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1. Introduction

Let A stand for the collection of functions G of the type

G(ξ) = ξ +

∞∑
j=2

a jξ
j, (1.1)

that are holomorphic in the open unit disk Λ := {ξ ∈ C : |ξ| < 1} of the complex plane, and let S
indicate the subclass of functions of A which are univalent in Λ. For functions G ∈ A given by (1.1)

and H ∈ A given by H(ζ) = ζ +
∞∑
j=2

b jζ
j, we define the convolution product (or Hadamard ) of G and

H by

(G ∗ H)(ζ) = (H ∗ G)(ζ) = ζ +

∞∑
j=2

a jb jζ
j, ζ ∈ Λ. (1.2)

Let G and F be two holomorphic functions in Λ. The function G is said to be subordinated to F if
there are Schwarz function w(ξ), that is, holomorphic in Λ with w(0) = 0 and |w(ξ)| < 1, ξ ∈ Λ, such
as G(ξ) = F (w(ξ)) for all ξ ∈ Λ. This subordination notion is indicated by

G ≺ F or G(ξ) ≺ F (ξ).

If the function F is univalent in Λ, then we have the inclusion equivalence

G(ξ) ≺ F (ξ)⇔ G(0) = F (0) and G(Λ) ⊂ F (Λ).

The subfamilies of S which are the starlike and the convex function in Λ defined by

S
∗ :=

{
G ∈ A : Re

ξG
′

(ξ)
G(ξ)

> 0, ξ ∈ Λ

}
(1.3)

and

C :=
{
G ∈ A : Re

(ξG
′

(ξ))′

G
′(ξ)

> 0, ξ ∈ Λ

}
, (1.4)

respectively. Equivalently, we have

S
∗(ϕ) =

{
G ∈ A :

ξG
′

(ξ)
G(ξ)

≺ ϕ(ξ)
}
, C(ϕ) =

{
G ∈ A :

(ξG
′

(ξ))′

G
′(ξ)

≺ ϕ(ξ)
}
,

where
ϕ(ξ) =

1 + ξ

1 − ξ
. (1.5)

Janowski defined in [4] the extended function family S∗ [A,B] of starlike functions called the
Janwoski class of functions as follows: A function G ∈ A is in the family S∗ [A,B] if

ξG
′

(ξ)
G(ξ)

≺
1 +Aξ

1 + Bξ
(−1 ≤ B < A ≤ 1) .
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The above subordination could be written as

ξG
′

(ξ)
G(ξ)

=
1 +Ap (ξ)
1 + Bp (ξ)

(−1 ≤ B < A ≤ 1) , (1.6)

where an analytical function with a real positive part in Λ is denoted by p(ξ).

The Janowski convex and Janowski starlike functions are obtained by reducing the above-described
classes to the requirement −1 ≤ B < A ≤ 1. For the special cases A := 1 − 2α and B := −1, where
0 ≤ α < 1, we obtain the families, namely the family of starlike and convex functions of order α
(0 ≤ α < 1) previously defined by Robertson in [6], and considered respectively by

S
∗(α) : =

{
G ∈ A : Re

ξG
′

(ξ)
G(ξ)

> α, ξ ∈ Λ

}
,

C(α) : =

{
G ∈ A : Re

(ξG
′

(ξ))′

G
′(ξ)

> α, ξ ∈ Λ

}
.

Babalola defined the operator Iρυ : A→ A as

IσυG (ζ) =
(
ρσ ∗ ρ

−1
σ,υ ∗ G

)
(ζ) , (1.7)

where
ρσ,υ (ζ) =

ζ

(1 − ζ)σ−υ+1 , σ − υ + 1 > 0, ρσ = ρσ,0,

and ρ−1
σ,υ is (

ρσ,υ ∗ ρ
−1
σ,υ

)
(ζ) =

ζ

1 − ζ
(σ, υ ∈ N = {1, 2, 3, ...}) .

For G ∈ A, then (1.7) is equivalent to

IσυG (ζ) = ζ +

∞∑
j=2

[
Γ(σ+ j)
Γ(σ+1) ·

(σ−υ)!
(σ+ j−υ−1)!

]
a j ζ

j.

Making use the binomial series

(1 − δ)t =

t∑
i=0

(
t
i

)
(−1)i δi (t ∈ N) ,

for G ∈ A, El-Deeb [3] introduced the linear differential operator as follows:

D
σ,0
m,δ,υG (ζ) = G (ζ) ,

D
σ,1
t,δ,υG (ζ) = Dσ

t,δ,υG (ζ) = (1 − δ)t
IσυG (ζ) +

[
1 − (1 − δ)t] ζ (

IσυG
)′

(ζ)

= ζ +

∞∑
j=2

[
1 + ( j − 1) ct(δ)

] [ Γ(σ+ j)
Γ(σ+1) ·

(σ−υ)!
(σ+ j−υ−1)!

]
a j ζ

j

.
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.

.

D
σ,n
t,δ,υG (ζ) = Dσ

t,δ,υ

(
D

σ,n−1
t,δ,υ G (ζ)

)
= (1 − δ)t

D
σ,n−1
t,δ,υ G (ζ) +

[
1 − (1 − δ)t] ζ (

D
σ,n−1
t,δ,υ G (ζ)

)′
= ζ +

∞∑
j=2

[
1 + ( j − 1) ct(δ)

]n
[

Γ(σ+ j)
Γ(σ+1) ·

(σ−υ)!
(σ+ j−υ−1)!

]
a j ζ

j

= ζ +

∞∑
j=2

ψn
j

[
Γ(σ+ j)
Γ(σ+1) ·

(σ−υ)!
(σ+ j−υ−1)!

]
a j ζ

j, (1.8)

(δ > 0; t, σ, υ ∈ N; n ∈ N0 = N ∪ {0}) ,

where
ψn

j =
[
1 + ( j − 1) ct(δ)

]n
, (1.9)

and

ct(δ) =

t∑
i=1

(
t
i

)
(−1)i+1 δi (t ∈ N) .

From (1.8), we obtain that

ct(δ) ζ
(
D

σ,n
t,δ,υG (ζ)

)′
= Dσ,n+1

t,δ,υ G (ζ) −
[
1 − ct(δ)

]
D

σ,n
t,δ,υG (ζ) . (1.10)

In this article using the El-Deeb operator defined in (1.8), we define a new sub-family of A:

R
m,n,σ
t,δ,υ (A,B) =

G ∈ A :
D

σ,m
t,δ,υG (ζ)

D
σ,n
t,δ,υG (ζ)

≺
1 +Aξ

1 + Bξ

 , (1.11)

where −1 ≤ A < B ≤ 1; δ > 0; t, σ, υ ∈ N and n,m ∈ N0, that will lead us to the study of Fekete-
Szegö problem. Further, coefficient estimates, characteristic properties and partial sums results will be
established.
Specializing the values ofA and B one can obtain the particular cases

(i) Rm,n,σ
t,δ,υ (1 − 2α,−1) =:Wm,n,σ

t,δ,υ (α) =

{
G ∈ A : Re

(
D
σ,m
t,δ,υG(ζ)

D
σ,n
t,δ,υG(ζ)

)
> α, (0 ≤ α < 1)

}
;

and
(ii) Rm,n,σ

t,δ,υ (1,−1) =: F m,n,σ
t,δ,υ =

{
G ∈ A : Re

(
D
σ,m
t,δ,υG(ζ)

D
σ,n
t,δ,υG(ζ)

)
> 0

}
.

2. The Fekete-Szegö functional bounds for the class Rm,n,σ
t,δ,υ (A,B)

To solve the Fekete-Szegö type inequality for G ∈ Rm,n,σ
t,δ,υ (A,B) we will use the next results (the

first part is due to Carathéodory [1]):
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Lemma 1. [1, 5] If P(ξ) = 1 + p1ξ + p2ξ
2 + · · · ∈ P where P the class of holomorphic functions with

positive real part in Λ, with P(0) = 1, then

|pn| ≤ 2, n ≥ 1, (2.1)

and for the complex number µ ∈ C we have∣∣∣p2 − µp2
1

∣∣∣ ≤ 2 max {1; |1 − 2µ|} . (2.2)

If µ is a real parameter, then

∣∣∣p2 − µp2
1

∣∣∣ ≤

−4µ + 2, if µ ≤ 0,
2 if 0 ≤ µ ≤ 1,
4µ − 2 if µ ≥ 1.

(2.3)

When µ > 1 or µ < 0, equality (2.3) holds true if and only if P1(ξ) =
1 + ξ

1 − ξ
or one of its rotations.

When 0 < µ < 1, the equality (2.3) holds if and only if P2(ξ) =
1 + ξ2

1 − ξ2 or one of its rotations. When

µ = 0, equality (2.3) holds if and only if

P3(ξ) =

(
1 + c

2

)
1 + ξ

−ξ + 1
+

(
1 − c

2

)
−ξ + 1
1 + ξ

(0 ≤ c ≤ 1)

or one of its rotations. When µ = 1, the equality (2.3) holds true if P(ξ) is a reciprocal of one of the
functions such that the equality holds true in the case when µ = 0.

Theorem 1. If G ∈ A defined as (1.1), belongs to Rm,n,σ
t,δ,υ (A,B), then

|a2| ≤
(σ − υ + 1) (A− B)

(σ + 1)|ψm
2 − ψ

n
2|

, (2.4)

|a3| ≤
(σ − υ + 1)(σ − υ + 2) (A− B)

(σ + 1)(σ + 2)|ψm
2 − ψ

n
2|

×

max

1;

∣∣∣∣∣∣∣∣−B +
(A− B)

(
ψn+m

2 − ψ2n
2

)
(
ψm

2 − ψ
n
2

)2

∣∣∣∣∣∣∣∣
 , (2.5)

and for a complex number τ, we have∣∣∣a3 − τa2
2

∣∣∣ ≤ (σ − υ + 1)(σ − υ + 2) (A− B)

(σ + 1)(σ + 2)
∣∣∣ψm

3 − ψ
n
3

∣∣∣ max {1; |Ω (τ, σ, υ,A,B)|} , (2.6)

where
Ω (τ, σ, υ,A,B) = 1 − 2Θ (τ, σ, υ,A,B) ,

Θ (τ, σ, υ,A,B) =
1
2

1 + B−
(A− B)

(
ψn+m

2 − ψ2n
2

)
(
ψm

2 − ψ
n
2

)2

+
τ(A− B)(σ + 2)(σ − υ + 1)

(
ψm

3 − ψ
n
3

)
(σ + 1)(σ − υ + 2)

(
ψm

2 − ψ
n
2

)2

 , (2.7)

and ψn
j is given by (1.9).
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Proof. We will show that the relations (2.4)–(2.6) and (2.16) hold true for G ∈ Rm,n,σ
t,δ,υ (A,B). If G ∈

R
m,n,σ
t,δ,υ (A,B), then

D
σ,m
t,δ,υG (ζ)

D
σ,n
t,δ,υG (ζ)

≺
1 +Aξ

1 + Bξ

which yields
D

σ,m
t,δ,υG (ζ)

D
σ,n
t,δ,υG (ζ)

≺
1 +Aw(ξ)
1 + Bw(ξ)

= G (w (ξ)) , (−1 ≤ B < A ≤ 1) . (2.8)

Since we can write w (ξ) as

w (ξ) =
1 − h (ξ)
1 + h (ξ)

=
p1ξ + p2ξ

2 + p3ξ
3 + . . .

2 + p1ξ + p2ξ2 + p3ξ3 + . . .
,

where h (ξ) ∈ P and have the form h (ξ) = 1 + p1ξ + p2ξ
2 + p3ξ

3 + . . . , so

G (w (ξ)) = 1 +
1
2

(A− B) p1ξ +
(A− B)

4

[
2p2 − (1 + B) p2

1

]
ξ2 + . . . , (2.9)

and therefore

D
σ,m
t,δ,υG (ζ)

D
σ,n
t,δ,υG (ζ)

= 1 +
(σ + 1)

(σ − υ + 1)
(
ψm

2 − ψ
n
2
)

a2ζ

+

(
(σ + 1)(σ + 2)

(σ − υ + 1)(σ − υ + 2)
(
ψm

3 − ψ
n
3
)

a3

−
(σ + 1)2

(σ − υ + 1)2

((
ψn+m

2 − ψ2n
2

))
a2

2

)
ζ2 + . . . . (2.10)

If we compare the first coefficients of (2.9) and (2.10) , we get

a2 =
(σ − υ + 1) (A− B)

2(σ + 1)
(
ψm

2 − ψ
n
2

) p1, (2.11)

a3 =
(σ − υ + 1)(σ − υ + 2) (A− B)

2(σ + 1)(σ + 2)
(
ψm

3 − ψ
n
3

) ×p2 −
p2

1

2

 1 + B

A − B
−

 (A− B)
(
ψn+m

2 − ψ2n
2

)
(
ψm

2 − ψ
n
2

)2





(2.12)

and by using (2.1) in (2.11) and (2.2) in (2.12), we get

|a2| ≤
(σ − υ + 1) (A− B)

(σ + 1)
∣∣∣ψm

2 − ψ
n
2

∣∣∣ , (2.13)

|a3| ≤
(σ − υ + 1)(σ − υ + 2) (A− B)

(σ + 1)(σ + 2)
∣∣∣ψm

3 − ψ
n
3

∣∣∣ ×
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max

1;

∣∣∣∣∣∣∣∣−B +
(A− B)

(
ψn+m

2 − ψ2n
2

)
(
ψm

2 − ψ
n
2

)2

∣∣∣∣∣∣∣∣
 . (2.14)

For a complex nubmer τ, and from (2.11) together with (2.12), we have∣∣∣a3 − τa2
2

∣∣∣ =
(σ − υ + 1)(σ − υ + 2) (A− B)

2(σ + 1)(σ + 2)
(
ψm

3 − ψ
n
3

) ∣∣∣p2 − Θ (τ, σ, υ,A,B) p2
1

∣∣∣ , (2.15)

where Θ (τ, σ, υ,A,B) is denoted by (2.7). Now, we apply Lemma 1 to (2.15) and obtain the required
results. �

Theorem 2. If the functionG ∈ A defined as (1.1) belongs to Rm,n,σ
t,δ,υ (A,B), then for any real parameter

τ we obtain

∣∣∣a3 − τa2
2

∣∣∣ ≤ (σ − υ + 1)(σ − υ + 2) (A− B)

2(σ + 1)(σ + 2)
∣∣∣ψm

3 − ψ
n
3

∣∣∣


1 − 2Θ (τ, σ, υ,A,B) , if τ < ϕ1,

1, if ϕ1 ≤ τ ≤ ϕ2,

2Θ (τ, σ, υ,A,B) − 1, if τ > ϕ2,

(2.16)

where Θ (τ, σ, υ,A,B) is given by (2.7),

ϕ1 =
(σ+1)(σ−υ+2)(ψm

2 −ψ
n
2)

2

(A−B)(σ+2)(σ−υ+1)(ψm
3 −ψ

n
3)
×

(
−1 − B+

(A−B)(ψn+m
2 −ψ2n

2 )
(ψm

2 −ψ
n
2)

2

)
,

and
ϕ2 =

(σ+1)(σ−υ+2)(ψm
2 −ψ

n
2)

2

(A−B)(σ+2)(σ−υ+1)(ψm
3 −ψ

n
3)
×

(
1 − B+

(A−B)(ψn+m
2 −ψ2n

2 )
(ψm

2 −ψ
n
2)

2

)
.

Proof. The proof can be produced directly by making use of Lemma 1 in (2.15) , so we choose to
omit it. �

3. The coefficient inequalities for G−1 ∈ R
m,n,σ
t,δ,υ (D,E)

The “Koebe one quarter theorem” [2] ensures that the image of Λ under each univalent function

G ∈ A consists a disk of radius
1
4

. Thus each univalent function G has an inverse G−1 satisfying

G−1 (G(ξ)) = ξ, (ξ ∈ Λ) and G
(
G−1(w)

)
= w,

(
|w| < r0(G), r0(G) ≥

1
4

)
.

A function G ∈ A is called bi-univalent in Λ if both G and G−1 are univalent in Λ. We mention that the
collection of bi-univalent functions defined in the unit disk Λ is not empty. For example, the functions

ξ,
ξ

1 − ξ
, − log(1− ξ) and

1
2

log
1 + ξ

1 − ξ
are members of bi-univalent function family, however the Koebe

function is not a member.

Theorem 3. If G ∈ Rm,n,σ
t,δ,υ (A,B) and the inverse function of G is G−1(w) = w +

∞∑
j=2

d jw j, then

|d2| ≤
(σ − υ + 1) (A− B)

(σ + 1)
∣∣∣ψm

2 − ψ
n
2

∣∣∣ (3.1)
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|d3| ≤
(σ − υ + 1)(σ − υ + 2) (A− B)

(σ + 1)(σ + 2)
∣∣∣ψm

3 − ψ
n
3

∣∣∣ max {1; |2Θ (2, σ, υ,A,B) − 1|} , (3.2)

and for any µ ∈ C, we have∣∣∣d3 − µd2
2

∣∣∣ ≤ (σ − υ + 1)(σ − υ + 2) (A− B)

(σ + 1)(σ + 2)
∣∣∣ψm

3 − ψ
n
3

∣∣∣ ×

max
{
1;

∣∣∣∣∣2Θ (2, σ, υ,A,B) + µ
(A−B)(σ+2)(σ−υ+1)(ψm

3 −ψ
n
3)

(σ+1)(σ−υ+2)(ψm
2 −ψ

n
2)

2 − 1
∣∣∣∣∣} ,

where Θ (2, σ, υ,A,B) given by (2.7).

Proof. Since

G−1(w) = w +

∞∑
n=2

dnwn (3.3)

is the inverse of the function G, it can be seen that

ξ = G−1 (G(ξ)) = G
(
G−1(ξ)

)
, |ξ| < r0(G). (3.4)

From (1.1) and (3.4), we obtain that

ξ = G−1

ξ +

∞∑
n=2

anξ
n

 , |ξ| < r0(G). (3.5)

Therefore from (3.4) and (3.5) we get

ξ + (a2 + d2)ξ2 + (a3 + 2a2d2 + d3)ξ3 + · · · = ξ, |ξ| < r0(G). (3.6)

Equating the corresponding coefficients of the relation (3.6), we conclude that

d2 = −a2, (3.7)
d3 = 2a2

2 − a3. (3.8)

First, from the relations (2.11) and (3.7) we have

d2 = −
(σ − υ + 1) (A− B)

2(σ + 1)
(
ψm

2 − ψ
n
2

) p1. (3.9)

To find |d3|, from (3.8) we have
|d3| = |a3 − 2a2

2|.

Hence, by using (2.15) for real τ = 2 we deduce that

|d3| =
∣∣∣a3 − 2a2

2

∣∣∣
=

(σ − υ + 1)(σ − υ + 2) (A− B)

2(σ + 1)(σ + 2)
∣∣∣ψm

3 − ψ
n
3

∣∣∣ ∣∣∣p2 − Θ (2, σ, υ,A,B) p2
1

∣∣∣
AIMS Mathematics Volume 9, Issue 10, 29370–29385.
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=
(σ − υ + 1)(σ − υ + 2) (A− B)

(σ + 1)(σ + 2)
∣∣∣ψm

3 − ψ
n
3

∣∣∣ max {1; |2Θ (2, σ, υ,A,B)| − 1} , (3.10)

where Θ (2, σ, υ,A,B) given by (2.7). For any complex number µ, a simple computation gives us that

d3 − µd2
2 =

(σ − υ + 1)(σ − υ + 2) (A− B)

2(σ + 1)(σ + 2)
(
ψm

3 − ψ
n
3

) (
p2 − Θ (2, σ, υ,A,B) p2

1

)
− µ

[(σ − υ + 1)(A− B)]2[
2(σ + 1)

(
ψm

2 − ψ
n
2

)]2 p2
1.

=
(σ − υ + 1)(σ − υ + 2) (A− B)

2(σ + 1)(σ + 2)
(
ψm

3 − ψ
n
3

) ×p2 −
p2

1

2

2Θ (2, σ, υ,A,B) + µ
(A− B)(σ + 2)(σ − υ + 1)

(
ψm

3 − ψ
n
3

)
(σ + 1)(σ − υ + 2)

(
ψm

2 − ψ
n
2

)2


 . (3.11)

By taking modulus on both sides of (3.11) and applying Lemma 1 and (2.1), we find that∣∣∣d3 − µd2
2

∣∣∣ ≤ (σ − υ + 1)(σ − υ + 2) (A− B)

(σ + 1)(σ + 2)
∣∣∣ψm

3 − ψ
n
3

∣∣∣ ×

max

1;

∣∣∣∣∣∣∣∣2Θ (2, σ, υ,A,B) + µ
(A− B)(σ + 2)(σ − υ + 1)

(
ψm

3 − ψ
n
3

)
(σ + 1)(σ − υ + 2)

(
ψm

2 − ψ
n
2

)2 − 1

∣∣∣∣∣∣∣∣
 ,

and this completes our proof. �

4. Characterization properties

By applying the techniques introduced by Silverman in [7], we will introduce some characteristic
properties of the functions G ∈ Rm,n,σ

t,δ,υ (A,B) such as partial sums results, necessary and sufficient
conditions, radii of close-to-convexity, distortion bounds, radii of starlikeness and convexity.

Theorem 4. If G ∈ A and be defined as (1.1) belongs to Rm,n,σ
t,δ,υ (A,B), then

∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
( σ+1

(σ−υ+1) )
∣∣∣a j

∣∣∣ ≤ (A− B) , (4.1)

where ψn
j given by (1.9).

Proof. Letting G ∈ Rm,n,σ
t,δ,υ (A,B), by (1.11) we deduce that

D
σ,m
t,δ,υG (ζ)

D
σ,n
t,δ,υG (ζ)

=
1 +Aw (ξ)
1 + Bw (ξ)

, ξ ∈ Λ, (4.2)

where w (ξ) is a Schwarz function, or equivalently∣∣∣∣∣∣ D
σ,m
t,δ,υG (ζ) −Dσ,n

t,δ,υG (ζ)

AD
σ,n
t,δ,υG (ζ) − BDσ,m

t,δ,υG (ζ)

∣∣∣∣∣∣ < 1, ξ ∈ Λ.
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Thus, the above relation leads us to∣∣∣∣∣∣ D
σ,m
t,δ,υG (ζ) −Dσ,n

t,δ,υG (ζ)

AD
σ,n
t,δ,υG (ζ) − BDσ,m

t,δ,υG (ζ)

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣
∞∑
j=2

(
ψm

j − ψ
n
j

) (
σ+1

(σ−υ+1)

)
a jξ

j

(A− B) ξ +
∞∑
j=2

(
Aψn

j − Bψ
m
j

) (
σ+1

(σ−υ+1)

)
a jξ j

∣∣∣∣∣∣∣∣∣∣∣
≤

∞∑
j=2

(
ψm

j − ψ
n
j

) (
σ+1

(σ−υ+1)

) ∣∣∣a j

∣∣∣ r j−1

(A− B) −
∞∑
j=2

(
Aψn

j − Bψ
m
j

) (
σ+1

(σ−υ+1)

) ∣∣∣a j

∣∣∣ r j−1
< 1,

and taking |ξ| = r → 1− simple computation yields (4.1). �

Example 1. For

G (ξ) = ξ +

∞∑
j=2

(A− B)
(1 − B)ψm

j + (A− 1)ψn
j
(σ−υ+1
σ+1 )` jξ

j, ξ ∈ Λ,

such that
∞∑
j=2
` j = 1, we get

∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
( σ+1
σ−υ+1 )

∣∣∣a j

∣∣∣
=

∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
( σ+1
σ−υ+1 ) ×

(A− B)
(1 − B)ψm

j + (A− 1)ψn
j
(σ−υ+1
σ+1 )` j

= (A− B)
∞∑
j=2

` j = (A− B) .

Then G ∈ Rm,n,σ
t,δ,υ (A,B), and we note that the inequality (4.1) is sharp.

Corollary 1. Let G ∈ Rm,n,σ
t,δ,υ (A,B) given by (1.1). Then

∣∣∣a j

∣∣∣ ≤ (A− B)
(1 − B)ψm

j + (A− 1)ψn
j
(σ−υ+1
σ+1 ), for j ≥ 2, (4.3)

where ψn
j is defined by (1.9). The approximation is sharp for the function

G∗ (ξ) := ξ −
(A− B)

(1 − B)ψm
j + (A− 1)ψn

j
(σ−υ+1
σ+1 )ξ j, j ≥ 2. (4.4)
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Theorem 5. If G ∈ Rm,n,σ
t,δ,υ (A,B), then

r − (A−B)
(1−B)ψm

j +(A−1)ψn
j
(σ−υ+1
σ+1 )r2 ≤ |G (η)| ≤ r +

(A−B)
(1−B)ψm

j +(A−1)ψn
j
(σ−υ+1
σ+1 )r2. (4.5)

For the function defined by

Ĝ (ξ) := ξ −
(A− B)

(1 − B)ψm
j + (A− 1)ψn

j
(σ−υ+1
σ+1 )ξ2, |ξ| = r < 1, (4.6)

the approximation is sharp.

Proof. For |ξ| = r < 1 we have

|G (ξ)| =

∣∣∣∣∣∣∣ξ +

∞∑
j=2

a jξ
j

∣∣∣∣∣∣∣ ≤ |ξ| +
∞∑
j=2

a j |ξ|
j = r +

∞∑
j=2

a j |r| j .

Moreover, since for |ξ| = r < 1 we get r j < r2 for all j ≥ 2, the above relation implies that

|G (ξ)| ≤ r + r2
∞∑
j=2

∣∣∣a j

∣∣∣ . (4.7)

Similarly, we get

|G (ξ)| ≥ r − r2
∞∑
j=2

∣∣∣a j

∣∣∣ . (4.8)

From the relation (4.1) we have

∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
( σ+1
σ−υ+1 )

∣∣∣a j

∣∣∣ ≤ (A− B) ,

but

(
(1 − B)ψm

2 + (A− 1)ψn
2
)

( σ+1
σ−υ+1 )

∞∑
j=2

∣∣∣a j

∣∣∣ ≤ ∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
( σ+1
σ−υ+1 )

∣∣∣a j

∣∣∣ ≤ (A− B) .

Therefore,
∞∑
j=2

a j ≤
(σ−υ+1
σ+1 ) (A− B)

(1 − B)ψm
2 + (A− 1)ψn

2
, (4.9)

and by using (4.9) in (4.7) and (4.8) we get the desired result. �

The next distortion theorem for the family Rm,n,σ
t,δ,υ (A,B) could be similarly obtained:

Theorem 6. If G ∈ Rm,n,σ
t,δ,υ (A,B), then

1 − 2(σ−υ+1)(A−B)
(σ+1)((1−B)ψm

2 +(A−1)ψn
2)

r ≤ |G′ (ξ)| ≤ 1 +
2(σ−υ+1)(A−B)

(σ+1)((1−B)ψm
2 +(A−1)ψn

2)
r.

The equality holds if the function is Ĝ given by (4.6).
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Proof. Since the proof is quite analogous with those of Theorem 5, so it will be omitted. �

The next result deals with the fact that a convex combination of functions of the class Rm,n,σ
t,δ,υ (A,B)

belongs to the same class, as follows:

Theorem 7. Let Gi ∈ R
m,n,σ
t,δ,υ (A,B) given by

Gi (ξ) = ξ +

∞∑
j=2

ai, jξ
j, i = 1, 2, 3, . . . ,m. (4.10)

Then H ∈ Rm,n,σ
t,δ,υ (A,B), where

H (ξ) :=
m∑

i=1

ciGi (ξ) , and
m∑

i=1

ci = 1. (4.11)

Proof. By Theorem 4 we have

∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
( σ+1
σ−υ+1 )

∣∣∣a j

∣∣∣ ≤ (A− B) ,

and,

H (ξ) =

m∑
i=1

ci

ξ +

∞∑
j=2

ai, jξ
j

 = ξ +

∞∑
j=2

 m∑
i=1

ciai, j

 ξ j.

Therefore

∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
( σ+1
σ−υ+1 )

∣∣∣∣∣∣∣
m∑

i=1

ciai, j

∣∣∣∣∣∣∣
≤

m∑
i=1

 ∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
( σ+1
σ−υ+1 )

∣∣∣ai, j

∣∣∣ ci

=

m∑
i=1

(A− B) ci = (A− B)
m∑

i=1

ci = (A− B) ,

thus H (ξ) ∈ Rm,n,σ
t,δ,υ (A,B). �

Regarding the arithmetic means of the functions of the family Rm,n,σ
t,δ,υ (A,B) the next result holds:

Theorem 8. If Gi ∈ R
m,n,σ
t,δ,υ (A,B) are given by (4.10), then

G (ξ) := ξ +
1
k

∞∑
j=2

 k∑
i=1

ai, jξ
j

 ∈ Rm,n,σ
t,δ,υ (A,B) . (4.12)

Where G is the arithmetic mean of Gi, i = 1, 2, 3, . . . , k.

AIMS Mathematics Volume 9, Issue 10, 29370–29385.



29382

Proof. From the definition relation (4.12) we get

G (ξ) =
1
k

k∑
i=1

fi (ξ) =
1
k

k∑
i=1

ξ +

∞∑
j=2

ai, jξ
j

 = ξ +

∞∑
j=2

1
k

k∑
i=1

ai, j

 ξ j,

and to prove that G (ξ) ∈ Rm,n,σ
t,δ,υ (A,B), according to the Theorem 4 it is sufficient to prove that

∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
( σ+1
σ−υ+1 )

1
k

k∑
i=1

∣∣∣ai, j

∣∣∣ ≤ (A− B) .

A simple computation shows that

∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
( σ+1
σ−υ+1 )

1
k

k∑
i=1

∣∣∣ai, j

∣∣∣
=

1
k

k∑
i=1

 ∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
( σ+1
σ−υ+1 )

∣∣∣ai, j

∣∣∣
≤

1
k

k∑
i=1

(A− B) = (A− B) .

Therefore G ∈ Rm,n,σ
t,δ,υ (A,B). �

Theorem 9. If G ∈ Rm,n,σ
t,δ,υ (A,B), then G is a starlike functions of order ϑ (0 ≤ ϑ < 1) , |ξ| < r∗1,

r∗1 = inf
j≥2

 (1 − ϑ)
(
(1 − B)ψm

j + (A− 1)ψn
j

)
(σ + 1)

( j − ϑ) (σ − υ + 1) (A− B)


1

j−1

.

The equality holds for G given in (4.4) .

Proof. Let G ∈ Rm,n,σ
t,δ,υ (A,B). We see that G is a starlike functions of order ϑ, if∣∣∣∣∣ξG′ (ξ)G (ξ)

− 1
∣∣∣∣∣ < 1 − ϑ.

By simple calculation, we deduce

∞∑
j=2

(
j − ϑ
1 − ϑ

) ∣∣∣a j

∣∣∣ |ξ| j−1 < 1. (4.13)

Since G ∈ Rm,n,σ
t,δ,υ (A,B), from (4.1) we get

∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
(σ + 1)

(σ − υ + 1) (A− B)

∣∣∣a j

∣∣∣ < 1. (4.14)
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The relation (4.13) will holds true if
∞∑
j=2

(
j − ϑ
1 − ϑ

) ∣∣∣a j

∣∣∣ |ξ| j−1

<

∞∑
j=2

(
(1 − B)ψm

j + (A− 1)ψn
j

)
(σ + 1)

(σ − υ + 1) (A− B)

∣∣∣a j

∣∣∣ ,
which implies that

|ξ| j−1 <

 (1 − ϑ)
(
(1 − B)ψm

j + (A− 1)ψn
j

)
(σ + 1)

( j − ϑ) (σ − υ + 1) (A− B)

 ,
or, equivalently

|ξ| <

 (1 − ϑ)
(
(1 − B)ψm

j + (A− 1)ψn
j

)
(σ + 1)

( j − ϑ) (σ − υ + 1) (A− B)


1

j−1

,

which yields the starlikeness of the family. �

Theorem 10. IfG ∈ Rm,n,σ
t,δ,υ (A,B), thenG is a close-to-convex function of order ϑ (0 ≤ ϑ < 1) , |ξ| < r∗2,

r∗2 = inf
j≥2

 (1 − ϑ) (σ + 1)
(
(1 − B)ψm

j + (A− 1)ψn
j

)
j(σ − υ + 1) (A− B)


1

j−1

.

Proof. Let G ∈ Rm,n,σ
t,δ,υ (A,B). If G is close-to-convex function of order ϑ, then we find that

|G′ (ξ) − 1| < 1 − ϑ,

that is
∞∑
j=2

j
1 − ϑ

∣∣∣a j

∣∣∣ |ξ| j−1 < 1. (4.15)

Since G ∈ Rm,n,σ
t,δ,υ (A,B), by (4.1) we have

∞∑
j=2

(σ + 1)
(
(1 − B)ψm

j + (A− 1)ψn
j

)
(σ − υ + 1) (A− B)

∣∣∣a j

∣∣∣ < 1. (4.16)

The relation (4.13) will holds true if
∞∑
j=2

j
1 − ϑ

∣∣∣a j

∣∣∣ |ξ| j−1

<

∞∑
j=2

(σ + 1)
(
(1 − B)ψm

j + (A− 1)ψn
j

)
(σ − υ + 1) (A− B)

∣∣∣a j

∣∣∣ ,
which implies that

|ξ| j−1 <

 (1 − ϑ) (σ + 1)
(
(1 − B)ψm

j + (A− 1)ψn
j

)
j(σ − υ + 1) (A− B)

 ,
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or, equivalently

|ξ| <

 (1 − ϑ) (σ + 1)
(
(1 − B)ψm

j + (A− 1)ψn
j

)
j(σ − υ + 1) (A− B)


1

j−1

,

which yields the desired result. �

5. Conclusions

In this paper, we introduced a new class Rm,n,σ
t,δ,υ (A,B) of holomorphic functions defined in the open

unit disk, which is connected to the combination of the Binomial series and the Babalola operator. We
employed differential subordination involving Janowski-type functions to investigate these properties.
Utilizing well-established results, such as Carathéodory’s inequality for functions with real positive
parts, as well as the Keogh-Merkes and Ma-Minda inequalities, we established upper bounds for the
first two initial coefficients of the Taylor-Maclaurin power series expansion. Additionally, we derived
an upper bound for the Fekete-Szegő functional for functions within this family.

We also extended our findings to include similar results for the first two coefficients and for the
Fekete-Szegő inequality for functions G−1 when G ∈ Rm,n,σ

t,δ,υ (A,B). Furthermore, we determined
coefficient estimates, distortion bounds, radius problems, and the radius of starlikeness and close-
to-convexity for these newly defined functions.
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