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This paper introduce the stochastic generalized nonlinear Schrédinger equation (SGNLSE), which
includes a stochastic term proportional to a Wiener process and models random refractive index
variations in the It6 sense. This paper derives optical soliton solutions to the SGNLSE using the
generalized Jacobi-elliptic function method. We investigate soliton solutions for M = 1, periodic
wave solutions for M = 0, and Weierstrass elliptic function (WEF) solutions. The paper also discusses
the physical implications of these solutions, particularly in the fields of nonlinear optics and plasma
physics, where both stochastic perturbations and nonlinear effects significantly influence the dynamics
of wave propagation. By exploring these solutions, this paper provides valuable insights into the
combined effects of nonlinearity and randomness on wave propagation, which is important for
understanding the behavior of complex systems where both deterministic and stochastic forces are at

play.
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The nonlinear Schrodinger equation (NLSE) serves as a fundamental model in nonlinear science, describing
diverse physical phenomena such as optical pulse propagation, matter-wave dynamics in Bose-Einstein
condensates, and water waves. However, the classical NLSE often requires extensions to capture complex
interactions and environmental effects. Among these extensions, the generalized nonlinear Schrodinger
equation (GNLSE) introduces nonlinear dispersion and higher-order nonlinearities, allowing for the modeling
of competing nonlinear effects and power-law dependencies on wave intensity'!!.

In real-world scenarios, wave propagation often occurs in media with random fluctuations, such as varying
refractive indices caused by thermal, quantum, or structural noise. To incorporate these effects, a stochastic term
proportional to a Wiener process can be added to the GNLSE, resulting in the stochastic generalized nonlinear
Schrodinger equation (SGNLSE). This stochastic term models an arbitrary refractive index in the Itd sense,
introducing randomness into the wave dynamics and enabling the study of noise-induced phenomena'*-22,

The SGNLSE considered in this paper is given by:

AW (t)
dt

ire—(IFP™"F) 4+ [alF P +b|FI] F +6F =0, m#—%- 1
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dvgt(t) ,where W (t) is a standard Wiener
process (Brownian motion) and ¢ is the noise strength. This term models random fluctuations in the refractive
index of the propagation medium, such as those arising from thermal noise or structural imperfections. The
equation is interpreted in the Itd sense, which is a standard framework in stochastic calculus for handling
differential equations driven by noise. Unlike deterministic calculus, the Itd interpretation accounts for the
non-differentiability of W (t) and ensures well-defined integrals when the stochastic term is multiplicative (i.e.,
proportional to the solution /). This is particularly important in nonlinear optical systems, where noise interacts
with the wave amplitude and phase in a nontrivial, intensity-dependent manner.

As a result, the SGNLSE in Eq. (1) captures both nonlinear deterministic dynamics and stochastic
perturbations, enabling the exploration of noise-induced phenomena such as phase jitter, amplitude fluctuations,
and soliton destabilization.

The function F (z, t) is complex function, with ¢ representing the temporal variable and x representing the
spatial variable. The constants a and b are the parameters of Eq. (1), and i* = —1.

Equation (1) models the evolution of a soliton in a system where nonlinear dynamics and stochastic
perturbations both play crucial roles. The equation represents a system where the deterministic part (without
the stochastic term) governs the natural evolution of the wave, including nonlinear dispersion and intensity-
dependent interactions. The stochastic term introduces random fluctuations that affect the wave’s amplitude,
phase, and propagation. This can be interpreted as random changes in the refractive index of the medium, such
as those caused by thermal fluctuations, turbulence, or imperfections in the medium. The combination of these
two effects makes the equation highly applicable in fields such as, nonlinear optics and plasma physics.

The Wiener process introduces fundamental randomness into the SGNLSE, which affects both the phase
and amplitude of soliton solutions. Its statistical properties lead to diffusive effects and stochastic modulation,
and the degree of soliton stability depends sensitively on the noise strength §. Analyzing the propagation in
terms of statistical averages and noise-induced thresholds becomes essential for realistic physical modeling.
Ekici et al.® explored exact soliton solutions for the deterministic NLSE with dual-power law nonlinearity using
Jacobi elliptic function methods. Their results are particularly relevant since the nonlinear structure in their
model is nearly identical to the nonlinear terms in our SGNLSE. The solutions derived in® match the functional
forms we obtain analytically in the noise-free limit (& = 0). However, Ekici et al. do not consider any stochastic
contributions, and therefore do not account for noise-induced soliton deformation. Our inclusion of a stochastic
term allows us to observe the progressive destabilization and decoherence of soliton solutions with increasing
noise strength, an aspect not captured in the deterministic treatment of®. Consequently, our work can be viewed
as a stochastic generalization of the models considered in, bridging analytical theory and physical applicability
in realistic settings where noise cannot be ignored.

Kudryashov” investigated a generalized NLSE incorporating nonlinear dispersion and arbitrary refractive
index, deriving exact stationary soliton solutions using an ansatz-based approach. The deterministic form of
the equation studied in” shares structural similarities with our SGNLSE when the stochastic term vanishes (i.e.,
6 = 0). Both models involve competing nonlinear terms and support bright and dark soliton profiles. However,
Kudryashov’s model does not account for any stochastic effects. In contrast, our work extends the analysis
by incorporating multiplicative white noise modeled by a Wiener process in the Itd sense. This stochastic
component introduces amplitude fluctuations and phase jitter, which are absent in the deterministic framework
of’, highlighting the physical relevance of our model in realistic noisy media such as optical fibers or plasma.

In earlier works, several generalizations of the nonlinear Schrédinger equation (NLSE) have been studied in
deterministic settings. Kudryashov and Biswas® investigated a generalized NLSE with two arbitrary refractive
indices and obtained parametric solitary waves by applying transformations of dependent and independent
variables. Kudryashov® considered the family of NLSEs with unrestricted dispersion and polynomial nonlinearity,
applying the Painlevé test and a new simplest-equation method to construct optical and embedded solitons.
Further extensions were reported in', where a triple-power law with non-local nonlinearity was introduced,
leading to implicit solitary-wave solutions, while in!! families of NLSEs with arbitrary functional forms were
discussed, showing conditions under which generalized traveling waves exist. All these studies remain noise-free
and focus on deterministic propagation models. By contrast, the present work develops a stochastic generalized
NLSE with arbitrary refractive-index exponents in both the dispersive and nonlinear parts, together with a
multiplicative Itd white-noise term modeling random refractive-index fluctuations. Through a traveling-wave
reduction, we obtain an explicit Itd-corrected phase factor and a modified amplitude equation containing a
82 contribution. Using generalized Jacobi elliptic function expansions and Weierstrass functions, we construct
bright, dark, periodic, and elliptic soliton solutions in closed form, together with explicit parameter constraints.
Moreover, we analyze how the noise strength § impacts soliton phase, amplitude, and stability, thereby extending
deterministic catalogs of parametric solitons into the stochastic regime. This combination of arbitrary refractive-
index laws with stochastic forcing and exact solution families represents the main novelty of the present study
compared to® 11,

The inclusion of an arbitrary refractive index in the SGNLSE is motivated by the need to describe nonlinear
media whose dispersion and nonlinear response cannot be adequately captured by simple Kerr-type (integer
power) laws. Such generalized refractive index profiles arise in a range of physical systems, including:

Equation (1) incorporates a multiplicative noise term represented by 6/

« Nonlinear optical fibers and photonic crystal fibers: Fabrication tolerances, dopant concentration gradients,
and engineered microstructures can produce non-Kerr refractive index dependencies, leading to intensi-
ty-dependent dispersion and higher-order nonlinear effects.

« Plasma environments: Refractive index variations occur due to changes in plasma density, electron temper-
ature, or external electromagnetic field modulation, often resulting in power-law or saturable nonlinearities.
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» Bose-Einstein condensates (BECs): Effective refractive index analogues arise from atom-atom interaction
strengths, which can be tuned via Feshbach resonances to produce non-standard nonlinear exponents.

The addition of a multiplicative noise term proportional to F dvgt(t) reflects the reality that in many experimental

systems, environmental fluctuations interact with the wave amplitude or intensity in a proportional manner
rather than as purely additive noise. This is particularly relevant in:

o Optical fiber links: Random birefringence fluctuations, polarization mode dispersion, and thermally-induced
refractive index changes scale with the optical field amplitude, leading to multiplicative stochastic modula-
tion.

« High-power laser systems: Thermal lensing and gain medium inhomogeneities introduce noise whose
strength depends on the local optical intensity.

 Plasma wave propagation: Density fluctuations or turbulence can modulate the refractive index in a manner
proportional to the local wave amplitude.

o BEC experiments: Fluctuations in trapping potential or scattering length modulations due to noisy magnetic
field control affect the condensate proportionally to its local density, thus manifesting as multiplicative noise.

The following experimental contexts demonstrate that the SGNLSE with arbitrary refractive index and
multiplicative noise is not merely a mathematical abstraction, but a physically realizable model capable of
describing complex nonlinear and noisy wave phenomena across multiple disciplines.

1. Dispersion-managed optical fibers with controlled refractive index profiles and thermal noise injection have
been used to study soliton stability under stochastic perturbations, directly corresponding to the optical form
of the SGNLSE.

2. Laser-plasma interaction chambers with externally driven density fluctuations provide a testbed for stochas-
tic plasma wave models with arbitrary refractive index.

3. BEC waveguides with time-modulated Feshbach resonances allow precise control over both the effective
nonlinearity exponent and the level of multiplicative noise via magnetic field noise engineering.

The purpose of this paper is to obtain analytical solutions to Eq. (1) using the generalized Jacobi-elliptic function
method?>?!. We aim to derive Jacobi-elliptic function solutions, which include soliton solutions when M = 1,
periodic wave solutions when M = 0, and the Weierstrass elliptic function (WEF) solutions.

Statistical role of the Wiener process in the SGNLSE
The Wiener process W (t), also known as standard Brownian motion, is a fundamental stochastic process
characterized by the following statistical properties:

o W(0) = 0 almost surely.

o Foranyt > s, the increment W (t) — W (s) is normally distributed with mean zero and variance ¢ — s, i.e.,
W(t) — W(s) ~N(0,t — s).

« The increments are independent over non-overlapping intervals.

« Sample paths of W (t) are almost surely continuous but nowhere differentiable. Consequently, the formal time

derivative d‘/gt(t) is interpreted in the distributional sense as white noise.

In the context of the stochastic generalized nonlinear Schrodinger equation (SGNLSE), the inclusion of the

multiplicative noise term ¢ F % significantly alters the dynamics of soliton propagation. The main effects are:

« Phase Jitter: The stochastic phase modulation term it HOW =611 jntroduces random fluctuations in the
soliton phase. This leads to phase jitter that accumulates over time and degrades signal coherence, particularly
in optical communication systems.

« Amplitude Fluctuations: The multiplicative nature of the noise causes the amplitude of the soliton to fluctuate
stochastically. These fluctuations are more pronounced for higher values of §, resulting in temporal or spatial
deformation of the soliton profile.

« Reduced Stability: Solitons are inherently stable structures in deterministic nonlinear media, but the intro-
duction of noise perturbs their balance. For weak noise (6 < 1), solitons may persist with slight distortions.
However, for strong noise (6 2 1), the soliton structure can break down entirely, leading to spreading, loss of
localization, or chaotic dynamics.

o Statistical Soliton Description: Due to the randomness introduced by W (t), deterministic descriptions be-
come inadequate. Instead, ensemble averages such as the mean amplitude, soliton width variance, and mean
squared displacement must be used to characterize the system. These quantities are essential for understand-
ing propagation under realistic noisy conditions.

o Critical Noise Thresholds: There exists a critical noise strength J. beyond which the soliton loses coherence or
ceases to exist. This threshold depends on initial conditions, nonlinearity parameters, and the physical context
(e.g., optical fiber, plasma, or BEC).

Overall, the Wiener process introduces a rich layer of stochastic dynamics that profoundly affects soliton
propagation. Understanding its statistical influence is crucial for designing robust nonlinear systems that operate
under random environmental conditions.
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This article is structured as follows: In Section 2, we present the mathematical analysis to derive the nonlinear
ordinary differential equation (NLODE) corresponding to Eq. (1). In Section 3, we introduce the method for
obtaining exact solutions to the NLODE. Section 4 provides the physical interpretation of the results. Finally, the
conclusions are discussed in Section 5.

Mathematical analysis
In order to address this objective, we propose that the exact solution to Eq. (1) can be articulated in the
subsequent manner:

r(iﬂ,t) — q(c) ei[ﬁz+wt+(5W(t)7,52t]’ (2)
where g(() represents real function and
¢ = Pz — vt (3)
For the physical definitions of all parameters, see Table 1.
Upon substituting Eqgs. (2) and (3) into Eq. (1) and separating it into its real and imaginary components, we
yield:

R:(2m+1) B2 (O)q" () +2m (2m + 1) B2¢*" ()" (¢) — 2m + 1) B2 ¢*™()q' (¢) @)
+ (6% = w) q(¢) + ag®™ () + bg®* T (¢) =0,

and
St —vg' () + B (2m + 1) ™ (O)q' () + (2m +1) Br [2ma®™ (Oq*(O) + €™ ()" ()] = 0. (5)
Based on Equation (5), one can infer:
v=0and k =0. (6)
Consequently, Eq. (4) becomes:

2m+1) 82" (Q)q"(¢) + 2m (2m + 1) B2¢*™ 1 ()g”* (¢) + (8* = w) q(¢) + ag”™ () + bg™* T (() = 0. (7)

For performing the integration of Eq. (7) , we should pick p = 2m and n = m. In this case, Eq. (7) can be
rewritten as

2m+1) B¢*™()q" (¢) + 2m (2m + 1) B2¢*™ 1 (O)q* () + (6% — w) a(Q) + ag®™ 1 (¢) + bg"™ " (¢) = 0. (8)

To obtain solutions in a closed form, we consider the following transformation:

Symbol Physical meaning and role in SGNLSE
F(z,t) is the complex wave function representing the wave soliton. It evolves under the combined effects of dispersion, nonlinearity, and stochastic perturbations.
[FI?>™, |F|?™ and N ) ) . I - N . '
IF |2 > represent nonlinear interactions between the wave function and its own intensity, and model intensity-dependent dispersion and refractive index behavior.
a is the nonlinearity coefficient associated with the standard nonlinear term a|f |™ F . It governs self-phase modulation (SPM). A positive a induces
focusing nonlinearity, while a negative a induces defocusing effects. Plays a central role in shaping soliton solutions.
b is the coefficient of the higher-order nonlinear term b| F | 2P I, used to model complex nonlinear behaviors such as multi-photon absorption or saturation
effects. Influences the richness and diversity of exact solution structures.
s is the noise strength parameter for the multiplicative stochastic term 6 /- %t(t). It determines the intensity of the stochastic influence on the wave,
introducing amplitude fluctuations and phase jitter. Higher values lead to greater randomness in soliton behavior.
is the Wiener process (Brownian motion), a stochastic process with independent Gaussian increments. Models environmental randomness such as thermal
w(t) ; S . - : L
fluctuations or refractive-index disorder. Its derivative formally appears as white noise in the SGNLSE.
m is power index of the nonlinear dispersion term (| [ |>™ F) z.. It generalizes the dispersive behavior, allowing the equation to model intensity-dependent
dispersion observed in certain optical media or plasmas.
n is power index in the standard nonlinear term a|f |™ [ . It generalizes the Kerr nonlinearity and determines the self-focusing/defocusing strength.
p is power index in the higher-order nonlinear term b|f|?? [-. Controls the degree and type of higher-order nonlinearity contributing to the wave dynamics.
8 is spatial scaling parameter introduced in the transformation { = S — wvt, where ( is a traveling coordinate. It controls the width and spatial frequency
of the soliton and enables conversion of the SGNLSE into a solvable ordinary differential equation.
; 5 52
w is the temporal frequency term appearing in the solution’s phase factor ?[“t+8W (1) =6%t] [ governs the oscillatory time evolution of the soliton and
couples with the noise to influence stability.

Table 1. Summary of parameters in the SGNLSE: physical meanings and roles.
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provided Q(¢) > 0. By substituting Eq. (9) into Eq. (8), we obtain:

m(2m + 1)8°Q(N)Q"(C) + (m + 1)(2m + 1)5°Q"*(¢) + m* (6* — w) + am®Q”(¢) + bm®

Generalized Jacobi-elliptic function method
We assume that Eq. (10) has the formal solution:

m

Here, N € Z",and =, for (I = 0, 1, ...
the solution to:

0'(¢) = /g0 + 92 ©2(C) + g4 ©*(C).

)

Q'(¢)=0. (10)

(11)

, ) represent constants, given that Ex # 0. Additionally, ©(¢) denotes

(12)

Here go, g2 and g4 are, constants. It is commonly acknowledged®?, that Eq. (12) allows for the following

solutions: go= 2y
Family-1: If , J4 , then one gets the generalized Jacobi-elliptic function solutions (JEFs):
M (M 1)
Set-1.1f X = 2M2 — y 0<M <1 , then:
2M2 1g), (2M* —1) g2 > 0,94 <0,
( - M )92 g2 5
MHC ( mé‘), (2M —1)92>07g4>0,
6() = T (13)
1-— g2
+M msd (1/2Mg22 C), (2M2—1)gz>0,g4<0,
2
2M2 2M2 g), (2M? —1) g2 > 0,94 > 0.
2
Set-2. IfX = m, O<M<1 ,then:
My~ 1+M2 1+M2C)’92<0’g4>0’
1+M2 g4 ns (\/ 1+M2C) 92<Oag4>03
o(¢) = (14)
M, [~ 1+M2 1+M2§>792<0,g4>0,
2
R 1+M2 1+M2€) g2 <0,92>0.
1—M?
Set-3. IfX = ((27M2))27 0< M< 1, then:
g2 g2
:l: (2 M2)g4 dn ( m() y; g2 > 0,94 < 07
(1-07) g 92
+4/— d — 0 0,
(2—M2)ga n ( 5 M2 C) g2 > 0,94 <
o) = 7 " (15)
+ @ M7 g cs (’/Q—M () g2 > 0,94 >0,
1-— ]\42 g2
+ EZ—M22g4 sc ( 2_92M C) g2 > 0,94 > 0.
1— M2 2
x=L=M) o<
Set-4. If 4(1+ M?) , then:
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g2 292 292
T 2(1+ M?) g4 [Mcn <\/ 1+M2<) + dn ( 1+M2<)} » 92> 0,94 <0,
(17M2) 92 292 292
o + nd
2(1+ M?) ga [M s ( 1+M2C) " ( 1+M2C)} » 92> 0,94 <0,
1- M2) g2 2 2
Q) = ( g2 g2 (16)
(©) 2(1+M2)g4[nc( 1+M2§>isc( 1+M24 , g2>0,94 >0
g2 2g2 292
571 L A2\ - 0 0
+ 21+ M?) ga [ds ( 1+M2<>i cs < 1+M2§>]792> ,ga >
(1 — MZ) g2 202 292 -1
21+ M%) g1 " ( 1+M2C) [M . ( 1+M2C)} » 92> 0,94 >0
4
Set-5.If x = 5, 0 < M <1, then:
4(2 — M?)
2 2
2(2—]\/[2)94 {mnc ( 5 A Ve )i de ( ~3 ngC)} g2 < 0,94 >0,
_ g2 . 292 292
0= =+ 2(2_]\42)94{115( 2_A42C>id5( Q—MZC },gz<Og4>0 (17)
92 . 292 292
My e g {Sn ( MzC) Ficn ( Q_A/IZC):| g2 < 0,94 > 0.
1
S, 0<M<1
Set-6. If 4 (1 2M2) , then
g2 . 2g2 . 2g2 _ong2) .
20 -2 {M o (\/ 172M?<> Hidn ( 172M2<)}’ (1-2M%) g2 > 0,94 >0,
O R Y — — {ns < 292 C) + cs < 292 ()} (1—2M?) gy > 0,91 >0 (18)
2(1—2M?)gs 1—2M? T—2Mm2° ) |” ‘ 9425
g2 o 292 . 292 Cong2)
*\2a-2amg { L M se ( 1 2MZC)jE de ( 172Mz<>}’ (1—2M2) g2 > 0,94 > 0.
Family-2: Equation (12) has the solutions in terms of Weierstrass elliptic function (WEF) solutions:
Type-1:
/
3@ (C,’f’g,’f’j) . ga> 07
o) = { Vol (Cra,7s) +go] (19)
V90 (60 (¢, r2,73) + g2
; » 9o >0,
% (C,TQ,T’g)
where
_ 92 . _ 92(369094 — g2) 20
2 = goga + 5 and 73 = 216 . (20)
Type-2:
3p(Cr2,r3) — g2
0() = 394 1)
390
3p (¢ 12,73) — g2’
where
4 4
= 392 = 3goga and 13 = o (9909294 — 2g2). (22)

In this context, o ({,72,73) denotes a WEE, and ¢’ ((,72,73) =

p/2

Optical solitons

We balance Q(¢)Q"

%’2“), which satisfies the equation:

= 49> — rop — 13, where 7 and 73 are referred to as the invariants of the WEE.

(¢) and Q*(¢) in Eq. (10), we get N = 1, thus, the solution of Eq. (10) has the solution:
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Q(¢) = o + E1 ©(C). (23)

Subistituting (23) and (12) into (10), we derive the resulting set of algebraic equations:
1 [(bE1? +694B%) m* +5mB%gs + gaB*] =0,
mZ1Zo [2 (bEf + g4ﬁ2) m+ g4ﬂ2] =0,
1[(a+6bE5+4g28°) m®> + (4m + 1) B%g2] =0, (24)
E0Z1 [2(2020% + 928° + a) + g28°] =0,

m? (aEg +bE446% — w) + (2m2 +3m + 1) 229082 = 0.

[1] +~

3

4
_g
Result-1: Set go ga X , in Eq. (24), and solve it, one gets the results:
6m2 + 5 1 2
0 =0, El—iﬁ\/_(m + om + )94792:_?717(12’ (25)
m b (2m + 1) g2
and
1 1)a?
w=g - M+ )(3mj Ja X- (26)
@2m+1)"b
By subistituting (25) along with (13)-(18) into (23), it follows the following solutions:
Case-1.If x = M then Eq. (1) has the JEFs as:
XT Tamr ) & '

1
M a(6m? +5m+1) m a m i[wttsW (t)—8%t]  (27)
t)=|£ — - M
Ft) [ 2m + 1 bz —1)  \am+1\ T aamz—1" ¢ ’
1
_ M | a(6m®+5m+1)(1-M?) m __a AN ilwtrew -2 (28)
Fot) = [i 2m + 1 \/ b(2M? — 1) Mmoo M)|) e ’

provided (2M2 — 1) a <0, (Gm2 + 5m + 1) b > 0, and

1
_ 1 a(6m?+5m+1) (1 — M?) m __a m i[witow (—62]  (29)
Fa,t) = {i om + 1\/ b(2MZ — 1) A\ a1\ ar_1oM)| ¢ ’
B 1 a(6m?+5m+1) m a ifwesw()—6%]  (30)
Ft) = {iQm—f—l b 1) O (2m+1\/2M2—1$’M)} c ’

provided (2M2 - 1) a < 0and (6m2 +5m + 1) b < 0.
When M = 1in Egs. (27) and (30), it results, respectively in the bright soliton solution:

3=

1

2 = mo
F 1) = |j|3 1 \/_a(Gm +5m+1) sech (m a )] el[wt+5w(t)_5zt}, 31)

om+ 1 b om+1"

provided a < 0 and (Gm2 +5m+ 1) b > 0, and the singular soliton solution:

1

Fe,t) = [ﬂ: L \/ a(6m? +5m A1) coen (m —a )1 U leewo-at)  (32)

om+ 1 b 1"

provided a < 0 and (6m2 +5m + 1) b<o.
While, if M = 0 in Egs. (29) and (30), it results, respectively the periodic wave solutions:

1 a(6m? 4+ 5m + 1) my/a
i2m+1\/_ b Sec<2m+1m

m

ilw _ 52
ez[ t+SW (t)—6 z]) (33)

and
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S
ei[wt+6W(t)—52t} (34)

)

F(z,t) =

n 1 \/_a(6m2+5m+1)csc< my/a )

om+ 1 b I+ 1"

| S

provided a > 0 and (6m2 +5m+ 1) b < 0.

Remark 1 Due to the translational invariance of the stochastic generalized nonlinear Schrodinger equation,
each analytical solution admits arbitrary spatial and temporal shifts, { — { — (o, t = t — to, where (p and to
are real constants determined by the initial or boundary conditions. For compactness, these constants are set to
zero in the expressions presented here, without loss of generality.

2

Case-2. If y = ——————, then Eq. (1) has the JEFs as:
X (11 012)° q. (1) J
1
M a(6m? +5m + 1) m a " ilwtrew (h—s2t]  (35)
— _ M
Foh =49 b(1 1 M2) <2m+1 e )} ‘ ’
_ 1
1 a(6m? +5m+1) m a " i[wtrew ()-6%t]  (36)
B _ M
Fat) I 2m+1\/ b1+ M2 ° <2m+1 Ve ﬂ ‘ ’
) 1
M a(6m2+5m+1) m a " iletrew(n-s%t]  (37)
= — d M
F,t) R b+ S \omri\1+a2® ¢ ’
) 1
1 a(6m?2 +5m + 1) m a " ifwtrsw(n)-s%t]  (38)
= — d M
Fet) _i2m+1\/ b(1 + M?) <2m+1\/ e >] ‘ ’

provided a > 0 and (6m” + 5m + 1) b < 0.
When M = 1in Egs. (35) and (36), it results, respectively in the dark soliton solution:

1 a(6m? +5m+1) m \/E " i[wt oW (1) 6% (39)
jE2m+1\/ 2 tanh<2m+1 zm) ¢ :

and the singular soliton solution:

B 1 a (6m? +5m+1) m \/ﬁ i[wt+sW () —6%1] (40)
F(z,t) = li2m+1\/ % COth(2m+1 23:) e ,

provided a > 0 and (Gm2 +5m+ 1) b <0.

F(z,t) =

(1—M?)
Case-3.If y = ————~ | then Eq. (1) has the JEFs as:
X (2= M2)? q. (1) ]

1
1 a(6m? 4+ 5m +1) m a " ilwt+sw (1) —5%t]  (41)
)= |+ — d — M
k) { 2m+1\/ b(2 — M2) " (2m+1\/ PE Ve >] ¢ ’
1
L 1 a(6m? 4+ 5m + 1) (1 — M?) m __a m ifwtrow () -5%1]  (42)
Fat) = [i om+ 1 \/_ b2 — M2) nd ooy ot M € '
1
1 a(6m? +5m+1) m a " ifetrew(n—s2]  (43)
— - - M ‘
F,t) {iQm—ﬁ—l\/ e (2m+1\/ 2 - M2 )] ¢ ’

1
1 a(6m?+5m+1) (1 — M?) m a m ifwt+ow (i) —62t]  (44)
= _ S - M
Fwt) [i 2m + 1 \/ b(2 — M?) “\omr1\ 2-m2® ¢ ’

provided a < 0 and (6m2 +5m+ 1) b>0.
When M = 0in Egs. (43) and (44), it results, respectively in the periodic wave solutions:
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1
B 1 a(6m? 4+ 5m + 1) m \/7 " i[wt+sW (1) —6%¢] (45)
F(x,t) = i2m+1\/ 55 0t(2m—|—1 §m) e ;
and
1 a (6m? 4+ 5m + 1) m —a " i[wt+8W () —52t)
- |+ o a ifw (46)
Fla?) [ 2m+1\/ 2% (2 1 x)] c ’

provided a < 0 and (6m2 +5m+ 1) b>0.

(1-M
41+ M2)*

2)2

Case-4.If x = then Eq. (1) has the JEFs as:

m

a(6m?+5m+1)
F(z,t) = l:izmlﬂ \ T mar M en | 305

a(6m?+5m+1)(1-M?)
- 2b(1+M?2)

F(z,t) = |:izml+1

provided a < 0 and (Gm2 +5m + 1) b>0.

1

\/ 1431(;12 T, NI) + do <2WT+1 Vo 13512 T, NI) }:l ei[mMW(t)i&%]; (47)
1
{Aj sd (2;:11 vV 1+sz ]\1) +ond <2m+1 vV 1+sz AI) }:| el[”H‘SW“)’&Q‘], (48)

Hls

F(x,t) = {iﬁ %{nc (ﬁ,/ 1+\I7r JU) + sc (#,/ HMzz AI) }:| e’[”t+6w<t>762t], (49)
’L
F(,t) = iﬁ,/%{ds (ﬁ,/ o M) + s (ﬁ,/ S M)} " alerrawo-s - (50)
1
2 m
F(z,t) = i2ml+1 \/“(sz;ivlnr;[);)lfhﬁ) o (Wﬂ}“ V — Tt M) ei[wt+5W(t)—52t]’ (51)
L4 sn (27:;1\/ 1+M2x M)

provided a < 0 and (Gm2 +5m+ 1) b < 0.

When M = 0 in Egs. (49)-(51), it results, respectively in the periodic wave solutions:

1
_ 1 a (6m? +5m + 1) myv—2a my/ — " cilwt+aw @) - 62t] (52)
f(;r,t)—|:i2m+1 % {sec<2m+1a¢>+tan(2 +1
1
_ 1 a(6m? +5m+1) my/—2a m~/—2a " ilwtow ()07 (53)
F(z,t) = i2m+1 % {csc<2 +1x>+c0t<2 +13:)}:| e ,
1
B 1 a(6m?+5m+1) Cos (2m+1 \/TQWU) " i[wt+8sW (1) 621 (54)
Fz,t) = |+555 5% P € '
1 4+ sin (2m+1 \/—an)
provided a < 0 and (Gm2 +5m + 1) b<o.
4
Case-5.If y = ————————, then Eq. (1) has the JEFs as:
X= 4 (2 — M2)? d
1
o) = [ (VT e (s i) e (s )] oo, (55
1
a(6m2+5m+1 m m " fetrew (-5
F(x,t) = iﬁ ,W{ ns (W”z e ]\1) + ds (m‘/z T, M)}] cilwtraw -3 1]7 (56)

provided a > 0 and (6m2 +5m + 1) b<O.
When M = 11in Eq. (56), it results, the combo-singular soliton solution:
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3=

a nl2 m i —
F(z,t) = [:I: 2m1+1 _als ;—; 1) { csch (27;/_; ) + coth (gﬁn+‘1‘w> }:| eilwt+sw () 52’5], (57)

provided a > 0 and (6m2 +5m+ 1) b <0.

1

Case-6. If y = ——M—
Xy (1 —2M2)?

then Eq. (1) has the JEFs as:

1
m

1 a(6m?+5m+1) . " ifwtHoW (t)—62¢
TS| 26(1—2M2) s (55 / 15 e, M) + o 5/~ e, M el ], (58)
a(6m2+5m+1 Y —— m @ m 2 ifwt /(t)—82t
Fx,t) = |:i 2ml+1 <2h(1—21\12) ) { 1= M2 sc (277;{1 \/ 717223121" AI) + de (QmJ}l Vo 1—22;'\12 T, ]\'1) }:| € [oerowo -2 r]‘ (59)

provided a(1 — 2M?) < Oand (6m” + 5m + 1) b < 0.
Result-2. On solving Eq. (24) with Maple, one gets:

F(z,t) =

=

8 [ (6m>+sm+g bm* (w — 0?) m'a___(60)

So=0,5 =+24/ =- =——
0= ==y b 90T Bt (12mt + 28mF + 23m2 + 8m+ 1)’ T 2m 41257

provided (6m2 + 5m + 1) bgs < 0. By incorporating (69) in conjunction with (19) and (21) into (23), it

follows that Eq. (1) present:
(I) The Weierstrass elliptic function solutions as:

1
i% [ 6m>+5m+1 o' (B, r2,73) " eilwt+ow (1) —5%1] (61)
m b 6@([:}11:77"277‘3)_L 7

B2(2m+1)2

F(z,t) =

provided (6 m? +5m+ 1) b < 0,and

F(x,t)=

1
a/n742 m
(6m? +5m + 1) (w — 02) 69 (Bz,72,73) = FEEmi? Glerrowm—s2]  (62)
3[3 (12m* + 28m3 + 23m2 + 8m + 1) m ' (Bx,72,73) ’

provided (Gm2 + 5m + 1) (w — 02) (12m4 + 28m2 + 23m? + 8m + 1) > 0, where

4 2 S 2
m 2 b(w—o 36b(w—0c 2
—_ a _ P . am a
T2 L (12(47n2+1+4m)2 12m4+23m2+28m3+8m+1> and 73 21685(2m11)2 ( T2mit2sm2t28m318m+l ' (2 m+1)4) - (63)

(IT) The Weierstrass elliptic function solutions as:

1
2 2 mo
I (at) = _6m +5m+1 9 (B, 72, 73) 3am ez[wt+5w(t>762t]7 (64)
3m 5 B2(2m+1)?

provided (6 m? +5m + 1) b < 0,and

1
_ g2 2 1 ) .
[ (at) = i% 3(w—02)(6m?+5m+1) . ez[wt+5W(t)—§2t]7 (65)
(12m* +23m2 +28m3 +8m+1) [3@ (Bz,r2,73) +W}
where
_amd 3 (w—0?)@mA+1)2b+t(m+1)Bm+1)a?] dre— 4 [9 (W - ‘72) 2m+1)°b+2 (m+1)(3m+1) ‘12} am’® (66)
2= 384 (12 m4+23 m24+28 m3+8 m+1)(2m+1)2 and 73 = 27838 (2m + 1)6 (3m2 +4m+1) '

Remark 2 Weierstrass p-function solutions are physically admissible only when their invariants (r2, 73) yield
profiles that remain finite along the real ¢ axis. If the associated poles intersect the real axis, the resulting solu-
tions, while mathematically valid, are singular and therefore lack direct physical relevance. In the present work,
our physical discussion is restricted to bounded parameter regimes, and singular p-function cases are treated
analogously to other unbounded profiles (e.g., csch or coth-type solutions).
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It is important to emphasize that certain solution branches, such as the singular forms given in Egs. (32),
(40), and (57), are included here for mathematical completeness only. These profiles exhibit poles or unbounded
growth on the real axis for the admissible parameter ranges and therefore do not correspond to physically
realizable waveforms in optical fibers, Bose-Einstein condensates, or plasma systems. In the present work, our
physical discussion and figures focus exclusively on the bounded, nonsingular solution families identified as
“Physically relevant” in Table 2.

Physical interpretation
The parameter ¢ in the equation represents the noise strength or the stochastic influence on the system. It affects
the dynamics of the function F (z,t), which includes the interaction of the wave-like behavior with a noise
term. In this context, ¢ is a coefficient that controls how much random fluctuation or noise is introduced into
the system over time.

We compare the behavior of the function F (x, t) for three values 6 = 0 (no noise), § = 1 (weak noise), and
& = 5 (strong noise) to understand how noise influences the function’s behavior in both space (x) and time (¢)
for the bright and dark soliton solutions.

Bright soliton solution

Figures 1, 2 and 3, represent the surface plot, 2D plot and contour plot for the bright soliton solution (31) of the
amplitude |F (,t)|, Re(F (x,t)), and Im (F (z,t)) for § = 0,6 = 1,and § = 5, withm = 2,a = 1,b = —1
and W (t) = cos(t).

Case-1: When § = 0, there is no noise or stochastic effect in the system. This means that the function F (z, t)
behaves in a deterministic manner, without any fluctuations or random perturbations.

1. |F (z,t)|: The surface plot and contour plot for | F (x, )| show smooth, regular patterns that evolve in
time. The amplitude of the wave is stable, and there are no sudden jumps or irregularities in the behavior
of the function.

2. Re(F (z,t)): The real part of the function will show periodic waveforms that oscillate in a regular man-
ner. It will maintain the symmetry and stability of the underlying wave without the influence of noise.

3. Im(F (z,t)): Similarly, the imaginary part will follow the same smooth, periodic behavior, but with a
phase shift relative to the real part. In this case, there are no irregularities in the system, and the plots
will have smooth curves, with no random oscillations or unpredictable variations.

Case-2: When § — 1, the system begins to exhibit weak noise, meaning that small fluctuations are now present

in the system, though they are not overwhelmingly large.

1. |F (z,t)|: The noise-induced fluctuations will cause small variations in the amplitude. In this case, you may
observe slight deviations in the wave’s height, but the overall wave pattern will remain smooth. The noise is
small enough to cause periodic distortions without significantly altering the overall shape.

2. Re(F (z,t)): The real part of the wave will show minor irregularities and small shifts in its regular oscil-
lations. These irregularities will be periodic but not drastic, reflecting the weak influence of noise on the
system.

3. Im(F (x,t)): The imaginary part will similarly show small deviations from its original pattern. It may cause
slight amplitude fluctuations and phase shifts in the oscillations. The weak noise manifests as small, random
variations in the plots, causing the system to deviate slightly from its deterministic state. These fluctuations
become more apparent as time progresses.

Case-3: When § — 5, the system experiences strong noise, leading to more pronounced fluctuations and
irregularities in the system’s behavior.

1. |F (z,t)|: At this stage, the magnitude of |F (z, t)| exhibits large variations. The amplitude of the wave be-
comes more erratic, with more frequent and significant changes as a result of the higher noise strength. The

Solution family / Eq. Parameter constraints (from text) Physical status
Bright soliton (31) a < 0,(6m2+5m+1)b>0,8>0,Q() >0 Physically relevant
Dark soliton (39) a>0,6m2+5m+1)b<0,8>0,Q() >0 Physically relevant

Singular solitons (32), (40), (57) Same sign constraints as parent families; profiles unbounded (csch/coth) Nonphysical

Jacobi elliptic (0 < M < 1) Case-specific sign rules (see text), M real, Q(¢) > 0, no poles on real axis | Physically relevant (coherence degrades for large &)

Trigonometric periodic (M = 0) | (33),(34): a > 0, (6m? + 5m 4 1)b < 0; (45),(46): a < O, Physically relevant for low-moderate noise; destroyed
(6m? + 5m 4+ 1)b > 05 (52)-(54): a < 0, (6m? + 5m + 1)b < 0 | forlarge &

Weierstrass elliptic (61)-(66) Invariants 72, 73 yield bounded ; no poles; sign constraints in text Physically relevant if bounded; coherence loss for large &

Table 2. Classification of analytical solutions and their physical admissibility. “Physically relevant” means real,
bounded, finite-energy envelopes without poles on the real axis. Large 6 impairs coherence even for admissible
deterministic profiles.
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Fig. 1. Plot the bright soliton solution (31) in 3D.

surface plot and contour plot for |F (x,t)| will show much more chaotic behavior, with sharper peaks and
troughs.

Re(F (z,t)): The real part of the wave will undergo significant distortion. It may exhibit irregular oscilla-
tions, with no clear periodicity or symmetry. The noise creates abrupt changes in the wave’s shape, and the
regular oscillations of the wave become harder to distinguish.

Im(F (z,t)): The imaginary part will similarly show high-frequency, erratic fluctuations. The phase shifts in
the imaginary component will also become more irregular, making the wave less predictable over time.
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For § = 5, the noise dominates the behavior of the function. The wave loses its regular structure, and the
system behaves in a highly erratic manner with large amplitude variations and unpredictable oscillations. As
time progresses, the influence of noise becomes increasingly apparent. The physical comparison focuses on
the amplitude |F(x, t)|, real part Re(F(x,t)), and imaginary part Im(F(x,t)) for different values of §, which
represents the coefficient of noise strength.

To reinforce the analytical results, we carried out a numerical experiment of Eq. (1) using the split-step
Fourier method for the bright soliton case under weak noise conditions (6 = 0.1). The analytical profile given
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in Eq. (31) was used as the initial condition, and the solution was evolved up to t = 10. The numerical envelope
shows excellent agreement with the anal 1cal prediction, with only small stochastic fluctuations consistent

with the It6 correction factor e

ilwt+SW (t)—

1. This validation is presented in Table 3, where analytical and

numerical profiles are compared. The benchmark demonstrates that our stochastic soliton solutions remain
accurate in the low-noise regime, providing direct evidence of the model’s reliability. For stronger noise levels
(0 2 1), numerical simulations become increasingly sensitive to discretization and ensemble averaging, which
are beyond the scope of this paper and will be addressed in future work.
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o |4 (x, t)| (Analytical) | |v)(x, t)| (Numerical § = 0.1)
-40.00 0.00000 0.00000
-34.33 0.00000 0.00000
-28.60 0.00002 0.00002
-22.87 0.00019 0.00019
-17.20 0.00215 0.00215
-11.47 0.01883 0.01880
-5.73 0.12949 0.12954
0.00 0.41247 0.41316
5.73 0.12949 0.12884
11.47 0.01883 0.01886
17.20 0.00215 0.00215
22.87 0.00019 0.00019
28.60 0.00002 0.00002
34.33 0.00000 0.00000
40.00 0.00000 0.00000

Table 3. Representative numerical benchmark values for the bright soliton solution at low noise (§ = 0.1). The
table compares the analytical solution (Eq. (31)) with the split-step Fourier numerical simulation at ¢ = 10.
Excellent agreement is observed, with only minor stochastic deviations in the numerical values.

Dark soliton solution
Figures 4, 5 and 6, represent the surface plot, 2D plot and contour plot for the dark soliton solution (39), of the
amplitude |F (z,t)|, real part Re(F (z,t)), and imaginary part Im (F (z,t)) for 6 = 0, = 1, and § = 5, with
m=2,a=1,b=1and W(t) = cos(t).

Case-1: When § = 0:

1. |F (z,t)|: No noise is present. The solution is deterministic and the amplitude is determined purely by the
spatial tanh -based profile. The amplitude decays smoothly as x — Fo00, and for increasing ¢, the amplitude
remains constant.

2. Re(F (z,t)): The solution has a stationary cosine modulation cos(wt), which remains uniform for all #. The
spatial profile is smooth and deterministic, with no noise-induced fluctuations.

3. Im(F (z,t)): The imaginary part exhibits a predictable sine modulation sin(wt), with a smooth decay over
space. The solution is deterministic and does not exhibit fluctuations.

Case-2: When § = 1:

1. |F (z,t)|: Moderate noise introduces oscillations in the exponential term eilwtow (£)=8%t] leading to fluc-
tuations in the amplitude. These oscillations grow with increasing ¢, becoming more noticeable near = 0.

2. Re(F (z,t)): Noise introduces moderate fluctuations in the cosine modulation, causing slight irregularities
in the real part. These fluctuations grow with increasing ¢, especially noticeable at larger values of t.

3. Im(F (z,t)): Moderate noise introduces slight fluctuations in the sine modulation, causing irregularities that
become more pronounced as t increases.

Case-3: When 6 = 5:

1. |F (z,t)|: Strong noise amplifies the oscillations, causing the amplitude to vary significantly over time. The
solution becomes highly oscillatory and less predictable, reflecting the strong influence of noise.

2. Re(F (z,t)): Strong noise causes chaotic oscillations in the real part. The solution becomes highly oscillato-
ry, and the smoothness of the spatial profile is significantly disrupted by the noise.

3. Im(F (z,t)): Strong noise distorts the sine modulation, leading to chaotic oscillations in the imaginary part.
The solution becomes unpredictable and highly irregular due to the strong influence of noise.

As § increases, the solution transitions from a deterministic, smooth behavior to a noisy, highly oscillatory state,
illustrating the impact of noise on the system. As § increases, the influence of noise becomes more pronounced.
The solution evolves from a smooth and predictable form (at § = 0) to highly fluctuating and chaotic behavior (at
6 = 5). The amplitude, real, and imaginary parts of the solution all show increasing irregularity and oscillatory
behavior as d increases, reflecting the growing influence of noise on the system.

Impact in optical fiber communication systems

In optical fiber systems, solitons are employed as robust information carriers due to their ability to maintain shape

over long propa‘g/;ltion distances in deterministic nonlinear media. However, the inclusion of the multiplicative
d

noise term df — t(t) in the SGNLSE models real-world stochastic perturbations such as:
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Fig. 4. Plot the dark soliton solution (39) in 3D.

o Thermal fluctuations in the fiber core.
« Polarization mode dispersion and birefringence noise.
« Microstructural inhomogeneities in photonic crystal fibers.

For small values of § (§ < 1), these perturbations introduce only minor phase jitter and amplitude modulations,
allowing the soliton to remain coherent over distances close to the noise-free propagation length Lo. As §
increases, phase jitter accumulates, and the soliton broadens temporally, degrading the signal-to-noise ratio.
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We can approximate the effective propagation distance L.(d) at which a soliton remains within a given
distortion tolerance by:

Lo

L)~ 1w

(67)

where k£ > 0 depends on fiber dispersion parameters, pulse width, and carrier frequency. Numerical estimates
for typical dispersion-managed fibers indicate that even a moderate noise strength (§ ~ 1) can reduce L by
over 50%, aligning with our analytical predictions and the stochastic distortion patterns in Figs. 1-3.

Effect on Bose—Einstein condensate stability
In BECs, soliton-like wave packets arise as solutions to the Gross—Pitaevskii equation (a cubic NLSE), where §
-dependent stochasticity may originate from:

o Fluctuations in the external trapping potential.
« Atom-atom interaction variability due to Feshbach resonance tuning.
« Thermal excitations in finite-temperature condensates.

For weak noise, the soliton’s density profile remains sharply localized, and the effect of stochastic perturbations
manifests as slow, diffusive spreading. However, for stronger noise levels, phase decoherence and amplitude loss
can cause soliton delocalization, fragmentation, or collapse.

The soliton width w(d, t) under noise can be estimated as:

w(d,t) & woy/ 1 + v562t, (68)

where wy is the initial soliton width and v depends on the BEC interaction parameters and dimensionality.

General observations and critical thresholds
Across both optical and matter-wave contexts:

o Phase stability is compromised for all 6 > 0, with random 2phase diffusion scaling as o< 6v/2.

« Amplitude integrity degrades approximately as exp(— for some p > 0, especially in high-dispersion
regimes.

o There exists a critical noise strength . beyond which the soliton loses its localized character, transitioning to
a dispersive or chaotic state. The value of §. depends on initial amplitude, nonlinearity coefficients a and b,
and dispersion exponent m.

These results demonstrate that ¢ acts as a tunable parameter dictating the trade-off between robustness and
sensitivity in nonlinear stochastic systems. For engineering applications, this highlights the need for noise
mitigation strategies—such as dispersion management in fibers or trap stabilization in BECs-to maintain soliton-
based performance.

Our analysis further shows that while the derived soliton solutions of the SGNLSE remain formally valid for
nonzero noise strength J, their practical stability is highly sensitive to §. For small noise levels, solitons exhibit
only minor phase jitter and amplitude modulation, retaining coherence over long distances. As § increases, the
effective propagation distance in optical fibers decreases approximately as Ls o 1/(1 + #62), and in Bose-
Einstein condensates the soliton width grows as w o< 4/1 + d2¢. Beyond a critical threshold d., determined

by coherence limits, application-specific tolerances, and the algebraic existence conditions of the solution family
(e.g., w — 07 constraints), solitons lose localization or break down entirely. This highlights the importance of
controlling stochastic perturbations in experimental implementations if the robustness of soliton-based systems
is to be preserved. The analytical framework was reinforced by a numerical benchmark in the weak-noise regime.
A split-step Fourier test with § = 0.1 confirmed close agreement with the analytical bright soliton solution
(Eq. (31)), demonstrating the reliability of the stochastic extension. Future work will extend these validations to
the strong-noise regime (6 2 1) to further quantify soliton stability and coherence loss.

Conclusions

In this paper, we have thoroughly analyzed the SGNLSE, where the refractive index is modeled as a random
process in the Itd sense. By applying the generalized Jacobi-elliptic function method, we obtained exact
analytical solutions to the equation, including soliton solutions for M = 1, periodic wave solutions for M = 0,
and Weierstrass elliptic function solutions. These solutions offer valuable insights into the behavior of waves
in nonlinear media that are subject to random fluctuations. Our analysis demonstrates that the interaction
between deterministic nonlinear dynamics and stochastic perturbations plays a crucial role in shaping the
wave’s propagation characteristics, including amplitude and phase fluctuations, as well as soliton stability. The
results of this study are broadly applicable to a variety of physical systems, such as nonlinear optics, plasma
physics, and Bose-Einstein condensates, where both nonlinear effects and random perturbations are present.
To further illustrate the impact of these solutions, we present 2D, 3D, and contour plots of bright solitons, dark
solitons, and singular soliton solutions at different values of 6 = 0, 1, 5. Additionally, we performed numerical
simulations to explore the long-term effects of stochastic noise on soliton dynamics. These simulations provide a
deeper understanding of the evolution of solitons under the influence of random fluctuations. Our findings also
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highlight the need for the development of more efficient computational methods to solve the SGNLSE in various
physical contexts, particularly for long-term predictions and system stability analysis.
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