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Abstract: A sequence of 7 trials from a finite population with no replacement is described by the
hypergeometric distribution as the number of successes. Calculating the likelihood that factory-
produced items would be defective is one of the most popular uses of the hypergeometric distribution
in industrial quality control. Very recently, several researchers have applied this distribution on
certain families of analytic functions. In this study, we provide certain adequate criteria for the
generalized hypergeometric distribution series to be in two families of analytic functions defined in
the open unit disk. Furthermore, we consider an integral operator for the hypergeometric distribution.

Some corollaries will be implied from our main results.
Keywords: analytic function; geometric functions; hypergeometric distribution; poisson distribution

MSC: 30C45

1. Introduction and Preliminaries

A discrete probability distribution called the hypergeometric distribution is used to
simulate the likelihood of receiving a given number of successes in a sample taken without
replacement from a limited population. Unlike the binomial distribution, which uses
replacement sampling and constant probabilities, it is frequently employed in situations
when sampling is performed from a finite population and the probability of success varies
with each item taken.

The hypergeometric distribution is frequently used in quality control settings, such
as estimating the likelihood that a sample taken from a production batch will contain
defective items, modeling the likelihood that a sample taken from a population with
distinct characteristics will contain specific genetic traits or features, and in a classic ex-
ample, estimating the likelihood of drawing a specific number of specific cards from a set
without replacement.

Let A be the family of all functions of the form:

G(z)=z+ i cpz¥, )
=2

which are analytic in the open disk © = {z € C : |z| < 1} . Also, using Q, denote the
subfamily of A made up of form functions:
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G(z)=z— ) cpz¥ ¢, >0. )
=2

For complex numbers sy,sy,...,s; and ty,ta,...,t, with ¢, #0,-1,-2,...,9 =
1,2,...,v, the generalized hypergeometric functions ,Hy(s1,52, - - ., Sy; t1, 2, . . ., t; 2) are charac-
terized by

2 (51)p---(5r)p 2%
Hy(s1,80,...,8:5t1,t0, ... tp;2) = A YTz <1, 3
oot 52 cepsmitistar o 72) = 0 (s g o ©

where r < v +1, and (s), is the Pochhammer symbol.
The series defined by (3) has the following convergence conditions (see [1]):
1) If r < v + 1, then the series converges absolutely in C.
2) If r < v, then for each finite z, the series converges absolutely.
3) If r = v+ 1, then for |z| < 1, the series converges absolutely.
4)If r = v+ 1and |z| = 1, then the series converges at

v r
Re(th - sn> > 0.
q=1 n=1

Now, fors,,n =1,2,...,r,t;,=1,2,...,0,and { > 0, we define

I IA

D
H S,S,.,,,S;t’t’.‘./t/. - 77, 4
rHo(s1,52 rit1, b2 0G) @)Z:;O (t1)p---(to)p ! (4)

assuming convergence of the series.
In this paper, we will utilize the notations

+Hy(z) =r Hy(s,t,2)
and
rHo(s1+mt0+1m;2) = Ho(s1+ 1,50 +1, ..., sr + 1,01+, ta+1,... to+1;2), 1 € N.

Now, we present the probability mass function-based generalized hypergeometric distri-

bution. (n(s)nl® 1
$1)gp--(Sr)p C¥
- , =0,1,2,--- .
(t1)p--(to)p 9! rHo(Q)

Remark 1. The generalized hypergeometric distribution can be reduced to the following probability
distributions by specializing its parameters:

1) If r = 2 and v = 1, the distribution can be simplified to the hypergeometric-type
probability distribution obtained by Porwal and Gupta [2].

2) If r = v = 1, it can be simplified to the confluent hypergeometric distribution
obtained by Porwal [3].

3)If r = v =1and sy = t;, it can be simplified to the Poisson distribution obtained
by Porwal [4].

Themangani et al. [5] introduced the generalized hypergeometric distribution series
+Hy (L, 2) as:

_ . (s1)p-1---(sr)p1 ¢P71 2z
rHy(g,2) =z + g;z (tl)p—l R (tv)p_l (o —1)! Hy(2)

wheres,,n=1,2,...,rand t;,q =1,2,...,0.

)
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The convolution of G(z) =z+ ¥ cyz¥ and L(z) =z + Y d,z¥ is defined as
p=2 p=2

(GxL)(z) = ) cpdpz?, |z| <1.
=0

Now, we examine the linear operator I1(r,v,{) : A — A defined by [5]

Z (s1)p-1---(Sr)p-1 G¥T1 cpz?
oo ()1 (Bo)p1 (9 = ! Ho(8)

(6)

In this paper, we are mainly interested in the families P} (0, p) and o} (0, p), defined
as follows:

Definition 1. Forsome 0(0 < o < 1), p(p > 0), and @(0 < @ < 1) and G(z) of the form (1),
let the family P (o, p) consist of functions in A, satisfying the inequality

ZG/(Z) ZG/(Z)
Re<(1—a))z+(DG(z) 0) >p’(1—a))z+wc(z) -1, ze®, (7)

and the family o, (0, p) consists of functions that meet the inequality

zG'(z) +2*G"(2)
Re<(1 @)zt @26 (z) ”) -

zG'(z) + 22G"(z)
(1-@)z+ @0zG'(z2)

1, z€D. (8)

Example 1 ([6,7]). Forsome (0 < o < 1), p(p > 0) and choosing @ =1, let the family P} (o, p)
consist of functions that meet the inequality

z2G'(z) zG'(z)
Re( Gl “’) e

and the family 7 (o, p) consists of functions that meet the inequality

Re(zglﬂ(g) +1- 0) >p

Example 2 ([8]). For some c(0 < o < 1), p(p > 0) and choosing @ = 0, let the family P;(c, p)
consist of functions that meet the inequality

—-1|, z€ D,

2G"(z)
G'(z)

, ZE€D.

Re(G'(z) — o) > p|G'(z) - 1|, z€ D,

and the family (o, p) consists of functions that meet the inequality

Re((zG’(z))/ — a) > p‘ (2G'(2)) —1

, ZED.

Example 3 ([8]). For some (0 < o < 1), and choosing p = 0, @ = 1, let the family P} (c,0) =
ST* (o) consist of functions that meet the inequality

(D) o0 sen

and the family 7 (c,0) = CV (o) consists of functions that meet the inequality

zG"(z)
Re( ) +1> >0, zED.
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Remark 2. The families P} (¢,0) = ST*(0) and @7 (0,0) = CV () are well known families of
starlike and convex functions of order o, respectively.

Dixit and Pal [9] introduced the family R*(M, K), which includes the function G(z)
from (1), which satisfies the inequality
G'(z) -1
(M —K)a—K(G'(z) — 1)

<1l,aeC\{0}, -1<M<K<L1, z€D.

Porwal [4] established a connection between probability distribution and complex
analysis and opened up a new direction of research in Geometric Function Theory by
introducing a power series whose coefficients are probabilities of Poisson distribution.
Recently, several authors have followed his work to obtain certain necessary and sufficient
conditions by using other important distribution series, like the hypergeometric distribution
series [10], Poisson distribution [11], Pascal distribution [12], Mittag-Leffler-type Poisson
distribution [13,14], binomial distribution [15,16], generalized distribution [17], confluent
hypergeometric distribution [3], and hypergeometric-type probability distribution [2], see
also [18]. Motivating with the above mentioned works, we obtain sufficient conditions
for the generalized hypergeometric distribution series to be in the families P} (o, p) and
9 (0, p). Also we derive a few inclusion connections between the families R*(M, K) and
©5(0, p), and examined an integral operator for the generalized distribution series.

2. Preliminaries Lemmas

For functions G of the form (2), we need the following sufficient conditions in order to
prove our results.

Lemma 1 ([8]). A function G € A of the form (1) belongs to the family P (o, p) if

[e9)

ZZKp(pH)fw(Hp)Hcpl <1l-o. )
=

The result (9) is sharp for

1—0
G(z) =z+ z¥, =2,3,---.
B =t oo Tn ¥

Moreover, G € g5 (o, p) if

o]

Zzp[(p(fﬂrl) —@(@+p)lleg| <1 -0 (10)
o=

The result (10) is sharp for

1_0 9 — PR
€@ =2t ) e . S

Lemma 2 ([6,7]). A function G € A of the form (1) belongs to the family Py (o, p) if

iz[(@(pﬂ) — (0 +p)]lcgl <1-0, (11)
o
and G € p;(0,p) if .

Y. ollple+1) = (o +p)][cp| <1-0. (12)

p=2
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Lemma 3 ([8]). A function G € A of the form (1) belongs to the family P§ (o, p) if
Y olp+1)ep| <1-0, (13)
=2
and G € pj(o,p) if
2 e+ Deg| <10 (14)
=2

IN

1

Remark 3. The conditions (9)—(14) are also necessary for functions G(z) of the form (2).

Lemma 4 ([9]). Let the function G € A of the form (1) belong to the family R*(M, K). Then,
, ae€C\{0}; p e N\{1}. (15)

The bounds (15) is sharp.

3. Main Results
3.1. Sufficient Conditions

In this section, we derive a suitable condition that allows for the generalized hyperge-
ometric distribution »Hy({, z) to be in the families P} (o, p) and gk (0, p).

Theorem 1. Letsy, t; > 0(n=1,2,---,r,9 =1,2,--- ,v). Suppose that the inequality

Sl...sr

m (P + 1)7@}10(51 + 1t + 1,‘@) + (p — (D(O’+p) + 1)(rHv(C) _ 1)

1—o0,

t -ty
(16)

occurs under one of the following conditions:

r<vand >0,
r=v+1land{ <1, (17)
r=v+1,0="Tand } 5 oty > 315 osn+1,
then ,Hy({, z) in the family P} (o, p).

Proof. To prove that ,H,({,z) € P;(c,p), by inequality (9), it suffices to prove that

= i o (Sl)g)—l"'(sr)go—l gpfl 1 —
Ll =l o)l s ) S =D D
We have
o B (s1)p-1-"(sr)p1 T¥71 1
ggz[(p(p - 1) CD(U'+P)] (tl)pfl e (tv)gafl (@ - 1)! rHv<§>
_ 1 ¢ N N (51)p-1""(sr)p-1 §"
A L;Z[(P+1)(@ D+p-a(c+p)+1] ()1 (Fo)po1 (p_l)!]
B 1 PN G R G i S
A | LGS ), oo
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_ 1 S1- S, em (S1+ D)2 (sr+1)p2 w2
L Ho(0) (p+1)tl' tvgpgz (h+1D)pa- (b +1)p2 (p—2)!
. - (51)g>—1" (Sr)p—l go1
+(P CD(U+P)+1) p;z (tl)pfl“ (tv)ggfl (p—l)']

1 1
= ,Hv(g){(p—i_l)tl CrHv(51+1 H+L)+(e—@c+p)+1)(Ho(Q) —1)

< 1-o.

Theorem 2. Letsy, t; > 0(n=1,2,---,r,9 =1,2,--- ,v). Suppose that the inequality

1 S1(s1 1) se(s 4 1) 1
0 ("“)t1<t1+1> (oo )

+(B(p+1) — (‘7+P)) ngv(SlJrl t1+1;7)

+p—@(c+p)+ 1) Hv(C) - 1)]
— 0

(ZHo(s1+ 2t +2;0)

—_

<
occurs under one of the following conditions:

r<vand{ >0,
r=v+1land{ <1, (18)
r=v+1,0="T1and 1 oty > 315 oS0 +2,
then Hy(Z, z) in the family ok (o, p).

Proof. To prove that ,H,({,z) € o5 (0, p), by inequality (10), it suffices to prove that

i p[(p(p+1) _w(0-+p)] (51)9*1'--(&)@71 gp—l 1 1o

= (o1 (o)1 (p— D! H (D)
We have
;f’“p@*”“”(““” I AT
_ rH:@ giz[(0+1)(@—1)(@—2)]&))::I Efﬁzi(@ 1).
—FZ (o+1)— (a+MM@—DS3Zi EZﬁi(gpz,
o=+ B e e
- g | éf;ii? e L e e o

gi Sl+102 (S +1)g32 ggJZ
(1 +1)p2 (o +1)p2 (p —2)!

+B3(p+1) —@( +p))
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& (s1)p-1-(r)p1 971
L ot (o o1

1 si(s1+1) - sp(sr+1)
= mo P! ) (t1—|—1) (sv+1)
+B(p+1) - (U+p)) Hy(s1+ 1t +1;0)

+o—@(c+p)+1)( Hv(é) - 1)]
1—o0.

CPHy(s1+20 +2;0)

IN

O

3.2. Inclusion Properties

In view of Lemma 4, we prove Theorem 3.

Theorem 3. Let sy, t; >0n=1,2,---,r,9=1,2,---,v) and G € R*(M, K). Suppose that

the inequality
(M — K)[a] S1° 5 : ,
EAGE (p+1)t1 tvérHv(Sl-i-Ltl-H,C)
+(p—@(c+p) +1)(+Ho(g) —1)]
S 1- a,

occurs with one of the conditions given by (17), then I1(r,v,{)H(z) € ok (0, p).
Proof. Since

r — (51)p—1-""(5r)p—1 C¥71  cpz¥
I1(r,v,0)H(z) —z+g§2 ()1 (ho)g1 (9 — DI Ho(Q)

to prove that I1(r,v,{)H(z) € pk(0, p), by inequality (10), it suffices to prove that

S (s1)p-1-(sr)p-1 T971 el
g;zp[(@(p+1)—W(0+p)] (t1)271-~-(tv);7 CE er(g) <l-o0.
Using inequality (15), we have
S ) (o1 ()1 2770 eyl
g;zp[(@(p‘i‘ 1) —@(c+p)] (tl)g)—l . (tv)p—l (p—1)!  Hy ()
_ M-=K)a] ¢ (51)p-1""(5r)p-1 ¢!
S Q) Bl el ) o =
(M = K)la] 2 (s51)p-1"(sr)p1 g¥7!
rHv(g) ( +1)p;2 (tl)p—l '(tv)@— (@_1)

(M — K)|a|
rHo(Q)

s1-5 . & (51)p2 - (8r)pa (972
(P-‘-l)tl,..tvgp;z (t1)p—2- - (t)p—2 (p — 2)!
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- & (s1)p-17-(sr)p1 7971
+(p CD(U+P)+1)SOZ::2 (t1)p-1- (to)p-1 (p — 1)!

_ M=K)laf

- RO (p+1)l érHv(sl+1t1+1 Z)
+(P—C@(U+P)+l)(rHv(g>_l)}

< 1—-o0.

O

3.3. An Integral Operator

This section is dedicated to obtaining similar results regarding the specific integral

*rHo (G, 1)
t

Y(r,0,{,2) = / dt. (19)
0

Theorem 4. Let sy, t; > 0(n = 1,2,---,r;9 = 1,2,---,v). Suppose that the inequality (16)

holds under one of the conditions given by (17), then the integral operator Y (r,v,{, z) belongs to

the family o} (o, p).

Proof. From (19), we have

= & (51)p-1-(sr)p-10971 z¥
Y(r,0,(,z) =z+ p;z ()1 (F)p1 9! Ho(Q)

To prove that Y(r,v,{,z) € p5 (0, p), by (10), it suffices to prove that

£ oloto 4 -ato I Gt it i < e
We have

% oliote+1) - ol +p) et et €L
= Bl ot ol et o
= %L@(ml)( S1)+p- “’“’“’””Etlgii ((Zgzj £
- mg|r L Eiiiiiff-fizi"i e

(sr)p-1 g0
p—1" (tv>p71 (p—1)!

+(p—@(c+p)+1) Z

1
Ho(Q) {(p M besr

1—o0.

S1
£

CrHv(Sle b +10) + (0 —@(c+p) +1)(Ho(0) = 1)

IN
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3.4. Some Corollaries

If we take @ = 1 in Theorems 1-4, we obtain the following corollaries for families
Pf(c,p) and pj (0, p), obtained by Themangani et al. [5].

Corollary 1. Let sy, tg > 0n=1,2,---,r;,9=1,2,---,v). Suppose that the inequality

S S
(p+1)t1 t’g,Hv(s1 +LH+L)<1-0, (20)
ot

occurs with one of the conditions given by (17), then ,Hy({,z) € Py (o, p).
Corollary 2. Lets,,t; >0(n=1,2,---,r,9 =1,2,---,v). Suppose that the inequality

si(s1+1) - se(sr41) 2
G 1) ti(t + 1) Sv(sv+1)

+(3p — (T+3) ngU(S1+1 Hh+10) <1-o,

C,,HU(S1 +2;t1 +2; g)

occurs with one of the conditions given by (18), then ,Hy({,z) € @5 (0, p).

Corollary 3. Let sy, t; >0(n=1,2,---,r,9=1,2,--- ,v) and G € R*(M, K). Suppose that
the inequality

(M —K) ||
RT (p+1) o g,Hz,(s1+1 t+1;0)
+(1 =) (+Ho(g) _1>]

< 1-o,

occurs with one of the conditions given by (17), then I1(r,v,{)H(z) € pj (0, p).

Corollary 4. Let sy, t; > 0(n =1,2,---,r;9 = 1,2,--- ,v). Suppose that the inequality (20)
holds under one of the conditions given by (17), then Y (r,v,{,z) € p7(0,p).

Remark 4. If we put r = 2 and v = 1 in Corollaries 1-4, then we acquire outcomes matching those
of Porwal and Gupta [2].

Also, if we take @ = 1 and p=0 in Theorems 14, we obtain the following corollaries
for families ST*(0) and CV (o).

Corollary 5. Letsy, t; >0(n=1,2,---,r,9 =1,2,---,v). Suppose that the inequality

L Ho(sy+ 1k 1) S 10, @)
1 to

occurs with one of the conditions given by (17), then ,Hy,({,z) € ST*(0).

Corollary 6. Lets,, t; >0(n=1,2,---,r,9 =1,2,---,v). Suppose that the inequality

s1(s1+1) -+ -sr(sr41) 2
ti(t + 1) (Sv+1)

+(3— 0’) ngv(sl+lt1+1§)<1—¢7

g,,H-,;(S1 +2;H+2; g)

£

occurs with one of the conditions given by (18), then ,H,({,z) € CV (o).
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Corollary 7. Let sy, t; >0(n=1,2,---,r,9=1,2,--- ,v) and G € R*(M, K). Suppose that

the inequality
M= K)lal 5150 e+ 16 +150)
rHv(g) tltv r v 7 7
+(1 _U)(rHv(g) _1)}
S 1_01

occurs with one of the conditions given by (17), then 11(r,v,{)H(z) € CV(0).

Corollary 8. Let sy, t; > 0(n=1,2,---,r;9 = 1,2,--- ,v). Suppose that the inequality (21)
holds under one of the conditions given by (17), then the integral operator Y (r,v,{,z) € CV(0).

4. Conclusions

Several researchers have employed specific distribution series, including the Mittag-
Leffler-type Poisson distribution, the Poisson distribution series, the Pascal distribution
series, and the hypergeometric distribution series, to derive the conditions necessary for
these distributions to be in particular families of analytic functions defined in the open
disk ®. In our study, using the generalized hypergeometric distribution series ,Hy(, z)
and the linear operator I1(r,v,{)H(z) defined in (6), we found sulfficient conditions for
these functions to be in the families P} (c,p) and (0, p). Furthermore, we derived
some inclusion connections between the integral operator Y(r,v, {,z) given in (19) and the
familyp}, (0, p), as well as between the families R*(M, K) and (o, p). This study could
inspire researchers to obtain new conditions for generalized hypergeometric distribution
series »Hy({, z) to be in various families of analytic functions defined in ©.
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