that is fluctuating is
described by the Langevin equation (LE). In 1908, Paul Langevin made the first
mention of the idea of the classical version of the LE. This version of the men-
tioned equation describes the Brownian motion of particles [5]. For several regions
of fractal disorder, the classical LE does not produce adequate results. Therefore,
Kubo et al. [6L[7] presented several hereditary and fractal aspects of the FDEs to
illustrate how they are used dynamically. Fractional LEs with two different frac-
tional orders were first employed by Lim et al. [§] in 2008. In comparison to the
solutions of single-order FDEs, one can find more flexible solutions for multi-order
LE. On the other side, in recent years, we have seen comprehensive discussions on
FDEs with different boundary conditions [9HI9]. In between, many researchers have
conducted an analysis on dynamics of the LE. Yu et al. [20] examine the existence
results obtained using the fixed point criteria for FDEs in the Langevin settings
with various types of boundary conditions. By employing upper and lower solution
technique analyses, Baghani et al. [2I] connected some results for coupled Langevin
systems with various forms of boundary conditions. Discussion on LE with nonlocal
fractional boundary conditions is provided by Fazli and Nieto [22] in 2018.

A close approximation of the exact solutions for FDEs is appeared in the notion
of the Hyers—Ulam (HU) stability. Rizwan and Zada investigated the stability and
existence results in relation to the LEs in their article [23]. Later in another study,
the stability and existence of unique solution were addressed for the mentioned
equation by Wang and Li [24]. After that, Wang and Wang [25] turned to simi-
lar theorems on the existence notion, but with strip conditions that include the
p-Laplacian operator. Matar et al. [26] presented their stability theorems in the
version of the fractional system of the coupled LEs. For more information about
other studies, see [2829].

In this publication, the existence of solutions and stability results for the follow-
ing BVP incorporating nonlinear coupled LEs with separate Caputo—Hadamard,
Caputo fractional derivatives, and Hadamard integrals are investigated:

CHDE(CDY +4)0(1) = A(T,0(7),9(7)), T€]l,d,

CHDg*(CD‘*’* +")0(7) = A*(1,9(7),0(7)), 7€l

0(0) =0=1v(0), “DA(0)=0=C D" 9(0), (1.1)
CDYf(c) + Bb(c) =0, DY I(c) + B*I(c) =0,

CDwh(1) =1°6(¢), CD9(1) =17 9(¢),
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where § # 7, * #~*, CHDE, CHDE Cpw € DY refer to the Caputo-Hadamard
and Caputo derivatives of fractional orders &, £, w, w*, respectively. Further £+w €
(1,3], & +w* € (1,3], v,7v*,0,0" > 0, 5,0 € R, and ¢ € (1,¢). Also, A,A* €
C([1,¢] x R?,R). This version of BVP combines three fractional operators in the
main LE and its boundary conditions. Also, the investigation of the qualitative
properties of solutions for such a coupled system is the main goal of this paper.
Despite the current interest in the topic of FDEs with boundary conditions, no
articles specifically addressing this type of combined coupled Langevin system have
been published.

The rest of the paper is organized as follows. Basic definitions and lemmas are
found in Sec. 2l Section [B] contains the existence and uniqueness of the solution to
the considered problem. HU-stability of the solution is discussed in the next section.
We propose an application to provide a more transparent result in Sec.

2. Preliminaries

First of all, the aim of this section is to present some important basics that help
the readers in understanding our study.

Definition 2.1 ([2]). Let 6 : [1,00) — R be a continuous and integrable function
(CIF), then the Hadamard integral of fractional order o > 0 is defined as

1176(r) = %U) /IT (log (;))071 Q(T—T)dr.

Definition 2.2 ([2]). Let 6 : [1,00) — R be a CIF, 0 > 0 and p = o + 1. The
Hadamard derivative of fractional order o is described as

r0r) = s (v ) [ e (2))

Definition 2.3 ([30]). Let 6 : [1,00) — R be a continuous function. The Caputo—
Hadamard derivative of order o > 0 is given by

o) =i [ (s (B)) T E ey

Definition 2.4 ([2]). Let 6 : [1,00) — R be a p-times continuously differentiable
function. The Caputo derivative of order o > 0 is formulated as

Cpoo(ry = — ) /O T(T—r)pﬂ*l(a)(m(r)dr,

I'lp—o
where 0 € (p—1,p) and p = [0] + 1.
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Lemma 2.5 ([2]). Suppose that s> 0, k = [Re(s)] + 1 and Re(k) > 0, then
- I'(x) e
CH s« k=1 _ x—Kk—1
D (og(r))" ! = s log(r) .

'(x)

Y og(M) = ot

(log(r))+=".

The next theorem is a fixed point criterion for proving our main existence
theorem.

Theorem 2.6 ([2]). Assume that A # 0 is a convez, closed and bounded set in a
Banach space Z. Assume also that Q1,5 : A — = are operators such that

(1) for 0,9 € A, Q10 + Qa0 € A;
(2) Qg is contraction;
(3) Qg is compact and continuous.

Then, 360* € A s.t. 0* = Q0% + Q0.

3. Auxiliary Lemma and Assumptions

We begin this part with the proof of an auxiliary lemma which gives us the main
integral form of the solutions of the coupled system of LEs (I]).

Lemma 3.1. Assume that A,A* € C([1,c] x R, R) and the BVP including the

coupled Langevin fractional DEs is given by (L1]). Then the form of the solution to
the problem (L)) is

0(r) = ﬁ [ (108 (2)) ™ At 00,90
T T\ ! dr log(T)«*1)
i) ()T 0T B

B2 (on (9)) Aot o

~i | () a0

e (s (5)) 0] 3)
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and
* T T\« 1 dr log ()« 1)
(D) e
S [ (s (0T v a0

P [ (g ()7 o0 b [ (s (9)

x A*(r,ﬁ(r),a(r))d—: - F(i*) /1Z <10g <§>>0*16(r)d—:]. (3.2)

Proof. Applying #I¢ to both sides of the first equation of (III), one can get

CD¥0(1) = IA(T) —v0(7) + Ay log 7 + Ay, (3.3)

with the real constants Ag, A;. Again, using 7 I to both sides of (B3], one can get

w41 w

(log7) T
Tw+2)  Tw+1)

9(7’) = Iw+5A(T) —7]‘”9(7’) + A + As, (3.4)

where Ag, A; and A, are arbitrary constants. From the conditions 6(0) = 0 and
€D¥0(0) = 0, we have Ay = Ay = 0. Hence, Eq. (34) reduces to

(log 7)< !

0(r) = IFEA(r) =4 1°0(7) + A1 == LT

(3.5)

Applying boundary conditions ©“D“6(c) + $6(c) = 0 and “D“0(1) = H170(¢), we
I'2+w)

obtain that
T2 +w) - (1) 1“((751?3) /1 (1og (;))&H A(T’“’")’ﬁ(”)d_:
P e () e g [ (s (5)

« A(T,H(r),ﬁ(r))d—: _ %U) /1Z <log (f))a_l e(r)%]. (3.6)

In view of (B:) and inserting it in (B3, we obtain (BI). Similarly, using the same
method as above and using conditions 9(0) = 0, “D* 9 = 0, D" 9(c) + *V(c) =
0, and ©D¥ 9(1) = H1779(¢), we get FZ). This completes the proof. O

A =
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Assume that U = (C[1, ¢],R) is the space of all continuous functions from [1, ]
to R. Define the space © = {6(7) : (1) € U} equipped with [|0|| = sup{|0(7)], T €
[1,c]}. Also, consider T = {J(7) : (1) € U} equipped with 9| = sup{|J(7)|, T €
[1,c]}. Obviously, both (O, ||]|) and (Y, ||-||) are Banach spaces. Clearly, the product
(© x Y, -]) is a Banach space endowed with [|(0,9)|| = ||6]| + |||

Using Lemma B we apply the operator 2 : 0 x T — © x T as follows:

Q(0,0)(1) = (u(6,9)(7), 2(6,9)(7)), (3.7)
where
Q1(0,0)(7) = ﬁ /1 (108 (2)) ™ At 00,900
- % 1T (108 (;))w_l 9(r)d—:, (3.8)
and
026, 9)(7)

_ (log(r)t)
F@+w) - (8- 7)

0D [ (g () 00 % s [ (e ()

x A (r, 0(r), 9(r)) % - ﬁ /f (log (f))gl e(r)dﬂ. (3.9)

Thus, the existence of the solution for the nonlinear coupled Langevin system ([IT])
is limited to finding the fixed point of Eq. (B7).
In order to facilitate computation, we set

ey | (e () et 000

T = . + .
T+ E+w) | T2+w) - (BT +E)
n Iy — 3]
T2+w)—(B-—7)FQ1+E+w)’
r 1 1
LT 1E tw) | TR+w) = (B — )T+ &)
n Iv* — 6%
TR+ w) — (3 — )T +& +wr)
ro— 7 vly — 8] log(¢£)”
, -

Tl+w) TC+e)— (- te) TRtw) - @-NTA+E)’
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LT Yy =B
T3 = (1 +w*) + ID(2 4+ w*) — (B* — 49|01 4 w*)
N log(0)””
IT(2 +w*) = (B — )01 4 &%)
TS:{ Caly — B Caly — B
TR+w) - B-NIFA1+E+w) [F2+w)—(B-7)IT1+E)
8 vy = B N log(£)” }
T2+w) = B-IT1+w) [T2+w) - B-NTA+E)’
re { Ca=|y* — B Cax|y* — B
’ T2 +ws) = (B =y)F1+& +w)  [D2+w)— (B —7)T(1+E&)
o Yy =B N log(£)”" }
T2 +w*) = (B =y)P(1+w*)  [T2+w)— (B —y)CA+E&) )

(3.10)
Next, we state the necessary hypotheses for continuing this study.

(S1) A :[1,c] x R? — R is continuous.
(Sg) For all 7 € [1,¢], and 6y,64,01,04,01,9,91,92 € U, there exist constants
CA, Cax > 0 such that

|A(T, 61, 00) — A(T,01,0)| < (A[|01 — O1] + |02 — Oa]],
[N (7,01, 92) — A*(7,01,92)] < Ca- (|91 — O] + |92 — Da]].

(S3) For (1,0(7),9(7)) € [1,¢] x R x R, there exist Z(7),=*(7) € (C[1,¢],RT) such
that

|A(7,6(), 9(7))] <|E(7)] and
(T, 9(r), 6(r)] < = (7).

(S4) For all 7 € [1, ¢], there exist N, N* > 0 such that
N = sup |A(7,0,0)| < oo and

TE[LC]
N* = sup |[A*(7,0,0)| < oo.
TE[LC]
4. Existence Theorem

Now, everything is ready to turn to the main existence theorem.

Theorem 4.1. Assume that the hypotheses (S1)—(Ss) hold, then there exists at least
one solution to the nonlinear coupled Langevin system (L) on [1,¢] if T3, TE < 1

(given by (EID).

2450218-7
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Proof. Define a closed ball R, = {(0,9) € © x Y : ||0]| <y, [|?¥|| < y} and consider
Tll_ig) <y and Tll_EiT(;) < y. We split the proof into the following steps:

Step 1: Q € R,: V(0,9) € R,, estimate
1200, 9)[| = [[€(0,9)]| + [[Q22(6,9)].

From ([B.8), we get

194(0,9)(7)| = ‘N%er) [ (108 (;))wH A(T,H(r),ﬁ(r))d—:

Applying sup to both sides, we have

1220001 < 15 (o) *+ Tty (1)

Similarly, one can write

12000 < I Fre o515 ) * Tk (12

Again, using (39), we get

j:(6.9)]
I I e N R W PPN dr
- [ Nerer ), () A0

1 [ (ron () 00— g [ e ()

oot [ (m(3) o0

2450218-8
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| log(7)[“+!

1 =8 [° ey Eret
iﬁb{r@+wy—w—nﬂ ré+wxﬁ(bg@3>
x|A@;ﬂry0@on%§+UU%%5§QPAC(mg(§))”ﬂeu)ﬁf

+ﬁ%[m@gGD€1AMWMﬁWDﬁ

-kféﬁlﬂz(bg(§>)aWew>%?]},

which implies that

1
T2+w)—(B-7)I(E+1)

Iy — 03]
+W@+w%%ﬁ—wW@+w+U>

nmwﬂw<|m(

Y18 — |
+y<F@+w%%ﬁ—wa+R

log(7)?
*wa+wwwﬁ—www+n>' (4.3)

Obviously, one has

1
IT(2 4 w*) = (8" —y9)|0(&* +1)
Iv* =B
M@+ o) — (- ITE + o + 1)>
Y8 =
Y (T(2 +w) = (B =) [L(w* +1)

log(7)”"
* IT(2 + w*) — (B* —7*)F(a*+1)>' (4.4)

ubwﬁn<|?n(

Combining (1)) and ([@3]), we have

1206, )| = 1216, 9)[| + [22(6, V)]

<|w( Ly !
—UTIADE+w+1)  PR+w) - (B—7)ITE+1)

Iy — B
+W@+w%%ﬁ—wW@+w+D>

2450218-9
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¥ YIB8 — |
+y (F(w+ 1) - T2 +w)—(B—=7)T(w+1)

log(¢)? )
2+w) = (B-=7(c+1)

=Z]|T1 +yT2 <y.

+\F

Similarly, combining (2] and ([@4), we get
120, 9] < [[E7TT +yT5 <y.
Hence, Q € R, that is, the condition (1) of Theorem 2.0l is fulfilled.
Step 2: ), is contraction: For this regard, let 8,9,0,9 € R,. We have
122(8,9) — Q2(6,9)|

= Zl[llp | |Q2(9, 19)(7’) - Q2(§7 5)(7—)‘

< sup | log(7)[«*!
T et | T2 +w) = (8—7)

[y — Bl ¢ c\\ étw—1 _ B dr
Fero . (o5 (2)7 A0 009,00) — AT, TN
B=) [° c\\w-1 _ dr
e DEG [ os (2)) e -0
’ V) = dr
+Ix©tﬁ (1o (7)) 1A 06).0(r)) = A8 T T
L / o—1 B dr
“i ), (o2(7)) l9@>—900r;]},
which implies that
192:(6,9) — Qa(6,9) ||
<( Galy — 5] 7(8 =)l
“\T2+w) - (B-9)E+w+1)  [F2+w)—(B—)T(w+1)
Ca log(¢)® 3
T +w) - (B-DIE+1)  T2+w) - (B-)(o+ 1)> 16 =&
Caly = B
" (IF(2+w) (BN +w+1)

x o
+F@+M—W—wr@+n>w I
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- < Caly — B N (B =)
“\Te+e — (- re+wsrD " Te+w) - F—)@+])
L N
Te+o) = —IE+D)
log(¢)” - =
+IF(2+w)—(ﬁ—v)IF(0+1)>(”9 o1 =2
— T4)6,9) - (3.9)]|. (4.5)

Similarly, one can obtain that
1€2(9,6) — Q2(9,0)]| < T3[(9,0) — (9,0)]- (4.6)

Since T3, T3 < 1, then by @A) and (0], we conclude that the mapping s is
contraction. This completes the condition (2) in Theorem 26

Step 3: Q; is continuous and compact: Since A(7,0(7),9(7)) € C([1,c] x R, R),
then it is continuous on 7 € [1,¢|. Hence, £ is continuous. To show that
is compact, it is sufficient to claim that §2; is relatively compact and uniformly
bounded on R,. Now, for (6,7) € R, we have

1€2:(9,0)[| = s1[11p]|91(9,z9)(r)|
TE(l,c

< s (s [ () o

tii (s () e T}

1=l ylv|
“TE¢+w+1) TDw+1)

Similarly, we can write

< 00. (4.7)

=] y|
Q1 (9,0)] < + < 0. 4.8

It follows from 7)) and ([8) that ; is uniformly bounded on ®,. Consider
€220, 9)(72) = €(0,9) (1)

<[rero [ (os(2)" w00
o [ o (2)) T 00T - s [ (o ()T

X A(r,@(r),ﬂ(r))ﬁ ;T /;1 (10g (%))w_l g(r)ﬁ

r

2450218-11
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which yields
1921(6,9)(72) — Q1(0,9)(11)]

< e N - (s () S
[Tl {2

1) E A CTED) e T

From Lagrange mean value theorem, we can write

‘(IOg (%))éwﬂ - (1og (%))5+w71
‘(log (%))w_l - (IOg (%))W—l

where u; and ug are independent of 7. Applying (£1I0) in (£9) and letting 75 — 71,
we conclude that

dr

< up|me — 11,

(4.10)

< ug|me — 11,

1210, 9)(72) — Q.(0,9)(r1)| — 0.
By the same technique, we have
|21(3,0)(72) — (9, 0)(11)| — 0.

Therefore, £2; is equicontinuous. Thank to Arzela—Ascoli theorem, 2; is compact
on R,. This completes the condition (3) in Theorem Then there exists point
(0,9) € Ry, such that (6,9) = Q1(0,9) + Q2(6,9) and (¢,6) = Q1(9,0) + Qa2(0, 6),
for (0,0) € RN,. Thus, there exists at least one solution to the nonlinear coupled
Langevin system (.T]). O

5. Uniqueness Theorem

We now turn to the uniqueness property for solutions of the nonlinear coupled
Langevin system (.T]).

2450218-12
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Theorem 5.1. Suppose that (S1)—~(S4) to be held. Then the nonlinear coupled
Langevin system (L)) has a unique solution on [1,c] if (A T1 + Yo < 1 and
CRYT+715 < 1.

Proof. Let Rg = {(g,j 799)) ee ?( XX g i ‘Il\((%,%))‘\ll S< %%} be closed bounded and convex subsets
of ©® x Y, where

To finish the proof, it is enough to investigate the boundedness of ORg, that is,
ONg C Ny and Q is a contraction mapping. For any (6, 7) € R, estimate

A, 6(), 0()] < |A(r,0(r), 9(r)) — A(r,0,0)] + A(r,0,0)
< Call6] + 9] + |A(r,0,0)
< Gll@.9)) + N
< WS+ N, (5.1)
and for (0,60) € R,
A, 9(r), ()] < |A*(r,9(r), 6(r)) — A(r,0,0)] + [A(r,0,0)|
< G191 + 161] + |A(r,0,0)
< G, 0)] + N*
<GS+ N™ (5.2)
Now, we have

1926, 9)(7)| = [£21(6,9)(7) + Q2(6,9)(7)]

< o Lo [ o () o

e de [log(n)t!
) POt T e =

F(V;m) /1 (g (£)) 1 0, 90
LG e () eon T g [ (o (9))

« |A(r,9(r),19(r))|d—: + %J) /j <log (f))ﬂ 9(7")@] }

(5.3)

+
Hl—
E/i
»\‘
g
o
o
|

2450218-13
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Applying (&) in (53), we have

1€2(6,9)(7)]

N ‘ 1 T T {tw—1 ﬂ HOg(T”w-H
=(@S+N) =x, {r'@ o) () et

di==JAC ())&“‘fﬁﬁ/f(lg( )7

)
| w=1 dr | log(7)[“+!
1ol sup {F— (5) =

Tl ro P2 +w) = (B =9

P <log<£>>°“‘1i—f+ﬁ/f (=) 4]}

N 1 T\\EFeL dr |log ()|« *1
< (S +N) sup {r@ o) /1 (7)) T oo

[ [ o (9)) T L s [ (o8 (9) 2]

il cldr | [log(n)et
+ /(8,9 su — lo —+
It 'Teupc] {r () T Farw -G

wldT+—l—/Elo Y
(o) J; s\7 r|
which implies that

1 N v
FE+w+l) [FC+w)—(B-IT(E+w+1)

20,9)()] < (xS + ) {

1
T G ey 1>}

S 1 V18 —
- {F(w+1)+IF(2+w)—(5—7)IF(w+1)

log (¢)” }
T2+w) = (B—7)I(e+1)

= (WS +N)T + 9T, < S

+

Repeating the same steps and using (£.2)), we have
1909,6)(T)] < (Cn- S+ N9)T + T3 < S
Thus, ||Q2(0,9)|] < S and |9, 0)]] < 3. Hence QRg C Rg.
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Finally, for completing the next part of the proof, for each 6,9,60,9 € U, we

have

126, 9)() — 0, D)(7)]
(€218, 9)(7) —
|

<

< o (s [ (s ()" et oten e300

T T\\“~ - r og(r)|“+!
vy ), (s ()7 0003015+ e

P [ (1o (£))7 G000, 900) = A B0, T

IR [ (log (£)) 100r) — B0

it follows that
(6, 9) (1) — Q(6,9)(7)]

<( Ca Y Caly — B
“\I'€+w+1l) Tw+l) I'24+w)—B-—TE+w+1)

v|B — ‘A
log(£)? e
+T(2+w)—(ﬁ—v)r(a+1)>|9 ol

Ca Caly — B
- (r<5+w+1> "Terw) - - )TEtot D)

Ca —
TR e 1>> 1=l

= (CAT1 4 T2)[|6 — 0] + (A Y1 [0 = I
< ATy + Y2) (|6 — 0] + [[9 —J])
= (G +T2)[[(8,9) — (8,9)].
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Similarly
129, 0)(r) = 0, 0)(7)] < (CXTT + T3)II(9,6) — (9, 0)]-

Since (Y1 4+ T2 < 1 and (x Y] 4+ T35 < 1, then Q is a contraction. Consequently,
an operator () has a unique fixed point when utilizing the Banach contraction
theorem. Therefore, there is a unique solution to the nonlinear coupled Langevin

system ([LTI). O

6. Stability Analysis

The HU-stability of the nonlinear coupled Langevin system (1)) will be discussed
in this step. First, the HU-stability of the considered nonlinear coupled Langevin
system is defined as follows.

Definition 6.1. The solution of the nonlinear coupled Langevin system (L)) is
called HU-stable if 3b > 0 s.t. for every €,e* > 0 and (0,9) € U x U as a solution

to the system
{|HCD5(CD“’ +7)0(r) — A(1,0(7),9(7))] <€, 1<&+w<3, 61)
6.1

|HCD5*(CDW* + ")) — A (1, 9(7),0(7))| <€, 1<& +w* <3,

for all 7 € [1,c], there exists a unique solution (#,9) € U x U to the nonlinear
coupled Langevin system (L) s.t.

1(6,9) — (6,9)]| < be.

Remark 6.2. The pair (0,9) € U x U is called a solution to the nonlinear coupled
Langevin system () if and only if there exist W, D € U s.t. for all 7 € [1, ],

(i) [W(r)| <eand [D(7)] <€
(i) HCDE(CD* +v)0(7) — A(7,0(7),9(1)) =W (1) =0, 1 < £ +w < 3;
(iii) HCDE (D" + ") I(1) — A*(1,9(7),0(7))| < €*, 1 < £ 4+ w* < 3.

Lemma 6.3. Based on Remark[G2l for each 7 € [1, |, the solution of the system
HCDEE DY +9)0(1) = A(T,6(7),9(1)) + W (1), 1<E+w<3,
HODE (CD=" 4 9)9(r) = A*(r.9(r),6(r)) + D(r), 1< € +w7 <3,

where 3 # v, B* # 4%, v,7*,0,0% >0, 8,6 € R and ¢ € (1,¢), under boundary
conditions

9(0) =0 =9(0), ©D“H(0) =0=C D 9(0),
CDb(c) + BO(c) =0, D I(c) + B*9(c) =0,
CDYO(1) =176(¢), D 9(1) = I7 9(L)
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is given by

0= reray ), (o (5)7 Ao
T 7Ny w—1 r og(r)wt!

~ri | (s () o0+
el () oo

1 [ (on () 00— g [ e ()

1

S Q)T T g [ Q) e

(log(7)“*) (v=8 [ - i
+F(2+i)—(ﬁ—v) FZ§+W)/1 (log(—))* ™1 W(7)—
+ 7(5(;)7) /1 (10g ( ))”*1 W(T)% — %&) /1 (log (;))571 W(T)%

19(7) = F(*;* /1T (log (%>>E*+W*—1 A*(r,ﬁ(r),@(r))ﬁ

~ M og (2)) gy (e )
)

ro PR4w) = (6" =)

<R ) (s ()T W
e e (0) o0 g [ (s ()
< A, 9(r), 0) 2 e /le <log (f))a _119(7«)%]

v ) () 0T
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*

’V

T(E + o)
[ (s (0) PO T iy [ (s
s ()" 02]

Proof. From Lemma [31] the desired relations are proved.

r

i T\\@ 1 r og(r)w 1
T(w*) /1 (log (?)) D(T)d7 T ﬂﬁg z (6 )— )

y [ (v — B5*) /c (1Og (E))5*+w*f1D(7)ﬁ N ~(B* — )

O

Theorem 6.4. If the assumptions (S1)—(S3) hold, then the solution to the nonlin-

ear coupled Langevin system (L)) is HU-stable if
V1V #1,

where the latter constants will be introduced later.

Proof. Thank to Lemma [63] if (6,4) is a solution to (G.1), and (0,

to (L], then, we get

IO

X |A(r, 6(r), 9(r)) = A(Tae(T)ag(T))\d—:
M(I@(;)v) /1 (108 (£))"" 00r) — B

2450218-18

) is a solution



Int. J. Geom. Methods Mod. Phys. Downloaded from www.worldscientific.com
by WSPC on 06/19/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Existence and stability results

i (es(5) e

log(7)“*1) (v—=08) [€ e\ Etw—l dr
F(Z(—Fi()—(ﬁ—y) I‘Z{+w)/1 (log(;)) ) W=

. V(Fﬁ(;)w /1 (1og ;))HW(T)'%

g | (os ()

which implies that

- A v Caly = B
16 =01l < (I‘(§+w+1) TTeor) T Tere) —B-MEto D)
Y8 =l L Ca
T2+w)—(B-7)l(w+1) [F2+w)—(B-7)E+1)
log(€)” 5
@0 - (3T 1)) 6=l
Ca N
- (r<5+w+1> TTe+e) —(B-DTErw+1)
Ca —
o) (- IET 1)) 9=l
2 gl 2|y — B
X <+F(§+w+1) e+ T Tetw) —B—TE+otD)
Y8 =l N 2
T2+w)—(B-7)l(w+1) [F2+w)—(B-7)E+1)
log(€)” ) ]
T2+w)—(B-—mT(e+1)) "
hence
16 = 8]l < (CAY1+ T2))|0 — ]| + AT [|[9 = T + (271 + La)e,
and so

(1= (AT +T2)))0 = Ol < AT = I + (201 + T2)e.
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Hence

ATy
(CAY1 4+ 7o)

(271 + Ts) )
—((AT1+To)

— 9| — -9 <
o -8l - 1= o =3 < §

Setting V1 = HC§\+T11+T2) and Vg = %, we can write the above inequal-
ity as

10 — 0] — V1|[9 — 9| < Vae. (6.2)
Similarly, we have

19 =9 = Villo = 0]l < Ve, (6.3)
where Vi = — T and Vi = %

1—-(CA Y +73)
The inequalities ([62)) and (63]) can be written as

L =V [lle-9]| Vae
-V 1| =9l T [Vae]
Using the inverse of the matrix, we get

1w

60— 0 M M| |Vae

1 < ; , (6.4)

[0 =] Vi 1] [Vie

M M

where M =1 — V; V3. Based on ([6.4), we have

7 Vo ViVs = ViVe  Vj
_ < i _ < 1< .
10— 0| < ( — + )6, and [|J — 9| < ( i + )€

Hence

10— 3]+ 9 — T < (V2+V2+Ev2+v1w>6

Putting

(V2 + V54 V1V + V’;%)
b= i ,

then we have [|(6,9) — (6,9)|| < be. This proves that the solution of the nonlinear
coupled Langevin system (1)) is HU-stable. O

7. An Application

This part is devoted to presenting an illustrative example in the form of the given
nonlinear coupled Langevin system to support the results.
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Example 7.1. Consider the nonlinear coupled Langevin system

4 1 1Y) _ 1 |0 — 9|
HCD3 CD2 _ T: 1
Y1) T mr Grpog ) T
5 FE B 1 0 — 9|
Hep2 (CDs 4+ — s = 1
( 3+5>M“(T) 30+ 72 (9+9—q9>’ relld
0(0) =0 =19(0), ©Dz0(0) =0=C D39(0), (7.1)
S D¥o(c) + %9(0) —0, °Dho(e) + iﬂ(c) 0,
C i _riy(C Cnt _739(C
D 9(1)_169(3), D39(1) 1319(3).
Problem () is a special case of (1)) with % =pB#~= %, % = [B* £ 4* = %,
gzng:%ag*:%aw*:%7§+we (L ]v§*+W*€(173]77:%>0a
V*=1>0,0=%4>0,0"=58>0,0c %, 0(r)=e",J(r) =sin(r). Moreover
1 |6 — 9|
A =
(78,9 = 55 (g )
1 |6 — V|
A* = .
(1,9(n),0()) = 3577 (1+ 9—19|>
Clearly
_ 1 _ _
(T, 8(r), 9(7)) = A(7,6(7), 9(7))| < (18 = O] + |9 = J]),
— — 1 — —
AT, 0(r),0(7)) — AT, 9(7),0(r))| < 55(19 = 0| + 16 = 0]),
A 0(0) 9] < gy and A9, 0] < 55—
7,0 ()| < g an 0,0l < 55775
with 2(7) = 5=, E°(1) = 5952 4 = = > 0, G- = 35 > 0, N =
SUP,¢p1,¢) [A(7,0,0)] = 0 < oo and N* = sup,¢y [|A*(7,0,0)] = 0 < oo

Hence the assumptions (S7)-(Sy) are satisfied. By doing some calculations, we find
that

T ~0.909, 7T;~0.676, T~ 0.477, 5~ 0.270.

Hence, (A Y1 + T2 =~ 0.712 < 1 and (x Y} + T3 ~ 0.286 < 1. Therefore all require-
ments of Theorem [5.] are fulfilled. Then the nonlinear coupled Langevin system
() has a unique solution on [1, ¢|. Moreover

_ ATy
1—(CAT1+7Ty)

T
~0.126, Vi= Ga- ~ 0.022,

\Y% —
' 1— (a5 +T3)
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such that V1V] ~ 0.003 # 1. Thus, Theorem is satisfied. Then the unique
solution of (1)) is HU-stable.

8. Conclusion

In some applicable areas of sciences like physics, chemistry, and electrical engineer-
ing, fractional LEs have been an important subject. In fact, this type of equation
does a good job of describing how physical events evolve in a changing environ-
ment. It’s vital to remember that in these equations, for defining the Brownian
motion, random deviations are appeared as the Gaussian noises. Many researchers
substituted FDEs instead of the standard classical DEs in order to reduce noise and
staircase effects. Therefore, in this paper, by defining a coupled system of such LEs
in its fractional form, we discussed on some qualitative properties. With the help
of the Krasnoselskii’s fixed point theorem and the Banach principle, the existence
and uniqueness results of the Langevin fractional DEs have been investigated under
the Caputo—-Hadamard and Caputo derivatives. Despite the current interest in the
topic of FDEs with boundary conditions, no articles specifically addressing this type
of combined coupled Langevin system have been published. Stability property was
also checked completely in relation to the solutions of the mentioned system. An
application that describes and illustrates the validity of the results was provided as
a numerical example.
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