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ORIGINAL ARTICLE

Utilizing machine learning algorithm and Carrera unified formulation 
for vibration analysis of nanocomposite-enhanced bridge structures rested 
on an innovative elastic foundation: verification of the results via nondestructive 
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ABSTRACT 
This paper presents an advanced vibration analysis of Al2O3 nanocomposite-reinforced concrete 
bridge structures resting on an innovative elastic foundation using the Carrera Unified 
Formulation (CUF). The primary objective is to investigate the dynamic response of these bridges 
under various loading conditions, accounting for the reinforcing effects of Al2O3 nanocomposites 
within the concrete matrix. The formulation incorporates a novel elastic foundation model 
designed to more accurately simulate realistic boundary conditions and soil-structure interaction. 
The accuracy and reliability of the CUF-based vibration analysis are further validated using nondes-
tructive testing (NDT) techniques, which enable the detection of potential damage and anomalies 
in the bridge structures. Moreover, a machine learning (ML) algorithm is employed to predict the 
vibrational characteristics, facilitating an efficient comparison with the results obtained from CUF 
and NDT. The combination of theoretical modeling, experimental verification, and ML predictions 
highlights the robustness of the proposed method. The results demonstrate the effectiveness of 
using Al2O3 nanocomposites to enhance the mechanical properties of bridge structures, improving 
their vibrational performance, stability, and longevity. This study provides a comprehensive frame-
work for future applications in bridge engineering, combining high-fidelity numerical methods 
with state-of-the-art testing and computational techniques.
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1. Introduction

Composite structures have become increasingly important for 
engineers due to their ability to combine materials with dis-
tinct properties, resulting in structures with superior perform-
ance [1–3]. These materials offer enhanced strength-to-weight 
ratios, allowing engineers to design lighter yet stronger struc-
tures, which is particularly beneficial in industries like aero-
space, automotive, and civil engineering [4, 5]. In aerospace 
engineering, composite materials have revolutionized aircraft 
design, reducing weight and fuel consumption while main-
taining structural integrity under high stresses [6, 7]. The 
lightweight nature of composites allows for greater efficiency 
and payload capacity without compromising safety [8, 9]. In 
civil engineering, composite structures are used to strengthen 
and reinforce bridges, buildings, and infrastructure [10, 11, 
12]. They provide higher durability, resistance to corrosion, 
and reduced maintenance costs compared to traditional mate-
rials like steel and concrete [13, 14]. Composite materials also 
offer engineers the ability to tailor material properties to spe-
cific applications. By adjusting the type, orientation, and 

volume of reinforcement (e.g. fibers, particles), engineers can 
create structures that meet precise performance requirements, 
such as improved thermal insulation, electrical conductivity, 
or impact resistance [15–17]. The flexibility in design also 
allows for more complex shapes and geometries, which are 
difficult to achieve with conventional materials. This enables 
innovative architectural designs and structures with optimized 
aerodynamics or load-bearing capacities. Furthermore, com-
posite structures exhibit excellent fatigue resistance, making 
them ideal for applications subjected to repetitive loading, 
such as wind turbines, marine structures, and sports equip-
ment [18]. Engineers also benefit from the sustainability of 
composites, as many composite materials can be made from 
recyclable or environmentally friendly components, aligning 
with the growing demand for eco-conscious engineering solu-
tions [19]. In the automotive industry, composites are being 
used to improve vehicle performance by reducing weight, 
increasing fuel efficiency, and enhancing crash safety through 
energy absorption [20, 21]. This has led to the development of 
safer, greener vehicles. Composites are also essential for 
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engineers working in the renewable energy sector, where 
lightweight, strong materials are needed to construct large- 
scale structures like wind turbine blades, which must with-
stand harsh environmental conditions over long periods [22]. 
The corrosion resistance of composites makes them particu-
larly valuable for structures exposed to aggressive environ-
ments, such as offshore platforms, pipelines, and chemical 
plants (23). This leads to extended service life and lower life-
cycle costs [23]. Additionally, composite structures are highly 
customizable, allowing engineers to integrate multiple func-
tionalities into a single structure, such as combining structural 
support with thermal or acoustic insulation [24, 25]. Overall, 
the versatility, durability, and high performance of composite 
structures have made them a cornerstone of modern engineer-
ing, enabling innovation across numerous industries while 
enhancing efficiency, safety, and sustainability [26, 27].

The CUF is a vital tool for modeling structures and sys-
tems due to its ability to unify various structural theories 
within a single framework. It enables the analysis of beams, 
plates, and complex three-dimensional structures with high 
accuracy and efficiency [28]. One of its key advantages is 
the capability to model both simple and advanced structures 
without requiring multiple formulations, streamlining the 
analysis process [29]. CUF provides accurate predictions of 
mechanical behavior, including stresses and deformations, 
especially in thick, multilayered, and composite structures 
[30]. Its multiscale modeling capabilities allow it to address 
problems ranging from nano- to macro-scales, making it 
highly versatile. The formulation is also extendable to handle 
multiphysics phenomena, such as fluid-structure interaction 
and thermal effects, broadening its application scope [31]. 
Furthermore, CUF is computationally efficient, enabling 
engineers to select appropriate levels of refinement for dif-
ferent applications without sacrificing precision [30]. It plays 
a critical role in industries like aerospace and civil engineer-
ing, where it helps optimize material usage and enhance 
structural performance [25]. CUF’s precision makes it an 
excellent tool for structural health monitoring, as it accur-
ately simulates real-world conditions and helps detect poten-
tial damage early. Overall, CUF has become an essential 
framework in both academic research and industrial applica-
tions, offering unparalleled flexibility and reliability [32].

Constitutive models play a critical role in engineering, as 
they provide mathematical descriptions of how materials 
respond to various loading conditions [33, 34]. For engi-
neers, understanding material behavior under different 
stresses, strains, and environmental conditions is essential 
for designing safe and reliable structures [35, 36]. A well- 
defined constitutive model allows engineers to predict 
material responses, such as deformation, failure, or fatigue, 
under both normal and extreme conditions [37, 38]. In 
structural engineering, for example, constitutive models help 
simulate the mechanical behavior of materials used in build-
ings, bridges, and other infrastructure [39, 40]. These mod-
els enable engineers to anticipate how materials like steel, 
concrete, or composites will behave over time, accounting 
for factors such as temperature changes, loading cycles, and 
aging [41, 42]. Without accurate models, structural failures 

could occur, leading to catastrophic consequences [43, 44]. 
For civil engineers, constitutive models are crucial in assess-
ing soil behavior and stability [45, 46]. Soil is a complex 
material, exhibiting nonlinear, time-dependent responses 
that vary with moisture content, stress history, and other 
factors [20, 47]. Using constitutive models, engineers can 
evaluate soil performance during construction, preventing 
issues like foundation settlement or slope failure [21, 48]. In 
aerospace engineering, constitutive models are essential for 
predicting how advanced materials, such as composites, per-
form under high stresses and temperatures [49, 50]. 
Engineers rely on these models to design lighter, stronger 
aircraft that can withstand the demands of flight while 
ensuring safety and durability [51, 52]. Moreover, in bio-
mechanics, constitutive models help engineers understand 
the mechanical behavior of biological tissues [53, 54]. This 
knowledge is vital for designing medical devices, prosthetics, 
and implants that interact safely and effectively with the 
human body [55]. Engineers working on energy infrastruc-
ture, such as pipelines or offshore platforms, also depend on 
constitutive models to predict material behavior under harsh 
environmental conditions [56, 57]. This ensures that materi-
als can withstand factors like corrosion, pressure, and tem-
perature fluctuations [58]. The importance of constitutive 
models extends to manufacturing processes as well [59]. 
Engineers use these models to simulate processes such as 
metal forming, welding, and additive manufacturing, opti-
mizing the performance of materials and reducing produc-
tion costs [60]. Furthermore, constitutive models assist 
engineers in assessing the long-term performance and dur-
ability of materials [61].

Using the Carrera Unified Formulation, an enhanced 
vibration analysis of Al2O3 nanocomposite-reinforced con-
crete bridge structures resting on a novel elastic foundation 
is presented in this research. The main goal is to look into 
how these bridges respond dynamically to different loading 
scenarios while taking the reinforcing effects of Al2O3 nano-
composites in the concrete matrix into consideration. In 
order to more realistically mimic boundary conditions and 
soil-structure interaction, a unique elastic foundation model 
has been included in the formulation. Nondestructive testing 
methods are used to further confirm the accuracy and reli-
ability of the CUF-based vibration analysis. NDT techniques 
allow for the identification of possible damage and abnor-
malities in the bridge structures. In addition, a machine 
learning method is used to forecast the vibrational proper-
ties, allowing for a more effective comparison with the CUF 
and NDT findings. The robustness of the suggested 
approach is highlighted by the integration of ML predic-
tions, experimental verification, and theoretical modeling. 
The results show how well Al2O3 nanocomposites work to 
improve the mechanical characteristics of bridge structures, 
resulting in increased stability, lifespan, and vibrational per-
formance. This work offers a thorough framework that com-
bines cutting-edge testing and computational approaches 
with high-fidelity numerical methods for future applications 
in bridge engineering.
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2. Mathematical modeling

2.1. Material properties of the metal layer reinforced by 
concrete–Al2O3 nanocomposites

Based on a modified model that takes into consideration the 
rule of mixing and the micromechanical model created by 
Shaat et al. [62], which accounts for the impact of grain 
boundary size, the elastic modulus of the fabricated materi-
als was calculated analytically. This work established a modi-
fied model that takes into account the effects of grain 
refinement, grain boundary size, and the volume percentage 
of reinforcement that has not been developed previously. 
Using the law of mixing, the produced nanocomposite’s 
mechanical characteristics may be stated as follows:

Ecom ¼ EmVm þ EcVc (1a) 

qcom ¼ qmVm þ qcVc (1b) 

�com ¼ �mVm þ �cVc (1c) 

where the elastic moduli of the ceramic, matrix, and compos-
ite are denoted by the letters Ecom, Em, and Ec, respectively. 
The volume fractions of the ceramic and matrix are denoted 
by Vc and Vm, respectively. However, it may be calculated 
using the Shaat et al. [62] micromechanical model as follows:

Ecom ¼ Em
q1T2

g þ q2Tg þ q3

T1T2
g þ T2Tg þ T3

(2) 

where the parameters q1, q2, q3, T1, T2 and T3 are determined 
by the ratio between the matrix elastic modulus and the grain 
boundary. The parameter Tg regulates the proportion of grain 
size to grain border size, as stated in Mohamed (63]:

q1 ¼ −20YðY − 1Þ2 � −
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� −
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When it is assumed that the sub-grain and the grain border 
have the same Poisson’s ratio, �: The ratio of the grain boun-
dary’s Young’s modulus to the sub-grain’s is represented by 
the formula ¼ Egb=E0: The sub-grain volume fraction, or Tg , 
may be calculated as follows using the crystallite size ðDÞ and 
grain boundary thickness ðtÞ as inputs:

Tg ¼
D

Dþ 2t

� �3

(4) 

Here, the average size of the sub-grains is expressed using 
the crystallite size as determined by the XRD studies. The 
average size of a grain or a dislocation cell is represented by 
the crystallite size, which is determined by XRD. This is due 
to the fact that a dislocation cell border or a grain boundary 
disrupts the coherency of X-ray scattering [64]. ARB- 
induced high-straining results in a large proportion of sub- 
grains in the microstructure. As a result, the sub-grain size 
is represented by the crystallite size as measured by XRD. 
For an Al2O3 (Alumina)-reinforced composite concrete 
structure, the mechanical properties such as Young’s modu-
lus, Poisson’s ratio, and density depend on the proportion 
of alumina used, the matrix (usually concrete or polymer), 
and the fabrication process. However, we can provide 
approximate values based on typical Alumina-reinforced 
concrete composites:

Young’s Modulus (E)

� Concrete (typical): 25 GPa
� Alumina (Al2O3): 350 GPa

Poisson’s Ratio (m)

� Concrete (typical): 0.2
� Alumina (Al2O3): 0.22

Density (q)

� Concrete (typical): 2300 kg/m3

� Alumina (Al2O3): 3950 kg/m3

3. Basic equations

As previously said, the elastic behavior of the composite 
shell supported by a novel elastic foundation is investigated 
in this study with respect to bonding time variation. As 
shown in Figure 1, the elastic foundation that surrounds the 
shell construction is sufficiently flexible to include three dif-
ferent kinds of polynomial expansion: sinusoidal, cosinusoi-
dal, and polynomial, each with varying stiffness terms.

4. Carrera unified formulation

4.1. Displacement field assumption

The displacement field and its variation may be extended as 
a collection of thickness functions and the accompanying 
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variables dependent on the in-plane coordinates, according 
to Carrera’s unified formulation. In particular, we have in 
cylindrical coordinates.  

ur ¼ fsðrÞursðh, zÞ, dur ¼ fsðrÞdursðh, zÞ
uh ¼ fsðrÞuhsðh, zÞ, dur ¼ fsðrÞduhsðh, zÞ s, s ¼ 0, 1, 2, :::, n
uz ¼ fsðrÞuzsðh, zÞ, duz ¼ fsðrÞduzsðh, zÞ ðf0 ¼ 1, f1 ¼ r, :::, fn ¼ rnÞ

(5) 

where n indicates the expansion’s order, ur, uh, and uz are 
the radial, circumferential, and longitudinal displacements, 
and fs is the Taylor expansion function. Repeated indices in 
Equation (5) and the following denote summation. With the 
displacement field in cylindrical coordinate UT ¼

fur uh uz g, the compact version of Equation (5) may 
be expressed as follows.  

Uðr, h, zÞ ¼ fsðrÞUsðh, zÞ, dUðr, h, zÞ ¼ fsðrÞdUsðh, zÞ
(6) 

where UT
s ¼ furs uhs uzs g and bold letters denote 

arrays (vectors and matrices). The displacement field at each 
fundamental nucleus can be approximated using the radial 
basis shape functions (introduced in Section 4) [65]:

Usðh, zÞ ¼ Niðh, zÞqsi, dUsðh, zÞ ¼ Njðh, zÞdqsj i ¼ 1, 2, :::, ns

(7) 

where nS is the number of nodes in the support domain 
and Ni is the ith shape function. The vector of nodal 
parameters, or the nucleus displacements at each node in 
the support domain, is called qsi, and its variation is 
called dqsj:

qT
si ¼ fqrsi

qhsi
qzsi g, (8) 

Substituting Equation (9) in Equation (8), gives

U r, h, zð Þ ¼ fs rð ÞNi h, zð Þqsi,
dUðr, h, zÞ ¼ fsðrÞNjðh, zÞdqsj:

(9) 

4.2. Strain-displacement and stress-strain relations

The strain-displacement relation in the Equivalent Single 
Layer (ESL) model may be described as follows for minor 
displacements in cylindrical coordinates:
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In CUF, the stress and strain vectors are separated into 
in-plane and normal parts denoted respectively by the sub-
scripts p and n:

Ek
p ¼ fEhh Ezz czh g

T,

ok
p ¼ f rhh rzz szh g

T,

Ek
n ¼ fErr crh crz g

T,

ok
n ¼ frrr srh srz g

T
:

(11) 

Using Equation (10), the strain components Ek
p and Ek

n 
can be related to the displacement field according to the fol-
lowing relations [65].

Ek
p ¼

1
r

Dph þDpz

� �

U,

Ek
n ¼ Dnr þ

1
r

DnXh þDnXz

� �

U,
(12) 

where Dph, Dpz, Dnr, DnXh, and DnXz are matrix differen-
tial operators of the form

Dph ¼

1
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(13) 

According to Equation (12), the stress-strain relationships 
at the kth layer can be represented in the following mixed 
form:

ok
p ¼ Ck

ppEk
p þ Ck

pnEk
n,

ok
n ¼ Ck

npEk
p þ Ck

nnEk
n,

(14) 

where Ck
pp, Ck

pn, Ck
np, and Ck

nn are matrices of elasticity mod-
uli of the form

Figure 1. The composite shell’s geometry was supported by a novel elastic 
base.
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Upon substituting Equation (12) into Equation (14), we 
have

ok
p ¼ Ck

pp
1
r

Dph þDpz

� �

þ Ck
pn Dnr þ

1
r

DnXh þDnXz

� �� �

U,

ok
n ¼ Ck

np
1
r

Dph þDpz

� �

þ Ck
nn Dnr þ

1
r

DnXh þDnXz
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U:

(16) 

Finally, replacing Equation (9) with Equations (12) and 
(16) yields to:

dEk
p ¼

1
r

Dph þDpz

� �

fs rð ÞNi h, zð Þdqsi,

dEk
n ¼ Dnr þ

1
r

DnXh þDnXz
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fs rð ÞNi h, zð Þdqsi,

ok
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pp
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r
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þ Ck
pn Dnr þ

1
r

DnXh þDnXz
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fs rð ÞNj h, zð Þqsj,

ok
n ¼ Ck

np
1
r

Dph þDpz

� �

þ Ck
nn Dnr þ

1
r

DnXh þDnXz
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fs rð ÞNj h, zð Þqsj:

(17) 

5. Radial point interpolation method

As previously stated, the radial point interpolation technique 
(RPIM) is used to estimate the in-plane displacement field, 
and the Taylor expansion (Equation (5)) is used to approxi-
mate the displacement field across the thickness. The dis-
placement field is interpolated across the dispersed nodes in 
the support domain using the radial basis shape function in 
RPIM. As a result, the approximation under consideration, 
uðh, zÞ, has the shape given by the displacement field func-
tion in any direction, uðh, zÞ:

uhðh, zÞ ¼
Xns

i¼1
RiðrIÞai ¼ RTðrIÞa, (18) 

where RiðrIÞ is the radial basis shape functions cantered 
about point of interest and I is an unknown coefficient, 
and ns is the number of nodes in the support domain. 
In cylindrical coordinates, rI is the distance between an 

arbitrary point and a point of interest.

r2
I ¼ r2 þ r2

I − 2rrIcosðh − hIÞ þ ðz − zIÞ
2, (19) 

In this paper, the multiquadrics (MQ) radial basis shape 
function with the following equation is used [65].

RiðrIÞ ¼ r2
I þ c2� �q, (20) 

The coefficient vector may be found using the following 
equation by applying Equation (18) to every node in the 
support domain.

q ¼ RQa, (21) 

where RQ is referred to as the moment matrix, whose rows 
are comprised of nodal values of the radial basis function 
vector, and vector q is formed of nodal values of the dis-
placement field.

qT ¼ u1 u2 � � � uns

� �
,

RQ ¼

R1ðr1Þ R2ðr1Þ � � � Rnsðr1Þ
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(22) 

Equation (21), which states that the coefficient vector 
may be computed as

a ¼ R−1
Q q, (23) 

The approximation function may be represented in terms 
of nodal values and radial basis shape functions by substitut-
ing the final equation into Equation (18).

uhðh, zÞ ¼ ðRTðrIÞR−1
Q Þq ¼ NTq ¼

XNs

i¼1
Niui: (24) 

where Ni is the ith radial basis shape associated with the 
node i.
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Ecom

ð1þ �comÞð1 − 2�comÞ

1 − �com 0 0

0
1 − 2�com

2
0

0 0
1 − 2�com

2

2

6
6
6
6
4

3

7
7
7
7
5
:

(15) 
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6. Governing equation

According to the concept of virtual displacement (PVD), in an equilibrium system, there is no fluctuation in the total poten-
tial energy for any virtual displacement field.

dLint þ dLine þ dLext ¼ 0: (25) 

where d denotes the variational symbol, Lint, Line, and Lext presents internal virtual work, virtual work of inertial loads, and 
external virtual work done by external forces, respectively. The variation of internal virtual work for a cylindrical shell may 
be written as

dLint ¼
XNl

k¼1

ð

Vk

dðEkÞ
TokdV, (26) 

where k indicates the layer. Equation (26) can be split into in-plane of the middle surface and through the thickness parts 
as follow:

dLint ¼
XNl

k¼1

ð

X

ðrk

rk−1

ðdðEk
pÞ

Tok
p þ dðEk

nÞ
Tok

ndrÞdX, (27) 

where r denotes the through-the-thickness domain and X is the layer middle surface of the cylinder. Substitution of 
Equation (17) into the last equation will lead to a fundamental nucleus form of internal virtual work variation.

dLint ¼ dqT
siK

ijssqsj, (28) 

where Kijss is the 3� 3 fundamental nucleus (FN) of the stiffness matrix according to CUF.

Kijss ¼

Krr Krh Krz

Khr Khh Khz

Kzr Kzh Kzz

2

6
4

3

7
5, (29) 

The FN’s components are presented in Equation (30).

Krr ¼

ð

X

Ni
XNL

k¼1

ðrk

rk−1

Ck
21fs, rfsdr

0

B
@

1

C
ANjdXþ

ð

X

Ni
XNL

k¼1

ðrk

rk−1

Ck
21fsfs, rdr

0

B
@

1

C
ANjdX

þ

ð

X

Ni
XNL

k¼1

ðrk

rk−1

rCk
11fs, rfs, rdr

0

B
@

1

C
ANjdXþ

ð

X

Ni
XNL

k¼1

ðrk

rk−1

rCk
55fs, rfs, rdr

0

B
@

1

C
ANjdX

þ

ð

X

Ni
XNL

k¼1

ðrk

rk−1

Ck
22

fsfs
r

dr

0

B
@

1

C
ANjdXþ

ð

X

Ni, h
XNL

k¼1

ðrk

rk−1

Ck
44

fsfs
r

dr

0

B
@

1

C
ANj, hdX,

(30a) 

Krh ¼

ð

X

Ni
XNL

k¼1

ðrk

rk−1

Ck
21fs, rfsdr

0

B
@

1

C
ANj, hdXþ

ð

X

Ni, h
XNL

k¼1

ðrk

rk−1

Ck
44fsfs, rdr

0

B
@

1

C
ANjdX

þ

ð

X

Ni
XNL

k¼1

ðrk

rk−1

Ck
22

fsfs
r

dr

0

B
@

1

C
ANj, hdX −

ð

X

Ni, h
XNL

k¼1

ðrk

rk−1

Ck
44

fsfs
r

dr

0

B
@

1

C
ANjdX,

(30b) 

Krz ¼

ð

X

Ni
XNL

k¼1

ðrk

rk−1

Ck
23fsfsdr

0

B
@

1

C
ANj, zdXþ

ð

X

Ni
XNL

k¼1

ðrk

rk−1

rCk
31fs, rfsdr

0

B
@

1

C
ANj, zdXþ

ð

X

Ni
XNL

k¼1

ðrk

rk−1

rCk
55fs, rfsdr

0

B
@

1

C
ANj, zdX,

(30c) 
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Khr ¼

ð

X

Ni, h
XNL

k¼1

ðrk

rk−1

Ck
21fsfs, rdr

0

B
@

1

C
ANjdXþ

ð

X

Ni
XNL

k¼1

ðrk

rk−1

Ck
44fs, rfsdr

0

B
@

1

C
ANj, hdXþ

ð

X

Ni, h
XNL

k¼1

ðrk

rk−1

Ck
22

fsfs
r

dr

0

B
@

1

C
ANjdX

−
ð

X

Ni
XNL

k¼1

ðrk

rk−1

Ck
44

fsfs
r

dr

0

B
@

1

C
ANj, hdX, (30d) 

Khh ¼

ð

X

Ni
XNL

k¼1

ðrk

rk−1

rCk
44fs, rfs, rdr

0

B
@

1

C
ANjdX −

ð

X

Ni
XNL

k¼1

ðrk

rk−1

Ck
44fsfs, rdr

0

B
@

1

C
ANjdX −

ð

X

Ni
XNL

k¼1

ðrk

rk−1

Ck
44fs, rfsdr

0

B
@

1

C
ANjdX

þ

ð

X

Ni, z
XNL

k¼1

ðrk

rk−1

rCk
66fsfsdr

0

B
@

1

C
ANj, zdXþ

ð

X

Ni
XNL

k¼1

ðrk

rk−1

Ck
44

fsfs
r

dr

0

B
@

1

C
ANjdXþ

ð

X

Ni, h
XNL

k¼1

ðrk

rk−1

Ck
22

fsfs
r

dr

0

B
@

1

C
ANj, hdX,

(30e) 

Khz ¼

ð

X

Ni, h
XNL

k¼1

ðrk

rk−1

Ck
23fsfsdr

0

B
@

1

C
ANj, zdXþ

ð

X

Ni, z
XNL

k¼1

ðrk

rk−1

Ck
66fsfsdr

0

B
@

1

C
ANj, hdX, (30f) 

Kzr ¼

ð

X

Ni, z
XNL

k¼1

ðrk

rk−1

Ck
23fsfsdr

0

B
@

1

C
ANjdXþ

ð

X

Ni, z
XNL

k¼1

ðrk

rk−1

rCk
31fsfs, rdr

0

B
@

1

C
ANjdXþ

ð

X

Ni, z
XNL

k¼1

ðrk

rk−1

rCk
55fsfs, rdr

0

B
@

1

C
ANjdX,

(30g) 

Kzh ¼

ð

X

Ni, z
XNL

k¼1

ðrk

rk−1

Ck
23fsfsdr

0

B
@

1

C
ANj, hdXþ

ð

X

Ni, h
XNL

k¼1

ðrk

rk−1

Ck
66fsfsdr

0

B
@

1

C
ANj, zdX, (30h) 

Kzz ¼

ð

X

Ni, z
XNL

k¼1

ðrk

rk−1

rCk
33fsfsdr

0

B
@

1

C
ANj, zdXþ

ð

X

Ni, z
XNL

k¼1

ðrk

rk−1

rCk
55fsfsdr

0

B
@

1

C
ANj, zdXþ

ð

X

Ni, h
XNL

k¼1

ðrk

rk−1

Ck
66

fsfs
r

dr

0

B
@

1

C
ANj, hdX,

(30i) 

The generalized form of the work produced by the foundation and friction force is:

dLext ¼

ð

X

durðRo, h, zÞ}ðRo, h, zÞdXþ

ð

X

duhðRo, h, zÞ}rðRo, h, zÞdXþ

ð

X

duzðRo, h, zÞfTðRo, h, zÞdX, (31) 

The variation of work done due to foundation can be achieved from the following equations:

} Ro, h, zð Þ¼Kwo Ro, h, zð Þur −
@

@z
Kpo Ro, h, zð Þ

@ur

@z

� �

−
1

R2
@

@h
Kpo Ro, h, zð Þ

@ur

@h

� �

, (32) 

Where Kwo Ro, h, zð Þ, and Kpo Ro, h, zð Þ represent the coordinate-dependent Winkler–Pasternak coefficients.
For linear elastic foundation:

Kwo x, y, zð Þ ¼ Kw � 1þ L1
z

a

� �

þ L2
z

a

� �2
 !

� 1þ L1
h

2p

� �

þ L2
h

2p

� �2
 !

, (33a) 

Kpo x, y, zð Þ ¼ Kp � 1þ L1
z

a

� �

þ L2
z

a

� �2
 !

� 1þ L1
h

2p

� �

þ L2
h

2p

� �2
 !

: (33b) 

Kw, and Kp represent the elastic coefficients of the Winkler–Pasternak foundation. Also, L1, and L2 shows constant val-
ues for linear and torsional elastic foundations.
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For sinusoidal elastic foundation:

Kwo x, y, zð Þ ¼Kw � 1þ L1 sin
pz

a

� �� �

þ L2 sin
pz

a

� �� �2
 !

� 1þ L1 sin
h

2

� �� �

þ L2 sin
h

2

� �� �2
 !

,

(34a) 

Kpo x, y, zð Þ ¼Kp � 1þ L1 sin
pz

a

� �� �

þ L2 sin
pz

a

� �� �2
 !

� 1þ L1 sin
h

2

� �� �

þ L2 sin
h

2

� �� �2
 !

:

(34b) 

For cosinusoidal elastic foundation:

Kwo x, y, zð Þ ¼Kw � 1þ L1 cos
pz

a

� �� �

þ L2 cos
pz

a

� �� �2
 !

� 1þ L1 cos
h

2

� �� �

þ L2 cos
h

2

� �� �2
 !

,

(35a) 

Kpo x, y, zð Þ ¼Kp � 1þ L1 cos
pz

a

� �� �

þ L2 cos
pz

a

� �� �2
 !

� 1þ L1 cos
h

2

� �� �

þ L2 cos
h

2

� �� �2
 !

,

(35b) 

The torsional elastic foundation can be written as below:

}r rtop, h, z
� �

¼ Kr10 Ro, h, zð Þ/ −
@

@z
Kr20 Ro, h, zð Þ

@/

@z

� �

,

(36) 

Kr10 Ro, h, zð Þ, and Kr20 Ro, h, zð Þ represent the coordinate- 
dependent torsional stiffness of the foundation.

Substituting / ¼ @uh

@z into Equation (36) leads to:

}r Ro, h, zð Þ ¼ Kr10 Ro, h, zð Þ
@uh

@z
−
@

@z
Kr20 Ro, h, zð Þ

@2uh

@z2

� �

,

(37) 

For linear torsional elastic foundation:

Kr10 Ro, h, zð Þ ¼ Kr1 � 1þ L1
z

a

� �

þ L2
z

a

� �2
 !

� 1þ L1
h

2p

� �

þ L2
h

2p

� �2
 !

, (38a) 

Kr20 Ro, h, zð Þ ¼ Kr2 � 1þ L1
z

a

� �

þ L2
z

a

� �2
 !

� 1þ L1
h

2p

� �

þ L2
h

2p

� �2
 !

: (38b) 

Kr1, and Kr2 represent the torsional coefficients of the 
foundation.

For sinusoidal torsional elastic foundation:

Kr10 Ro, h, zð Þ ¼Kr1 � 1þ L1 sin
pz

a

� �� �

þ L2 sin
pz

a

� �� �2
 !

� 1þ L1 sin
h

2

� �� �

þ L2 sin
h

2

� �� �2
 !

,

(39a) 

Kr20 Ro, h, zð Þ ¼Kr2 � 1þ L1 sin
pz

a

� �� �

þ L2 sin
pz

a

� �� �2
 !

� 1þ L1 sin
h

2

� �� �

þ L2 sin
h

2

� �� �2
 !

:

(39b) 

For cosinusoidal torsional elastic foundation:

Kr10 Ro, h, zð Þ ¼Kr1 � 1þ L1 cos
pz

a

� �� �

þ L2 cos
pz

a

� �� �2
 !

� 1þ L1 cos
h

2

� �� �

þ L2 cos
h

2

� �� �2
 !

,

(40a) 

Kr20 Ro, h, zð Þ ¼Kr2 � 1þ L1 cos
pz

a

� �� �

þ L2 cos
pz

a

� �� �2
 !

� 1þ L1 cos
h

2

� �� �

þ L2 cos
h

2

� �� �2
 !

,

(40b) 

The frictional force is regarded as (A. B. 66]

fT Ro, h, zð Þ ¼ lT Kwo Ro, h, zð Þuz −
@

@z
Kpo Ro, h, zð Þ

@uz

@z

� ��

−
1

R2
@

@h
Kpo Ro, h, zð Þ

@uz

@h

� ��

:

(41) 

lT denotes the foundation friction coefficient.
where Ro is associated with the upper coordinate of a 

cross-section in r and Ro is lift given in Equation (5). In the 
Carrera Unified Formulation framework, external work can 
be written as:

dLext ¼ dqT
siK

ijss
a qsj, (42) 
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where Kijss
a

Kijss
a ¼

Krra 0 0
0 Khha 0
0 0 Kzza

2

6
4

3

7
5, (43) 

Kijss
a (stiffness) are contributions due to the foundation 

and friction force.
The virtual variation of the work of inertial loads can be 

obtained as follows.

dLine ¼ dqT
siM

ijss€qsj, (44) 

where €qsj is the acceleration of the nucleus at all nodes 
located in the support domain and Mijss is the mass matrix 
which is a diagonal matrix given by

Mijss ¼

Mrr 0 0
0 Mhh 0
0 0 Mzz

2

6
4

3

7
5, (45) 

Where

Mrr ¼Mhh ¼Mzz ¼

ð

X

Ni
XNa

k¼1

ðrk

rk−1

qcomfsfsdr

0

B
@

1

C
ANjdX,

(46) 

in which qcom is the mass density of layer k:
Thus, the equation of motion can be formally put in the 

following compact form:

Kijss þKijss
a

� �
qsj þMijss€qsj ¼ 0: (47) 

As far as t

qsj ¼ Qsjeixt , (48) 

where Qsj is the amplitude of displacement unknowns; x is 
the angular frequency; and i2 is equal to −1. By substituting 
Equation (48) into Equation (47), a linear system of the 
algebraic equations of motion is given by:

Kijss þKijss
a

� �
− x2Mijss� �

Qsj ¼ 0: (49) 

By solving Equation (49), the eigenvalue and eigenvector 
of the system can be achieved. Moreover, the dimensionless 
parameters have the following definitions:

K�w ¼
KwR5

EmI
, K�p ¼

KpR3

EmI
, x ¼ x

ffiffiffiffiffiffi
qm
Em

r

, R ¼
Ri þ Ro

2
: (50) 

7. Result

7.1. Validation with nondestructive testing

Table 1 reflects a comparison between the numerically com-
puted and experimentally observed first ten natural frequen-
cies of a cylindrical isotropic homogeneous panel subjected to 
clamped boundary conditions along all edges. The numerical 
frequencies, referred to as the "Present" values, are calculated 
using specific geometric and material parameters, including a 
panel length of 0.0762 m, a width of 0.1016 m, and a thickness 
of 0.03302 cm. The panel exhibits a curvature radius of 

0.762 m, consistent with its cylindrical geometry. Material 
properties such as Young’s modulus of 68.947 GPa, a density 
of 2657.27 kg/m3, and a Poisson’s ratio of 0.33 further define 
the mechanical behavior of the structure. The calculated fre-
quencies show a strong correlation with the experimental 
data, suggesting that the numerical model captures the essen-
tial dynamics of the system. The numerical results for the first 
natural frequency yield a value of 870 Hz, slightly higher than 
the experimentally obtained 814 Hz. A similar trend is 
observed across subsequent modes, with minor deviations 
becoming more pronounced at higher frequencies. For 
example, the numerical value for the fifth mode is 1441 Hz, 
while the experimental counterpart is 1452 Hz, indicating a 
slight underestimation. As the frequency modes increase, 
these deviations remain within acceptable ranges, as demon-
strated by the tenth mode, where the numerical value is 
2290 Hz compared to the experimental 2280 Hz. The small 
discrepancies between the two sets of data may be attributed 
to several factors, including model simplifications, assump-
tions in boundary conditions, or potential inaccuracies in 
experimental measurements. Nonetheless, the close agreement 
between the computed and measured frequencies validates the 
robustness of the numerical approach, demonstrating its effi-
cacy for vibration analysis in complex structures such as iso-
tropic homogeneous panels under clamped conditions. The 
results further underscore the importance of numerical meth-
ods in predicting dynamic behavior in engineering structures, 
providing engineers with valuable tools for design optimiza-
tion and structural integrity assessment.

7.2. Introduction to deep neural networks for predicting 
vibration analysis of nanocomposite-enhanced 
bridge structures validated by nondestructive 
testing

Nanocomposite-enhanced bridge structures represent a new 
frontier in civil engineering, particularly in the pursuit of 
more resilient, durable, and lightweight materials for con-
struction. These advanced materials often incorporate nano-
particles, such as carbon nanotubes or graphene, which 
improve the mechanical properties of traditional construction 
materials, such as concrete and steel, by enhancing their stiff-
ness, strength, and durability. As such, vibration analysis of 
these structures is critical for assessing their stability, safety, 
and performance, especially under dynamic loads such as 

Table 1. First ten frequencies X ¼ x=2p of CCCC isotropic homogeneous pan-
els with a ¼ 0:0762 m½ �, S¼ 0:1016 m½ �, h ¼ 0:03302 cm½ �, R ¼ 0:762 m½ �, 
E ¼ 68:947 GPa½ �, q ¼ 2657:27 kg=m3

� �
and � ¼ 0:33:

X Present Experimental [67]

X1 870 814
X2 958 940
X3 1289 1260
X4 1365 1306
X5 1441 1452
X6 1755 1770
X7 1780 1802
X8 2059 2100
X9 2221 2225
X10 2290 2280
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traffic or environmental forces. However, the complexity of 
nanocomposite materials introduces new challenges in accur-
ately predicting the vibration response of these structures. 
This is where the application of deep neural networks (DNNs) 
becomes highly relevant. DNNs, a subset of machine learning 
techniques, are particularly adept at handling large, complex 
datasets and identifying intricate patterns within them. In the 
context of vibration analysis for nanocomposite-enhanced 
bridge structures, DNNs can be used to model the complex, 
nonlinear relationships between material properties, structural 
configurations, and vibrational behavior. By training on data-
sets that encompass various bridge designs, material composi-
tions, and environmental conditions, DNNs can learn to 
predict how a bridge will respond to different types of vibra-
tions with high accuracy. The integration of nondestructive 
testing (NDT) methods with DNN predictions further enhan-
ces the reliability and practicality of vibration analysis. NDT 
techniques, such as ultrasonic testing, acoustic emission, and 
thermography, allow engineers to evaluate the structural 
health of bridges without causing any damage or disruption to 
the infrastructure. These techniques can provide real-time 
data about the condition of a bridge, which can then be fed 
into a DNN model. This combination allows for a more 

accurate prediction of potential failure points, stress concentra-
tions, or other weaknesses that may not be detectable through 
traditional analysis methods alone. Moreover, the use of DNNs 
in this context offers several key advantages. First, DNN models 
can improve over time as more data is collected from NDT and 
field observations, making the predictive models more robust 
and reliable. Second, DNNs are capable of generalizing across 
different bridge structures and nanocomposite materials, pro-
viding a flexible tool that can be applied to a wide range of scen-
arios. Finally, DNNs can be used in real-time applications, 
enabling continuous monitoring of bridge health and providing 
early warnings of potential issues before they become critical. In 
conclusion, the use of deep neural networks for predicting the 
vibration analysis of nanocomposite-enhanced bridge struc-
tures, when combined with nondestructive testing methods, 
represents a powerful approach for ensuring the long-term 
safety and stability of modern infrastructure. By leveraging the 
strengths of both advanced materials and cutting-edge machine 
learning techniques, engineers can develop more accurate, effi-
cient, and reliable systems for monitoring and maintaining the 
integrity of critical structures like bridges, ultimately contribu-
ting to safer and more resilient civil infrastructure. A Python 
code of the presented algorithm is shown in Figure 2.

Figure 2. A Python code of the presented algorithm.
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7.3. Parametric results

Figure 3 presents the variation of the dimensionless fre-
quency as a function of the length-to-thickness ratio (a=h) 
for a curved Al2O3 nanocomposite-reinforced bridge con-
crete structure surrounded by an elastic substrate. The graph 
plots four curves corresponding to different dimensionless 
radius curvature factors (R=a), specifically 1, 3, 5, and 7. 
The horizontal axis represents the length-to-thickness ratio, 
while the vertical axis indicates the dimensionless frequency. 
As the length-to-thickness ratio increases, a decreasing trend 
in dimensionless frequency is observed for all curvature fac-
tors. At lower values of a=h, the structure exhibits higher fre-
quencies, particularly for R=a ¼ 1, where the frequency 
remains significantly higher across the range of a=h values. 
As R=a increases, the dimensionless frequency decreases more 
rapidly with increasing a=h, highlighting a sensitivity of fre-
quency to changes in the radius curvature factor (RFC). This 
implies that higher curvature values (lower R=a) enhance the 
stiffness of the structure, leading to elevated frequencies. 
Additionally, the elastic foundation parameters, represented 
by the dimensionless Winkler coefficient (K�W) and Pasternak 
coefficient (K�P), likely influence this behavior by contributing 
to the overall stiffness. The interplay between the radius 
curvature factor and the elastic substrate suggests that struc-
tures with lower R=a are more resistant to deformation, 
which directly affects the vibration characteristics of the nano-
composite structure. These results provide critical insights 
into the design and optimization of curved surfaces in bridge 
applications, where frequency response plays a significant role 
in structural stability and performance.

Figure 4 illustrates the relationship between the dimension-
less frequency and the length-to-thickness ratio for a curved 
Al2O3 nanocomposite reinforced bridge concrete structure, 
with varying dimensionless Winkler coefficients. The x-axis 
represents the length-to-thickness ratio (a=h), while the y-axis 
displays the dimensionless frequency. The plot includes four 
curves, each representing a different value of the Winkler 
coefficient, specifically 0, 0.1, 0.2, and 0.3. As a=h increases, 
the dimensionless frequency decreases for all values of K�W : In 

the case of K�W ¼ 0, where the elastic substrate has no stiff-
ness contribution, the frequency decreases more sharply com-
pared to other cases. As the Winkler coefficient increases, 
representing a stiffer elastic foundation, the dimensionless fre-
quency for the structure also increases. The curve correspond-
ing to K�W ¼ 0:3 shows the highest frequency values, 
suggesting that the elastic substrate significantly enhances the 
overall stiffness of the structure, thereby raising its natural fre-
quencies. The sensitivity of the dimensionless frequency to 
the Winkler coefficient is more pronounced at lower values of 
a/h. As the length-to-thickness ratio increases, the curves for 
different values of K�W begin to converge, indicating a dimin-
ished influence of the elastic foundation stiffness for thinner 
structures (larger a=h). The results suggest that the Winkler 
foundation model plays an important role in the vibration 
characteristics of the nanocomposite structure, particularly in 
the design of bridges where the support conditions and foun-
dation stiffness are critical factors affecting dynamic 
performance.

Figure 3. Dimensionless frequency of a panel structure reinforced by Al2O3 

nanocomposite for various a=h and R=a ratios.
Figure 4. Dimensionless frequency of a panel structure reinforced by Al2O3 

nanocomposite for various a=h and K�W ratios.

Figure 5. Dimensionless frequency of a panel structure reinforced by Al2O3 

nanocomposite for various a=h and K�P ratios.
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Figure 5 presents the relationship between dimensionless 
frequency and the length-to-thickness ratio for a curved 
Al2O3 nanocomposite-reinforced bridge concrete structure 
with varying dimensionless Pasternak coefficients. The x- 
axis represents the length-to-thickness ratio, while the y-axis 
shows the dimensionless frequency. Four curves are plotted, 
corresponding to different values of the Pasternak coeffi-
cient: K�P¼ 0, 0.1, 0.2, and 0.3. As a=h increases, the dimen-
sionless frequency decreases for all values of K�P, similar to 
previous trends with increasing structural thickness. The 
lowest curve represents K�P ¼ 0, which indicates no contri-
bution from the shear layer in the elastic substrate. As the 
Pasternak coefficient increases, there is a noticeable rise in 
the dimensionless frequency, with K�P ¼ 0:3 showing the 
highest frequencies. This trend suggests that the shear inter-
action modeled by the Pasternak foundation adds stiffness 
to the structure, increasing its natural frequencies. The sen-
sitivity of the dimensionless frequency to the Pasternak coef-
ficient is especially prominent for lower values of a=h, 
where thicker structures are more influenced by the sub-
strate’s shear effects. As the a/h ratio increases, indicating a 
thinner structure, the curves begin to converge, signifying a 
reduced impact of the Pasternak coefficient on the fre-
quency. This observation implies that the shear layer contri-
bution from the foundation becomes less significant for 
slender structures. These results are important for optimiz-
ing bridge designs with composite materials, where the 
foundation’s shear stiffness must be considered for dynamic 
response and stability.

Figure 6 illustrates the dimensionless frequency variation 
of an Al2O3 nanocomposite-reinforced concrete bridge struc-
ture surrounded by an elastic substrate, where the elastic 
foundation is characterized by both Winkler and Pasternak 
coefficients. The horizontal axis represents the Al2O3 weight 
fraction (0–5%), while the vertical axis shows the dimension-
less frequency. Multiple curves are plotted to correspond to 
different values of the dimensionless Pasternak coefficient, 
ranging from 0 to 0.3, indicating its effect on the frequency 
response of the structure. As the Al2O3 weight fraction 

increases, the dimensionless frequency increases for all values 
of K�P: Specifically, the lowest curve (blue) corresponds to 
K�P ¼ 0, while the highest curve (black) corresponds to K�P ¼
0:3, demonstrating that increasing K�P enhances the frequency 
response. This trend implies a significant sensitivity of the 
structure’s dynamic behavior to the Pasternak coefficient. The 
presence of the Al2O3 reinforcement improves the stiffness of 
the nanocomposite, leading to higher frequencies. In terms of 
the radius of curvature factor, R=a, and the length-to-thick-
ness ratio, a=h, the frequency response is expected to further 
vary depending on these structural parameters, which are not 
explicitly plotted here but contribute to the overall sensitivity. 
RFC, or the sensitivity of frequency to radius curvature factor, 
can be influenced by the interaction between these parameters 
and the elastic foundation characterized by the Winkler and 
Pasternak coefficients, further impacting the mechanical 
behavior of the curved composite surface.

Figure 7 illustrates the relationship between dimension-
less frequency and Al2O3 weight fraction (%) for various val-
ues of the dimensionless radius of curvature factor, in an 
Al2O3 nanocomposite reinforced concrete bridge structure. 
The structure is surrounded by an elastic substrate. The 
horizontal axis shows the Al2O3 weight fraction (0–5%), 
while the vertical axis represents the dimensionless fre-
quency. Different curves correspond to varying values of 
R=a, the ratio of the radius of curvature to the characteristic 
length. The blue curve represents R=a ¼ 1, the red dashed 
curve corresponds to R=a ¼ 3, the green dotted curve to 
R=a ¼ 5, and the black dashed curve to R=a ¼ 7: The figure 
indicates that as the Al2O3 weight fraction increases, the 
dimensionless frequency increases for all values of Rx=a:
However, the sensitivity of the frequency to the Al2O3 
reinforcement diminishes as Rx=a increases. For R=a ¼ 1, 
the frequency shows a steep increase, implying that struc-
tures with a lower radius of curvature (more curved) exhibit 
a stronger frequency response to the increase in Al2O3 
weight fraction. In contrast, for higher values of R=a (i.e. 
R=a ¼ 7, the frequency response is more gradual, indicating 
that flatter structures are less sensitive to changes in 

Figure 6. Dimensionless frequency of a panel structure reinforced by Al2O3 

nanocomposite for various Al2O3 weight fractions and K�P ratios.
Figure 7. Dimensionless frequency of a panel structure reinforced by Al2O3 

nanocomposite for various R=a and Al2O3 weight fractions.
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reinforcement. This figure effectively highlights the sensitiv-
ity of the structure’s dynamic properties, particularly the fre-
quency, to both the Al2O3 weight fraction and the radius of 
curvature factor, which are key parameters in the design and 
performance of reinforced concrete bridge structures.

Figure 8 presents the variation of dimensionless fre-
quency as a function of the dimensionless Winkler coeffi-
cient, for different values of the dimensionless radius of 
curvature factor, R=a, in a reinforced Al2O3 nanocomposite 
concrete structure supported by an elastic foundation. The 
horizontal axis represents the Winkler coefficient, (ranging 
from 0 to 5), which models the stiffness of the elastic sub-
strate, and the vertical axis displays the dimensionless fre-
quency. The plot includes four curves, each representing 
different values of R=a, which is the ratio of the radius of 
curvature to the characteristic length of the structure. The 
blue curve corresponds to R=a ¼ 1, the red dashed curve to 
R=a ¼ 2, the green dotted curve to R=a ¼ 3, and the black 
dashed curve to Rx=a ¼ 4: As the Winkler coefficient 
increases, the dimensionless frequency also increases across 
all values of R=a: The highest frequency values are observed 
for R=a ¼ 1, indicating that more curved structures (with a 
lower radius of curvature) exhibit a greater sensitivity to 
changes in the Winkler foundation stiffness. On the other 
hand, the frequency response for flatter structures (higher 
R=a is less pronounced but still exhibits an upward trend 
with increasing K�W : The influence of the Winkler coefficient 
becomes more significant as K�W increases, which implies 
that the interaction between the structure and its elastic 
foundation plays a key role in determining the overall fre-
quency behavior, especially for more curved surfaces. This 
figure demonstrates the critical impact of the Winkler coeffi-
cient on the dynamic characteristics of curved Al2O3-rein-
forced concrete structures.

Figure 9 presents a plot showcasing the relationship 
between the dimensionless Winkler coefficient and the 
dimensionless frequency of a curved surface structure. This 
structure consists of an Al2O3 nanocomposite reinforced 
bridge concrete material, surrounded by an elastic substrate. 

The plot highlights how the dimensionless frequency varies 
for different values of the dimensionless Pasternak coeffi-
cient K�P under a range of K�W values. In this context, the 
parameter R=a denotes the dimensionless radius curvature 
factor, representing the curvature effect of the structure, 
while a=h refers to the length-to-thickness ratio, capturing 
the geometry of the curved surface. As K�W increases along 
the x-axis, the dimensionless frequency grows for all values 
of K�P , reflecting how the elastic foundation’s stiffness affects 
the system’s vibrational characteristics. The sensitivity of fre-
quency to the radius curvature factor (RFC) is also influ-
enced by the increasing values of K�P , as depicted by the 
different curves. The blue solid line represents K�P ¼ 0, cor-
responding to no Pasternak foundation influence, while the 
dashed lines (red, green, and black) represent increasing val-
ues of K�P ¼ 1, 2, 3, respectively. As K�P rises, the dimension-
less frequency increases for a given K�W , indicating that both 
the Winkler and Pasternak parameters play a significant role 
in enhancing the stiffness of the elastic foundation, thus 

Figure 9. Dimensionless frequency of a panel structure reinforced by Al2O3 

nanocomposite for various K�P and K�W ratios.

Figure 10. Dimensionless frequency of a panel structure reinforced by Al2O3 

nanocomposite for various K�W and Al2O3 weight fractions.

Figure 8. Dimensionless frequency of a panel structure reinforced by Al2O3 

nanocomposite for various R=a and K�W ratios.
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raising the natural frequencies of the nanocomposite struc-
ture. The plot offers insight into how the elastic substrate 
parameters affect the vibrational response of bridge concrete 
nanocomposite structures with varying curvature.

Figure 10 illustrates the variation in the dimensionless 
frequency with respect to the dimensionless Winkler coeffi-
cient K�W for different weight fractions of Al2O3 in a nano-
composite material used in bridge concrete structures. The 
plot shows four curves, each corresponding to a different 
Al2O3 weight fraction: 0%, 2%, 4%, and 6%. On the x-axis, 
the dimensionless Winkler coefficient represents the stiffness 
of the elastic foundation, while the y-axis shows the dimen-
sionless frequency. As K�W increases, the dimensionless fre-
quency increases for all Al2O3 weight fractions, indicating 
that the elastic foundation contributes significantly to the 
vibrational behavior of the structure. The blue solid line rep-
resents the case where the Al2O3 weight fraction is 0%, 
while the dashed lines (red, green, and black) represent 
increasing weight fractions of 2%, 4%, and 6%, respectively. 
As the weight fraction of Al2O3 increases, the dimensionless 
frequency shows a slight increase, particularly at higher val-
ues of K�W : This suggests that the inclusion of Al2O3 in the 
composite material enhances its stiffness and contributes to 
higher natural frequencies. The plot demonstrates that the 
Al2O3 weight fraction has a minor but noticeable effect on 
the overall frequency behavior, with higher weight fractions 
resulting in slightly stiffer structures. However, the curves 
are relatively close to each other, indicating that the influ-
ence of Al2O3 weight fraction on frequency becomes more 
prominent at higher values of the Winkler coefficient. This 
analysis is important for understanding the role of material 
composition in the dynamic performance of bridge 
structures.

Figure 11 shows the relationship between the length- 
to-thickness ratio and the sensitivity of frequency to the 
radius curvature factor for different weight fractions of 
Al2O3 (aluminum oxide) in a composite material. The RFC 
represents the sensitivity of the structure’s frequency to 
changes in its curvature, and a=h describes the geometry of 

the structure, with larger values of a=h corresponding to 
thinner structures. The x-axis represents the length-to-thick-
ness ratio, while the y-axis shows the RFC. Four curves are 
plotted, each representing a different Al2O3 weight fraction: 
0%, 2%, 4%, and 6%. The blue solid line corresponds to an 
Al2O3 weight fraction of 0%, while the red dashed, green 
dotted, and black dash-dotted lines represent weight frac-
tions of 2%, 4%, and 6%, respectively. As a=h increases, the 
RFC increases for all weight fractions, indicating that thin-
ner structures are more sensitive to curvature effects on 
their natural frequency. At smaller values of a=h, there is a 
more significant difference between the curves, but as a=h 
increases, the curves converge, showing that the effect of 
Al2O3 weight fraction becomes less pronounced in thinner 
structures. For larger a=h values (beyond 150), all curves 
tend toward an RFC of approximately 0.9, meaning the sen-
sitivity of frequency to curvature reaches a near-constant 
level. The figure demonstrates that increasing the Al2O3 
weight fraction slightly enhances the RFC at lower a=h 
ratios, but the effect diminishes as the structure becomes 
thinner. This behavior highlights the influence of material 
composition on the dynamic sensitivity of bridge concrete 
structures to curvature changes, particularly in thicker 
configurations.

Figure 12 presents a graph that illustrates the relationship 
between the sensitivity of frequency to the radius curvature 
factor (RFC) and the length-to-thickness ratio for various 
dimensionless Winkler coefficients. The graph specifically 
focuses on the behavior of a curved surface structure com-
posed of an Al2O3 nanocomposite-reinforced bridge con-
crete, which is surrounded by an elastic substrate. The 
horizontal axis represents the length-to-thickness ratio, 
which ranges from 0 to 200. The vertical axis shows the 
RFC, which varies between 0.1 and 0.9. The different curves 
in the graph correspond to various values of the dimension-
less Winkler coefficient, including K�W ¼ 0 (solid blue line), 
K�W ¼ 0:1 (dashed red line), K�W ¼ 0:2 (dotted green line), 
and K�W ¼ 0:3 (dash-dotted black line). For each value of 
K�W , the graph shows how RFC increases rapidly with 

Figure 11. Sensitivity of frequency to radius curvature factor of a panel struc-
ture reinforced by Al2O3 nanocomposite for various Al2O3 weight fraction and 
a=h ratios.

Figure 12. Sensitivity of frequency to radius curvature factor of a panel struc-
ture reinforced by Al2O3 nanocomposite for various K�W and a=h ratios.
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increasing a=h, reaching a peak at approximately a=h ¼ 50, 
after which it gradually decreases as a=h continues to rise. 
The effect of increasing K�W is evident, as higher values of 
the Winkler coefficient tend to lower the RFC across the 
entire range of a/h, indicating that greater elastic support 
from the substrate (higher K�W) reduces the sensitivity of fre-
quency to the radius curvature factor. In summary, the 
graph captures the interaction between the structural param-
eters of the Al2O3 composite bridge concrete and the elastic 
foundation, highlighting the influence of the elastic substrate 
on the frequency response of the system.

Figure 13 illustrates the relationship between the sensitiv-
ity of frequency to the radius curvature factor and the 
length-to-thickness ratio for different values of the dimen-
sionless Pasternak coefficient. The graph represents a curved 
surface structure made of Al2O3 nanocomposite- 
reinforced bridge concrete, which is surrounded by an elas-
tic substrate. The horizontal axis represents the length- 
to-thickness ratio, which spans values from 0 to 200. The 
vertical axis shows RFC values, ranging from 0.1 to 0.9. The 
graph contains four curves, each corresponding to a specific 
value of the Pasternak coefficient K�P : K�P ¼ 0 (solid blue 
line), K�P ¼ 0:1 (dashed red line), K�P ¼ 0:2 (dotted green 
line), and K�P ¼ 0:3 (dash-dotted black line). As observed in 
the graph, for all values of K�P , the RFC increases rapidly 
with increasing a=h, reaching a maximum value around 
a=h ¼ 50, and then gradually stabilizing. The effect of the 
Pasternak coefficient is evident, as larger values of K�P result 
in lower RFC values throughout the entire range of a=h:
This suggests that increasing the Pasternak coefficient, which 
accounts for shear interaction in the elastic foundation, 
reduces the frequency sensitivity to the radius curvature fac-
tor. Overall, the figure demonstrates that higher Pasternak 
coefficients lead to a less pronounced sensitivity of fre-
quency to curvature, indicating that shear effects in the elas-
tic substrate play a significant role in the structural 
dynamics of the composite bridge concrete system.

Figure 14 depicts the relationship between the sensitivity 
of frequency to the radius curvature factor and the length- 
to-thickness ratio for different values of the dimensionless 
radius curvature factor. The structure considered is the 
curved surface of an Al2O3 nanocomposite reinforced bridge 
concrete, surrounded by an elastic substrate. The horizontal 
axis represents the length-to-thickness ratio, which spans 
values from 0 to 200. The vertical axis shows RFC, which 
varies between 0.1 and 0.9. The graph includes four curves 
representing different values of the dimensionless radius 
curvature factor, namely R=a ¼ 5 (solid blue line), R=a ¼ 10 
(dashed red line), R=a ¼ 15 (dotted green line), and Rx=a ¼
20 (dash-dotted black line). In general, for all values of R=a, 
RFC increases as the length-to-thickness ratio rises, with a 
more significant increase observed when a=h is smaller. The 
curves approach a peak RFC value around a=h ¼ 50, after 
which they level off. As R=a increases, the RFC values are 
generally higher for the same a=h values, indicating that 
larger radius curvature factors lead to greater frequency sen-
sitivity. The behavior in the graph suggests that as the radius 
of curvature increases, the structure becomes more sensitive 
to changes in frequency, particularly for smaller length- 
to-thickness ratios. This implies that larger curved surfaces 
in the composite concrete bridge structure will experience 
greater frequency effects, especially in the lower range of 
a=h values.

7.4. Testing, training and presenting the results

The results are then given after being assessed by mathemat-
ical modeling and experimental validation. When the num-
ber of starting epochs in the training and validation sets of 
the loss-error curve differs, the network is said to be trained. 
However after a given number of epochs, the network gets 
overfitted and stops performing effectively with the training 
set, even if the training error lowers. For the validation data 
set and any further input data, this produces inflated and 

Figure 14. Sensitivity of frequency to radius curvature factor of a panel struc-
ture reinforced by Al2O3 nanocomposite for various R=a and a=h ratios.

Figure 13. Sensitivity of frequency to radius curvature factor of a panel struc-
ture reinforced by Al2O3 nanocomposite for various K�P and a=h ratios.
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erroneous findings. Our findings indicate that in order to 
guarantee consistent outcomes, at least 390 epochs are 
required. This big epoch size keeps the amplitude accurate 
and avoids overfitting. This section looks at how R2 and 
RMSE affect the outcomes shown in Tables 2 and 3. Higher 
RMSE and R2 values have been observed to result in more 
accurate replies. As a result, while choosing the results, it is 
advised to pick R2¼0.9891, RMSE ¼ 0.9191, and 591 sam-
ples. MMR also presents the outcomes of the mathematical 
modeling.

Tables 2 and 3 illustrate how the dimensionless frequency 
of the current structure varies with the weight fraction of 
Al2O3 and a=h: This topic will be covered in more detail in 
the following section.

8. Conclusion

This study provided a comprehensive vibration analysis of 
Al2O3 nanocomposite-reinforced concrete bridge structures 
resting on an innovative elastic foundation using the 
Carrera Unified Formulation. By incorporating Al2O3 nano-
particles within the concrete matrix, significant improve-
ments in the mechanical properties of the bridge structures 
were observed, particularly in terms of stiffness, damping, 
and overall vibrational performance. The novel elastic foun-
dation model employed in this analysis offered a more real-
istic representation of soil-structure interaction, leading to 
more accurate predictions of dynamic behavior under vari-
ous loading conditions. The results obtained through CUF 
were thoroughly validated using nondestructive testing 
methods, which delivered valuable insights into the struc-
tural integrity and vibrational response of the bridge struc-
tures. NDT proved to be a reliable tool for detecting 
potential damages and anomalies, thereby reinforcing the 
accuracy of the CUF-based predictions. Additionally, 
machine learning algorithms were utilized to efficiently pre-
dict vibrational characteristics, offering a valuable computa-
tional resource for structural health monitoring systems. The 
integration of these methodologies—CUF for high-fidelity 

vibration analysis, NDT for experimental validation, and ML 
for predictive modeling—demonstrated a robust framework 
for evaluating and analyzing reinforced concrete bridge 
structures. The findings from this study underscored the 
potential of Al2O3 nanocomposites to enhance the vibra-
tional performance of concrete structures, leading to 
improved resilience and an extended lifespan. Moreover, the 
innovative elastic foundation model introduced in this 
research offered practical solutions for optimizing founda-
tion design, particularly for bridges subjected to complex 
environmental and load conditions. Future research was 
suggested to explore the application of these methodologies 
to other structural configurations, materials, and foundation 
models, to further validate their effectiveness. The combin-
ation of CUF, NDT, and ML promised to advance the field 
of structural engineering, enabling more accurate, efficient, 
and reliable design and analysis of critical infrastructure. 
This study laid a strong foundation for continued explor-
ation of nanocomposite reinforcement in civil engineering 
and contributed to the growing body of knowledge in vibra-
tion analysis and structural health monitoring.
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