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Abstract

The aim of this study is to present novel collections of bi-univalent functions, which are characterized using
the Bell Distribution. These collections are delineated through the application of Jacobi polynomials. We have
established bounds for the Taylor-Maclaurin coefficients, particularly |as| and |as|. Additionally, we have in-
vestigated the Fekete-Szego functional issues pertinent to functions within these subclasses. By concentrating
on particular parameters in our principal findings, we have identified numerous new insights.

Keywords: Jacobi polynomials; analytic functions; univalent functions; bi-univalent functions; Fekete-Szego
problem.

1 Introduction and preliminaries

Legendre introduced orthogonal polynomials in 1784 .Y These polynomials are frequently employed for solving
ordinary differential equations under specific model constraints. Additionally, they have a crucial role in
approximation theory 2

Two polynomials, Y;, and Y,,, are said to be orthogonal if they have orders n and m respectively

/ Yo ()Y (z)v(z)dx = 0, for n#m. (1)
Assuming v(x) is non-negative within the interval (e, ¢), all polynomials of finite order Y,, (x) possess a clearly
defined integral. Jacobi polynomials belong to the class of orthogonal polynomials.

This paper analytically examines a newly defined subclass ®x(p, 1, <, ) of bi-univalent functions utilizing
Jacobi polynomials.

Let A represent the class of analytic functions © within the open unit disk U = z € C : |z| < 1, normalized
such that ©(0) = 0 and ©’(0) = 1. Consequently, each © € A can be expressed as:
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O(2) =z +axz* +azz* +---, (z€). )

Moreover, the set of all univalent functions © € A is denoted by S (for more information, refer to).

The field of geometric function theory can greatly benefit from the powerful tools provided by differential sub-
ordination of analytic functions. Miller and Mocanu® originally introduced the concept of differential subordi-
nation. Further references can be found in reference” Miller and Mocanu’s book® provides a comprehensive
overview of the advancements in this area, including publication dates.

It is well established that for an analytic and univalent function ©(z) mapping a domain D1 onto a domain D2,
the inverse function g(z) = ©71(2) is defined as

9(08(2)) =2, (2 €Dy).

This function is analytic and univalent. Additionally, according to,” every function © € S has an inverse map
©~! which satisfies

07'(0() == (e,
and

O ' (w)=w (|w| <710(0);10(0) > i) .

In fact, the inverse function is given by

0 Y w) = w — aiw + (243 — a3)w® — (5as — bagas + ag)w® + - . 3)

A function © € A is bi-univalent in U if both ©(z) and ©~1(2) are univalent in U. Let X represent the class
of bi-univalent functions in U as defined in (2). For further details on the class X, refer to 7

2 Bell Distribution and Jacobi polynomial

In 2018, Castellares et al. introduced the Bell distribution/2? which is suitable for count data with over-
dispersion. The Bell distribution is an improvement over the Bell numbers/2'22 The probability density
function of a discrete random variable X, which follows the Bell distribution, is expressed as:

—m e(—‘(2)+18

E™ s the Bell numbers, m > 2, and T > 0.

m!

18

where B, = 1

k

0

Example of the Bell numbers are By = 2, B3 = 5, B4 = 15 and By = 52.

Now, we will introduce a new power series whose coefficients represent the probabilities of the Bell distribution

where T > 0.
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Now, we considered the linear operator P4 : A — A defined by the convolution (or Hadamard product)

P-0(z) = B(T, 2) * f(2) (6)
© -inflelf-lzlg" .
_z—&—nz:;wanz N (ZEU), @)
5 15713
_ 2 3 4
=z+ evi_lagz + 26.[2_1a3z + o1 agz™ + - . (®)

For n, n 4+ 9, n + ¢ are nonnegative integers, a generating function of Jacobi polynomials is defined by
Jo(z,2) =2 "R 1T1—2+R)” "(14+z+R)"",
where R = R(r,2) = (1 — 222 +22)%°, 7> —1,¢ > —1,2 € [-1,1] and z € U, (see*?).

For a fixed z, the function J,,(z, z) is analytic in U, allowing it to be represented by a Taylor series expansion
as follows:

In(x,2) = Z P ()2, 9
n=0
where P ") (x) is Jacobi polynomial of degree .
The Jacobi polynomial P,(f‘) (x) satisfies a second-order linear homogeneous differential equation:

(1-—2)y" +(c—T=(T+s+2)z)y +n(n+T+c+ 1)y =0.

Jacobi polynomials can alternatively be characterized by the following recursive relationships:

P (2) = (an—12 — b)) P (@) — ot PLUS) (@), 0> 2,

where
_ @nA T Dt THs+2) . Cnd T D(P-T7) __Cnt T2 (nt D) (nds)
an = 2(n+1)(n+T+c+1) ’ b" T 2(n+1)(n+T+s+1)(2n+T45) and Cn = (n+1)(n+T4+s+1)(2n+T+5) ? with the
initial values
) 1
Pyt (@) =1, P{(@) = (T4 1) + 5 (T+ < + 2)(x — 1) and (10)

P (z) = W+%(1+2) (T+s+3)(z—1) +é(7+§+3)(—l+§+4)(x—1)2.

To begin, we introduce certain special instances of the polynomials Pp’g‘):

1. For 71 = ¢ = 0, we get the Legendre Polynomials.

[ title=Legendre Polynomials L,, (x) within the Unit Circle, xlabel=Re(z), ylabel=Im(z), axis equal, grid=major,
xmin=-1.2, xmax=1.2, ymin=-1.2, ymax=1.2, samples=100, xtick=-1, -0.5, 0, 0.5, 1, ytick=-1, -0.5, 0, 0.5, 1 ]
[domain=0:360, samples=200, smooth, thick, gray] (cos(x), sin(x));

[domain=-1:1, thick, blue] (x, 1); Lo(x)

[domain=-1:1, thick, red] (x, x); L1 ()

[domain=-1:1, thick, green] (x, (1/2)*(3*x? — 1)); La(x)

[domain=-1:1, thick, orange] (x, (1/2)*(5%x3 — 3 * z)); L3(x)
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2. For 1 = ¢ = —0.5, this results in the Chebyshev Polynomials of the first kind.

[ title=Chebyshev Polynomials of the First Kind T;,(x) within the Unit Circle, xlabel=Re(z), ylabel=Im(z),
axis equal, grid=major, xmin=-1.2, xmax=1.2, ymin=-1.2, ymax=1.2, samples=100, xtick=-1, -0.5, 0, 0.5, 1,
ytick=-1, -0.5, 0, 0.5, 1 ] [domain=0:360, samples=200, smooth, thick, gray] (cos(x), sin(x));

[domain=-1:1, thick, blue] (x, 1); Tp(x)

[domain=-1:1, thick, red] (x, x); T} ()

[domain=-1:1, thick, green] (x, 2¥x% — 1); To(z)

[domain=-1:1, thick, orange] (x, 4*x3 — 3 % x); T3(x)

3. For 1= ¢ = 0.5, this results in the Chebyshev Polynomials of the second kind.

[ title=Chebyshev Polynomials of the Second Kind U,, () within the Unit Circle, xlabel=Re(z), ylabel=Im(z),
axis equal, grid=major, xmin=-1.2, xmax=1.2, ymin=-1.2, ymax=1.2, samples=100, xtick=-1, -0.5, 0, 0.5, 1,
ytick=-1, -0.5, 0, 0.5, 1 ] [domain=0:360, samples=200, smooth, thick, gray] (cos(x), sin(x));

[domain=-1:1, thick, blue] (x, 1); Up(x)

[domain=-1:1, thick, red] (x, 2*x); Uy (z)

[domain=-1:1, thick, green] (x, 4*x% — 1); U (x)

[domain=-1:1, thick, orange] (x, 8*x3 — 4 x x); U3(x)

4. For T = ¢, we get the Gegenbauer Polynomials and each is replaced by (77— 0.5).

In recent years, many scholars have explored the connection between bi-univalent functions and orthogonal
polynomials. Some notable references in this field are 2#*% However, there seems to be a lack of research on
bi-univalent functions related to Jacobi polynomials in existing literature. The main goal of this paper is to

initiate an investigation into the properties of bi-univalent functions associated with Jacobi polynomials. To
accomplish this, we will consider the following definitions.

3 Definition and Examples

In this section, we introduce and analyze a novel subclass of bi-univalent functions defined within the unit
disk. This subclass is established by leveraging the concept of subordination. To construct this new class, we
employ the Bell Distribution in conjunction with subordination via Jacobi polynomials.

Definition 3.1. Let 7 > —1,¢ > —1, 0 > 0,2 € (3,1] and n, n + ¥, n + < are nonnegative integers.
A function © € ¥ given by is said to be in the class &x(p, T, ¢, ) if the following subordinations are
satisfied:

(1= ) 2 4 o (B0)) < . 2) a
and P
(1= )71 4 p(Pag(@)) < Ju(r ), (12)

where the function .J,, is given by (9) and the function g(w) = ©~!(w) is defined by (3).

Example 3.2. Let 7> —1,¢ > -1,z € (%, 1] and n, n + ¥, n + ¢ are nonnegative integers. A function
O € ¥ given by (2)) is said to be in the class &x(0, T,, x) if the following subordinations are satisfied:
P-0(z)

z
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and
Pog(w)
w

where the function J,, is given by @) and the function g(ww) = ©~1(w) is defined by .

= Jn(ﬂj,W)7

and n, n + ¥, n + ¢ are nonnegative integers. A function

Example 3.3. Let 7> —1,¢ > -1,z € (3,1]
(1,7, ¢, z) if the following subordinations are satisfied:

O € ¥ given by (2) is said to be in the class &x;
(P=0(2)) < Jn(x,2)

and
(Pag(@))" < Ju(z, @),
where the function .J,, is given by (9) and the function () = ©~!(w) is defined by (3).

4 Coefficient bounds of the subclass &x (o, 1,5, 1)

This section focuses on determining initial coefficient bounds for the subclass &5 (o, T, <, ).

Theorem 4.1. If© € ¥ as defined by equation ({2)), it belongs to the class &x (o, 1,<, ) . Then

<e(-'2_1)|(-|—|-1) La+6+2)@ -1+ D+ 30 +s+2)@ - 1)
|a2| ~ (x,_[, ) )
and
- ST DA+ )+ LT+ + 2@ -1]® 227 [T+ 1) + 2T+ +2)(x — 1)]
las] < A1+ 02 * 5(1 + 20) 12 ’
where

5(1+20) [(T+1) + 3(T+c+2)(a — 1)) (T

D+
_8(1+Q)2< % +3(T+2)(T+c+3) (2 —1) )
8

Y(z,9,5) =T X
+3(T+c+3)(T+c+4)(z — 1)

Proof. Suppose © € &x(p, 1,6, 2). According to equations and (12), for all z,zo € U and analytic
functions r and s with r(0) = s(0) = 0 and |r(z)| < 1, |s(w)| < 1, we can express:

P+O(z
(1- 0 1% ¢ oBa0(a)) = () (13)
and Pag ()
w I
(1= 0) L= + o(Prg()) = Ju(x, 5()). (14)
Thus we have
P40
(1- 9210 4 opr0(2)) = 1+ PO (@)hrz + (PO @y + PPO@d] 24 )
and
P :
(1= 0 UZ) o Bag(m)) =1+ PO @) + [P0 @) + PO @) ) . (16)
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It is well known that if
Ir(z)] = [b1z + bo2® + b32° +---| < 1, (z €U)

and
|s(w)| = |d1w+d§w+d§w—|—---’ <1, (wel),

then
|bj] <1and|d;| <1foralljeN. (17)

Comparing the coefficients in (I3) and (T6), we get

2(1+ o)1 T,
(67%“2 = P (@), (18)
5(1+20)7T
(267232 as = Pl(-"q)(x)b2 + PQ(-LC) ()01, (19)
2(1+9)71
_(e‘lTQRa? = P (@)dy, (20)
and ( 7
5(1 + 20 - .
From (T8) and (20) it follows that
b =—d; (22)
and ( 22 ,
8(1+o T,
mag = [Pf ¥ (95)} (0 +d7). (23)
If we add (T9) and (Z1), we get
5(1 + 20) 72 . ‘
%a% = P () (by + da) + P ) () (83 + d3) . 24)

Substituting the value of (b + d3) from (23) in the right hand side of , we get

T,
L PR & B O R0y
o1 0 (), 12 (P
P @)]

a2 = P (2) (by + dy) . (25)

Using (10), (I7) and @3)), we find that

TN+ D+ L+ + 9@ -] /|(T+ D+ 3T+ +2) (@ - 1)
Y(z,T,9)

las| <

)

where
5(1 + 20) [(Q %) +) L4+ 2)(z— 1))
T(z,T,¢) =T o CENOED L (94 9) (T4 6+ 3)(z— 1)
—81+o) ( +é(‘|—|—§+3)(7+§+4§)(x—1)2 )

Moreover, if we subtract (ZI) from (T9), we have

5(1 + 20) 72 A, A,
(e_lfl) (a3 — a3) = PLY) (@) (by — do) + Py ") (z) (03 — d2) . (26)
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Then, in view of (23)) and (26)) becomes

e2(77-1) [pp’“(z)] ’ =

2. 2y ¢ pCle -
8(1+40)2 7 (b1 + i) + 5(1+ 20) 1 Py () (b2 = )

az =

Thus applying (I0) and (I7), we get

STV + A+ e+ 2@ - D) 2T [T+ 1) + 5+ s+ 2@ = 1)]
A1+ 02 + 5(1 +20)712

lag| <

Which completes the proof. O

5 Fekete—-Szego problem for the subclass G5 (o, T, ¢, )

A prominent issue concerning coefficients of univalent analytic functions is the Fekete-Szegd inequality. Ini-
tially proposed by = it asserts that for © € ¥, where ¥ denotes

lag — Ta3] < 14 2e727/(=1),

When 7 is real, this bound is sharp.

In this section, for functions in the class &x (o, 7, ¢, ) we provide Fekete-Szegd inequalities.

Theorem 5.1. Let © € X given by (12)) belongs to the class &x(p, 1,<,x). Then
’ag — T(lg|

26(-|2_1)|(‘l+1)+%(‘l+§+2)(m71)|
5(1+20) 1 , [T — 1] < k(z)

21— (71) (P9 ()]

T2 [5(1+29) [Pf"'*')(m)]2@("2—1)—8(1+g)2P§"'<>(z)]

IN

r—1] > k()

where
8(1+0)°Py ) (x)

k(z) =|1-— 5
5(1 + 20)e(T?-D) [Pfﬁvg)(g;)]

Proof. From and
az — Tag

T%-1
° P (@) (by — do)

(1-7)e(T-1) [pf"@ (x)} ’ (by + do)
MR

2 {5(1 + 20) [Pf"=<> (x)} Yo (1 4 9)2P2<"’§>(g;)]

= P (z)e(T-1) Kh(T) + W) by + (h(T) - W) dz} ,

where )

(1= 7)) [P )]

h(r) = 5 :
T2 {5(1 +20) [Pl("‘)(x)] e(P=1) _§(1 4 Q)2P2(-“>(x)]
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Then, in view of (T0), we have

26(-|2_1) Pl(—l’g) (z)

5(1+20) 12 0 < [A(n)] < 1

5(142p)7127

|a3 — Ta§| <

1
26(-‘271) ’Pfj,s)(x)‘ |h(7’)‘ ‘h(7)| > 5(1+2¢0) 12 °

Which completes the proof. O

6 Corollaries and Consequences

We use our main results in this section to derive each of the new corollaries and implications that follow.

Corollary 6.1. Let © € X given by (2)) belongs to the class (0, 7,5, ). Then

T+ )+ O+ 5+ 2@ - DT+ D + 5+ + 2@ - )]

<
las| < T(z,T,9) 7
jas| < T [O+1) + 30+ +2)(@ 1) L2 A+ )+ 34+ 2)(@ — 1))
as| < 4772 o |
and
|a3 - Ta§|
T92-1 1
2e( )|(‘|+1)5té(‘l+c+2)(m—1)|, |7 —1] < Ek(x)
< 21-m)e*(* ) (A @]
S CER T ML
where ’
5[+ 1)+ 3T+ s +2)( - 1] (7-)
T(e, o) = P _8( D) 4 L (T4 2) (T4 +3)(z — 1) )
+3(T+c+3)(T+c+4)(z— 1)
and

8Py " (x)
N 2
5e(T?=1) {Pl(-[’g) (x)}

Corollary 6.2. Let © € X given by (2)) belongs to the class &x(1,7,¢, ). Then

D [+ 1)+ 10+ s+ 2@ - D] /J(+ D+ 3T +5+ 2@ — D)

az| < ,
2l = T(z, T,9)
as] < ST D[+ )+ LT+ e+ 2@ — 1)) . 22T [T+ 1) + (T +c+2)(x - 1)]
sl = 16712 151 ’
and
|lag — Taj3|
B e
< 21— (1°1) [P ()]
T2 [15[P1(-|‘§)(x)]2@(-'2*1)—32P£-|’§)(x)} L O
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where
15 [(T+ 1)+ 3T+ <+ 2)(w - D) 7D
o) = T _32< O 3 17y 9) (T4 ¢ 4 3)(z — 1) )
+5(T+e+3)(T+s+4) (@ —1)7
and

32P 1) (z)
T 2
15e(72=1) [Pl( g>(g;)}

k(x)=|1-—

7 Concluding Remark

In this study, we examined the concerns related to coefficients associated with the newly introduced subclasses
&x(o,T,5,x), 6x(0,T,5,z), and &x(1, T, ¢, z) within the class of bi-univalent functions defined in the
open unit disk U. The definitions of these subclasses are provided in the text. Our investigation focuses on
estimating the Fekete-Szegd functional problems and the Maclaurin coefficients |az| and |as| for functions
within different subclasses of bi-univalent functions. Furthermore, by specializing the parameters in our main
results, we have made several novel discoveries.
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