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Abstract
The Ebola virus continues to present major public health concerns, particularly in 
African countries including Sierra Leone. Transmission of Ebola virus from de-
ceased and hospitalized people significantly contributed to the disease outbreak 
in these regions. This study introduces a novel compartmental model designed to 
understand the dynamical patterns and to explore optimal control intervention for 
managing the spread of Ebola with transmission from deceased people. The model 
incorporates vaccinated and hospitalized population groups one of the most ef-
fective preventive interventions. Global dynamics of the model is assessed using 
Lyponov approach to evaluate the stability of the system’s equilibria. The model is 
validated using the reported daily cases in Sierra Leone during the severe outbreak 
and the numerical values of the basic reproduction number is estimated. The param-
eter estimation carried out via the nonlinear standard least squares method. A com-
prehensive sensitivity analysis is conducted to identify critical parameters that influ-
ence disease progression and informs the design of effective time-dependent control 
interventions. Moreover, the model is optimized using Pontryagin Maximum Prin-
ciple to suggest the optimal intervention for the infection eradication. Simulation 
shows that applying a combination of the three suggested time-dependent controls 
significantly reduces the number of infected and exposed cases, while maximizing 
the number of hospitalized and vaccinated individuals. Among these, continuous 
treatment of infectious individuals, especially when paired with early vaccination, 
proves to be the most effective long-term measure. The results highlight the value 
of prompt and strategic public health actions in curbing Ebola outbreaks.
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1  Introduction

Infectious diseases are caused by harmful microorganisms such as bacteria, viruses, 
parasites, and fungi. These illnesses can spread through various transmission routes, 
including direct contact between people, transmission from animals to humans, or 
even among animals before eventually affecting humans. Reverse zoonosis occurs 
when a disease is passed from humans to animals, usually through another species 
acting as a carrier. Worldwide one-third of all deaths are attributed to infectious dis-
eases. Recent outbreaks of emerging diseases present significant risks to both public 
health and the global economy  [1]. The symptoms of infectious diseases vary based 
on the type of infection. Fungal infections often affect certain parts of the body, caus-
ing issues like rashes and itching. In contrast, viral and bacterial infections can lead 
to symptoms that affect multiple areas of the body, such as chills, digestive issues 
(diarrhea, vomiting, nausea), cough, fatigue, fever, headache, muscle aches, and a 
runny or stuffy nose.

Ebola is a severe hemorrhagic fever that affects humans and can be fatal. It is typi-
cally caused by a virus from the Filoviridae family  [2]. The case fatality rate varies 
between 25 and 90%, depending on the strain of the virus  [3]. Infection typically 
begins with a spill over event from an animal host to a human. After this initial trans-
mission, the virus can spread between people, potentially causing widespread out-
breaks. Ebola Virus Disease (EVD) transmit via direct interaction with the blood and 
other bodily fluids of an infectious person including those who have died from the 
illness. Transmission can occur through broken skin or mucous membranes in areas 
like the eyes, nose or mouth  [4]. Over the past few decades, Africa has experienced 
more than 20 EVD outbreaks, triggered by various strains of the ebola virus. Accord-
ing to the Centers for Disease Control and Prevention (CDC), 2017, there are five 
distinct strains of ebolaviruses, but the three most deadly are the Zaire, Sudan, and 
Bundibugyo strains. A Central African virus may have spread to West Africa through 
migratory bats that can travel hundreds of kilometers, according to one theory among 
many that explain the infection’s spread  [5]. Outbreaks of EVD are driven not only 
by direct transmission between individuals but also by a complex interplay of envi-
ronmental, social, and economic conditions. Additionally, behavioral changes driven 
by fear can significantly impact how the disease spreads. Among the numerous ques-
tions that remain unanswered about this virus are its natural host and how humans 
are initially infected  [6].

Sierra Leone was one of the three West African nations, along with Guinea and 
Liberia, heavily affected by the EVD 2014 outbreaks. From 2014 to 2015, Sierra 
Leone experienced more than 14,000 confirmed cases with infections and nearly 
4000 deaths, making it a central hotspot of the epidemic. The rapid spread was caused 
by week healthcare infrastructure, cultural practices such as unsecured burials, and 
extensive population movement across the countries. The World Health Organization 
declared this region free of Ebola in November 2015, although sporadic cases con-
tinued to appear into 2016  [7].

The formulation of novel mathematical models and robust computational tech-
niques serves as a valuable tool for understanding the dynamic aspects of epidemic 
outbreaks   [8–11]. These models are usually formulated with the help of ordinary  
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[12, 13], fractional   [14, 15], fractal-fractional   [16] or stochastic  [17] differential 
systems. These models also play a crucial role in designing effective and optimal 
control interventions to curb the spread of infection   [18–20]. Various mathemati-
cal frameworks have been proposed to investigate the spread of the Ebola virus, 
and some of these models include compartments representing deceased individuals  
[21]. A dynamical study and prevention strategies of EVD with low and high risk 
susceptibility was presented in  [22]. Nonetheless, only a few studies have addressed 
the potential for infection arising from contact with unburied bodies or the impact 
of transmission occurring within hospital settings. Recognizing the importance of 
these under represented factors, this study introduces an enhanced compartmental 
model that accounts for the transmission contributions of both hospitalized patients 
and deceased individuals  [23]. Some recent mathematical models exploring Ebola 
dynamics and control can be found in  [24–27].

1.1  Key highlights

In this study, we focus on formulating a deterministic mathematical model with opti-
mal control analysis to assess the transmission dynamics and mitigation of Ebola 
infection. Furthermore, real epidemiological data are employed to support the model 
and optimal control outcomes. We used the 2015 data for parameter estimation 
because the 2014–2016 EVD outbreak in Sierra Leone was the largest and most well-
documented epidemic in Ebola disease history.

Key contributions of this study include

	● Formulation of a novel mathematical model to assess the transmission dynamics 
of Ebola, incorporating hospitalization and imperfect vaccination.

	● Validation of the model using weekly reported Ebola cases from Sierra Leone 
during the severe outbreak.

	● Analyzing the global dynamics of the model equilibria using Lyapunov stability 
techniques.

	● Performing simulations and normalized sensitivity analysis to identify the most 
influential parameters affecting disease spread and control.

	● Optimizing the model and designing effective control interventions through com-
prehensive simulation.

1.2  Structure of the study

This study is structured in 8 section detailed as follows: Sect. 2 introduces the model 
along with comprehensive descriptions of the parameters involved. Section 3 pres-
ents the analytical study of the model, ensuring that the system remains positive 
and bounded. In Sect. 4, we derive the basic reproduction number and examine the 
equilibrium states and their stability properties. Section 5 focuses on estimating key 
model parameters using data from the 2015 Ebola outbreak in Sierra Leone and 
includes a sensitivity analysis to assess parameter influence. Section 6 develops an 
optimal control framework guided by Pontryagin Maximum Principle. Section 7 cov-
ers simulation of the control control model under different intervention strategies.

1 3
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2  Model description

In this study, we develop a compartmental model to describe the spread of EVD 
in a human population, incorporating vaccination, hospitalization, and delayed 
in burial practices. The model divides the entire population N(t), into seven sub-
groups: susceptible individuals S(t), vaccinated individuals V(t), exposed individuals 
E(t) who are infected but not yet infectious, infectious individuals I(t) who display 
clinical symptoms, hospitalized individuals H(t), recovered individuals R(t), and 
deceased individuals D(t) who have died from the disease but are not yet buried. 
The actively interacting population consists of all compartments except the deceased, 
hence N(t) = S(t) + V (t) + E(t) + I(t) + H(t) + R(t). Newborns are recruited 
into the population at a rate Λ, of which a fraction ρ ∈ (0, 1) is unvaccinated and 
enters the susceptible class, while the remaining proportion 1 − ρ is vaccinated upon 
entry and joins the vaccinated compartment. Individuals in both susceptible and 
vaccinated groups are at risk of infection through contact with individuals in the 
infectious, hospitalized, or deceased compartments. The rate at which susceptible 
individuals become exposed is described by the force of infection λ(t), given by: 
λ(t) = β1I(t)+β2D(t)+β3H(t)

N(t) , where β1, β2, and β3 represent the respective effective 
transmission rates from infectious individuals, deceased individuals, and hospitalized 
individuals. Vaccination provides partial immunity, represented by a vaccine effi-
cacy parameter η ∈ [0, 1]. This means that vaccinated individuals may still become 
infected, but at a reduced rate ηλ(t) (where λ(t) is the force of infection). Once 
exposed, individuals transition from the exposed class E(t) to the infectious class I(t) 
at a progression rate σ, corresponding to an average latent period of 1/σ time units. 
Infectious individuals may either be hospitalized at a rate ϕ, die due to the disease, or 
recover. The rate at which individuals leave the infectious compartment is γ1, where a 
fraction δ ∈ (0, 1) of individuals die and move to the deceased class, and the remain-
ing fraction 1 − δ recover and join the recovered class R(t). Hospitalized individuals 
also exit their compartment at rate γ2, with possible outcomes of recovery or death, 
moving to either R(t) or D(t), respectively. Individuals in the deceased class are bur-
ied at rate α, where 1/α represents the average time until burial. All living individuals 
are also subject to a natural mortality rate µ.

This model structure captures key epidemiological processes relevant to Ebola 
transmission, including exposure through contact with symptomatic, hospitalized, 
and deceased individuals, waning vaccine protection, and delays in safe burial. Defi-
nitions and descriptions of all parameters involved in the model are provided in Table 
1 while the flow among different population groups are shown in Fig. 1. The mathe-
matical equations governing the EVD model are formulated by the system as follows: 
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



S′(t) = ρΛ − (β1I+β2D+β3H)S
N − νS − µS,

V ′(t) = (1 − ρ)Λ + νS − η(β1I+β2D+β3H)V
N − µV,

E′(t) = (β1I+β2D+β3H)(S+ηV )
N − (µ + σ)E,

I ′(t) = σE − (ϕ + µ + γ1)I,
H ′(t) = ϕI − (γ2 + µ)H,
R′(t) = (1 − δ)γ1I + γ2H − µR,
D′(t) = δγ1I − αD.

� (1)

The initial values of state variables in system 1 are: 

	S0 > 0, E(0) = E0 ≥ 0, H(0) = H0 ≥ 0, I(0) = I0 ≥ 0, V (0) = V0, R(0) = R0 ≥ 0, D(0) = D0 ≥ 0.

We observe that the presumption that older people should not receive vaccinations is 
not just technical: for a number of childhood illnesses, vaccinations are nearly always 

Fig. 1  Schematic diagram of the 
transmission dynamics. Green 
arrows represent recruitment 
into the susceptible and vacci-
nated classes, black arrows de-
note natural or disease-induced 
deaths, and blue arrows indicate 
transitions between epidemio-
logical compartments. Notably, 
vaccinated individuals can 
still become exposed through 
breakthrough infections at a 
reduced rate (η), represented by 
the arrow from V to E

 

Parameter Description
Λ Birth rate
ρ Proportion of newborns who remain 

unvaccinated
µ Natural mortality rate
β1 Transition rate from infectious individuals 

showing symptoms
β2 Flow rate from unburied deceased individuals
β3 Transmission rate from hospitalized patients
η Effectiveness of the vaccine
σ Number of people exposed to infection
1

γ1
Average duration an individual remains 
infectious

γ2 Recovery rate from the hospitalized class
α Rate of burial for deceased individuals
ϕ Hospitalization rate of infectious individuals
δ Fraction of individuals who die from EVD
ν Vaccination rate among the adult population

Table 1  Model parameters and 
their descriptions
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administered within a brief period after birth and older people receive very little 
immunization  [25]. For simplicity, we denote 

	 K1 = σ + µ, K2 = ϕ + γ1 + µ, K3 = γ2 + µ,

as defined in System (1). 

	




S′ = ρΛ − λS − µS,
V ′ = (1 − ρ)Λ − λV − µV,
E′ = λ(S + ηV ) − K1E,
I ′ = σE − K2I,
H ′ = ϕI − K3H,
R′ = (1 − δ)γ1I + γ2H − µR,
D′ = δγ1I − αD.

� (2)

3  Basic mathematical analysis of model

3.1  Positivity and boundedness

To analyze the behavior of system (2), it is essential to demonstrate that all state vari-
ables remain non-negative for all time, and that any solution starting with non-nega-
tive initial conditions remains within a biologically feasible and positively invariant 
region. This leads to the following result.

Lemma 1  All solutions (2) with non-negative initial values remain 
bounded and persist in the positively invariant region defined as 

Γ = {S , V , E , I , H , R, D ∈ R7
+ : 0 < N ≤ Λ

µ }.

Proof  The total population of the human compartments, defined as 
N(t) = S(t) + V (t) + E(t) + I(t) + H(t) + R(t), associated with system (1) is 
given by 

	

N ′(t) = S′(t) + V ′(t) + E′(t) + I ′(t) + H ′(t) + R′(t),
= Λ − µ

(
S(t) + V (t) + E(t) + I(t) + H(t) + R(t)

)
− δγ1I(t),

≤ Λ − µN(t).
� (3)

Assuming the initial total population is given by N(0) = N0, the cumulative popula-
tion at time t satisfies the inequality: 

	
N(t) ≤ Λ

µ
−

(
Λ
µ

− N0

)
e−µt.� (4)
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This implies that for all t > 0, the total population remains bounded above by Λ
µ . With 

this bound established, we proceed to reformulate the last equation in system (2) as 
follows: 

	
D′(t) ≤ δγ1

Λ
µ

− αD(t).� (5)

By applying a similar bounding technique as previously discussed, it can be shown 
that the number of deceased individuals satisfies the inequality D(t) ≤ Λδγ1

αµ  for all 
t > 0. This confirms that the model remains confined within a positively invariant 
region.� □

Lemma 2  Assume that Q(0 ) ≥ 0  represents the initial solution and 
Q(0 ) = (S(0 ), V (0 ), E(0 ), I (0 ), H (0 ), R(0 ), D(0 )) denote the variables of the 
system. Then all solutions associated with the system remain nonnegative for each 
time t > 0.

Proof  Consider t1 = sup{t > 0 : Q(t) > 0, Q(t) ∈ [0, t1]}. From the first equation 
of system (2), we get: 

	
dS

dt
= ρΛ −

(
λ(t) + µ

)
S.� (6)

Eq. (6) can be written in the form 

	
dS

dt
+

(
λ(t) + µ

)
S = ρΛ.� (7)

Using the integrating factor, we have 

	

d

dt

(
S(t) exp

( ˆ t

0
µ + λ(x) dx

))
= ρΛ exp

( ˆ t

0
µ + λ(x) dx

)
.

Hence, 

	
S(t1) exp

(
µt1 +

ˆ t1

0
λ(x) dx

)
− S(0) =

ˆ t1

0
ρΛ exp

( ˆ z

0
µ + λ(x) dx

)
dz.

Therefore, 

	

S(t1) = S(0) exp
(

− µt1 −
ˆ t1

0
λ(x) dx

)
+ exp

(
− µt1 −

ˆ t1

0
λ(x) dx

)

×
(ˆ t1

0
ρΛ exp

( ˆ z

0
µ + λ(x) dx

)
dz

)
> 0.

1 3
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Thus, S(t) > 0 on (0, t1]. By applying the same procedure to the remaining compart-
ments, we obtain V (t) > 0, E(t) > 0, I(t) > 0, H(t) > 0, R(t) > 0, and D(t) > 0 
for all t ∈ (0, t1]. Consequently, every solution of system (2) remains positive for all 
t > 0.� □

3.2  Basic reproduction number

To calculate the basic reproduction number R0 for system (2), we adopt the standard 
next-generation matrix method as outlined in  [28, 29]. In this framework, the infec-
tious states are identified as the compartments E, I, H, and D. System (2) admits a 
unique disease-free equilibrium (DFE), given by 

	
E0 =

(
ρΛ
µ

,
(1 − ρ)Λ

µ
, 0, 0, 0, 0, 0

)
.� (8)

By substituting the relevant components of DFE E0 into the system, we obtain the 
Jacobian matrix F corresponding to the new infection terms as: 

	

F =




0 (η(1 − ρ) + ρ) β1 (ρ + η(1 − ρ)) β3 (ρ + η(1 − ρ)) β2
0 0 0 0
0 0 0 0
0 0 0 0


 ,

and the Jacobian matrix V, which corresponds to the transition terms (i.e., the move-
ment between compartments other than new infections), is given by: 

	

V =




K1 0 0 0
−σ K2 0 0
0 −ϕ K3 0
0 −δγ1 0 α


 ,

According to the method described in  [28, 29], the basic reproduction number R0 is 
defined as the spectral radius of the matrix product FV−1. Thus, we have: 

	
R0 = (η(1 − ρ) + ρ) σ (αϕβ3 + K3 (αβ1 + δβ2γ1))

αK1K2K3
.

We have split R0 into three subparts. 

	

R01 = (ρ + η(1 − ρ)) σ ϕ β3

K1 K2 K3
.

R02 = (ρ + η(1 − ρ)) σ β1

K1 K2
.

R03 = (ρ + η(1 − ρ)) σ δ β2 γ1

α K1 K2
.

1 3
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The basic reproduction number can be split into three components corresponding to distinct 
transmission pathways. R01 accounts for infections caused by hospitalized infected indi-
viduals as it assumed that even though hospitalized individuals are under medical care, they 
may yet contribute to Ebola transmission. R02 represents direct transmission from active 
Ebola infected individuals in the community, while R03 quantifies infections transmitted 
via deceased individuals, reflecting indirect post-mortem transmission. This decomposi-
tion highlights the relative contribution of each route, indicating that controlling commu-
nity spread reduces R02, improving isolation and treatment limits R01, and safe handling of 
deceased individuals mitigates R03, providing a focused basis for intervention strategies.

4  Analysis of equilibrium points and stability

For the proposed model (2), we determine the conditions for the existence 
of an endemic steady state   [30]. We denote the endemic steady state by 
E1 = (S∗, V ∗, E∗, I∗, H∗, R∗, D∗), and it is derived as follows: 

	




S∗ = Λρ
λ∗+µ ,

V ∗ = Λ(1−ρ)
ηλ∗+µ ,

E∗ = λ∗(ηλ∗Λ+ηΛµ+Λµρ−ηΛµρ)
(λ∗+µ)(ηλ∗+µ)K1

,

H∗ = λ∗(ηλ∗Λ+ηΛµ+Λµρ−ηΛµρ)σϕ
(λ∗+µ)(ηλ∗+µ)K1K2K3

,

R∗ = λ∗(ηλ∗Λ+ηΛµ+Λµρ−ηΛµρ)σ(K3γ1−δK3γ1+ϕγ2)
µ(λ∗+µ)(ηλ∗+µ)K1K2K3

,

D∗ = δλ∗(ηλ∗Λ+ηΛµ+Λµρ−ηΛµρ)σγ1
α(λ∗+µ)(ηλ∗+µ)K1K2

,

I∗ = λ∗(ηλ∗Λ+ηΛµ+Λµρ−ηΛµρ)σ
(λ∗+µ)(ηλ∗+µ)K1K2

.

� (9)

To compute the infection force λ∗, we substitute the equilibrium variables into the 
following expression: 

	
λ∗ = β1I∗ + β2D∗ + β3H∗

N∗ .� (10)

After simplification, the resulting expression is: 

	 Aλ∗2 + Bλ∗ + C = 0.� (11)

	

A = η

(
K3

(
αµσ + αµK2 + (α(1 − δ) + δµ)σγ1

)
+ ασϕ(µ + γ2)

)
,

B = µ(1 − R0) + µ

(
K3

(
α(µ(ρ + (1 − ρ)η) − (1 − η)ρK1)K2

+ (η + (1 − η)ρ)σ(µα + ((1 − δ)α + δµ)γ1)
)

+ α(ρ + (1 − ρ)η)σϕ(µ + γ2)
)

,

C = µ2(1 − R0).

� (12)

1 3

Page 9 of 36     35 



Q. Zhu et al.

Theorem 4.1  The conditions for the existence of endemic equilibria of model (2) are 
characterized as follows:

(a)	 A unique endemic equilibrium exists when C < 0, which is equivalent to the 
condition R0 > 1.

(b)	 A unique endemic equilibrium also exists if B < 0, and either C = 0 or the discri-
minant satisfies B2 − 4AC = 0.

(c)	 The model admits two distinct endemic equilibria when C > 0, B < 0, and the 
discriminant condition B2 − 4AC > 0 holds.

(d)	 No endemic equilibrium exists in all other cases.

Proof  According to condition (a), the model admits a unique Ebola Virus endemic 
equilibrium, confirming the existence of a single endemic state under the given crite-
ria.� □

4.1  Local stability of the dfe

Theorem 4.2  The DFE E0

(
Λρ
µ , (1−ρ)Λ

µ , 0 , 0 , 0 , 0 , 0
)

 is locally asymptotically sta-
ble R0 < 1 . Conversely, the equilibrium becomes unstable when R0 > 1 .

Proof  To analyze the local stability of the disease-free equilibrium, we evaluate the 
Jacobian matrix of system (2) at E0. The resulting Jacobian takes the following form: 

	

W =




−µ 0 0 −ρβ1 −ρβ3 0 −ρβ2
0 −µ 0 −η(1 − ρ)β1 −η(1 − ρ)β3 0 −η(1 − ρ)β2

0 0 −K1
µ
(

ηΛ(1−ρ)
µ + Λρ

µ

)
β1

Λ
µ
(

ηΛ(1−ρ)
µ + Λρ

µ

)
β3

Λ 0
µ
(

ηΛ(1−ρ)
µ + Λρ

µ

)
β2

Λ
0 0 σ −K2 0 0 0
0 0 0 ϕ −K3 0 0
0 0 0 (1 − δ)γ1 γ2 −µ 0
0 0 0 δγ1 0 0 −α




.

From the structure of matrix W, it is clear that the eigenvalue −µ with multiplicity 3 
is negative. The remaining eigenvalues are determined from the submatrix associated 
with the infectious classes. If R0 < 1, all eigenvalues of the Jacobian have negative 
real parts, implying that the DFE is locally asymptotically stable. On the other hand, 
if R0 > 1, the matrix has at least one eigenvalue with positive real part, and the equi-
librium becomes unstable. 

	 C0λ4 + C1λ3 + C2λ2 + C3λ + C4 = 0.� (13)

The coefficients present in Eq. (13) are as follows: 
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C0 = 1,

C1 = α + K1 + K2 + K3,

C2 = K1K2(1 − R01) + α(K1 + K2) + K3(K2 + α + K1),
C3 = αK1K3 + αK2K3 + αK1K2(1 − R01 − R02) + K1K2K3(1 − R01 − R03),
C4 = αK1K2K3(1 − R0).

It can be observed that all coefficients Cj (for j = 1,2,3,4,) are positive when the basic 
reproduction number satisfies R0 < 1. In addition, the final Routh Hurwitz condition 
corresponding to the fourth degree characteristic polynomial given in Eq. (13) is 
readily satisfied under this assumption. Consequently, we conclude that the DFE is 
locally asymptotically stable whenever R0 < 1.� □

4.2  Global stability of the disease-free state

Theorem 4.3  The DFE E0

(
Λρ
µ , (1−ρ)Λ

µ , 0 , 0 , 0 , 0 , 0
)

 is globally asymptotically 
stable within the region Γ = {(S , V , E , I , H , R, D) ∈ R7

+} provided that R0 < 1 .

Proof  To establish the global stability of the DFE, we consider the following Lyapu-
nov function as follows  [31]. 

	 B(t) = C1E + C2I + C3H + C4D.� (14)

The constants Ci for i = 1, 2, . . . , 4 are assumed to be positive and need to be calcu-
lated. By computing the time derivative of the Lyapunov function B(t) and substitut-
ing the corresponding expressions from system (2), we arrive at the following 

	

dB(t)
dt

=C1

(
β1I + β2D + β3H

N
(S + ηV ) − K1E

)
+ C2(σE − K2I)

+ C3(ϕI − K3H) + C4(δγ1I − αD),
dB(t)

dt
=

(
C1β1

N
(S + ηV ) − C2K2 + C3Φ + C1δγ1

)
I,

+
(

C1β2(S + ηV )
N

− C4α

)
D

+
(

C1β3(S + ηV )
N

− C3K3

)
H

+ (C2σ − C1K1) E,

dB(t)
dt

≤ (C1β1 (η(1 − ρ) + ρ) − C2K2 + C3Φ + C4δγ1) I,

+ (C1β2 (ρ + η(1 − ρ)) − C4α) D,

+ (C1β3 (ρ + η(1 − ρ)) − C3K3) H,

+ (C2σ − C1K1) E,

1 3
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Now choosing the Value of constant C1, C2, C3, C4 as follows 

	
C1 = σαK3

αK1K3
, C2 = 1, C3 = (η(1 − ρ) + ρ)σαβ3

αK1K3
, C4 = (η(1 − ρ) + ρ)σK3β2

αK1K3
.

After putting above values and some simplification, we get 

	 B′(t) = K2 (R0 − 1) I(t).� (15)

Thus, it is clear that if R0 < 1, then dB(t)
dt < 0. Therefore, the only compact invari-

ant set contained in Δ is the singleton set W. By applying LaSalle Invariant Principle  
[32], we can conclude that E0 is stable globally in Γ.� □

4.3  Global stability of endemic equilibrium

	




ρΛ = (λ∗
1 + µ)S∗,

(1 − ρ)Λ = (λ∗
1 + µ)V ∗,

K1E∗ = λ∗
1(S∗ + ηV ∗),

K2I∗ = σE∗,
K3H∗ = ϕI∗,
αD∗ = δγ1I∗.

� (16)

and 

	 λ∗
1 = (β1I + β2D + β3H).� (17)

Theorem 4.4  In the set Γ = (S(t), V (t), E(t), I (t), H (t), R(t), D(t)) ∈ R7
+ when-

ever R0 > 1 , the endemic steady state E1 = (S∗, V ∗, E∗, I ∗, H ∗, R∗, D∗) is glob-
ally asymptotically stable.

Proof  To investigate the endemic equilibrium global stability, we suppose that the 
Lyapunov function V(t) has the following form 

	

U(t) =
(

S

S∗ − 1 − ln S

S∗

)
S∗

E∗ +
(

V

V ∗ − 1 − ln V

V ∗

)
V ∗

E∗

+
(

E

E∗ − 1 − ln E

E∗

)
+ (I∗β1 + β2D∗ + β3H∗) (S∗ + V ∗η) I∗

σ(E∗)2

(
I

I∗ − ln I

I∗ − 1
)

+ β3 (S∗ + ηV ∗) (H∗)2

ϕE∗I∗

(
H

H∗ − 1 − ln H

H∗

)
+ β2 (S∗ + ηV ∗) D∗2

γδE∗I∗

(
D

D∗ − ln D

D∗ − 1
)

.

Considering the function y define from R → R by y(h) = 1 − h + ln(h). For all 
positive h, the inequality y(h) ≤ 0 holds true, with equality only at h = 1. This implies 
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that for any h > 0, the relation h − 1 ≥ ln h is satisfied. Next, we compute the time 
derivative of the Lyapunov function along the trajectories of the system as follows 

	

U ′(t) = S∗

E∗
1

S∗

(
1 − S∗

S

)
S′ + V ∗

E∗V ∗

(
1 − V ∗

V

)
V ′ + 1

E∗

(
1 − E∗

E

)
E′

+ (β1I∗ + β2D∗ + β3H∗) (S∗ + V ∗η) I∗

σ(E∗)2
1
I∗

(
1 − I∗

I

)
I ′

+ β3 (S∗ + V ∗η) (H∗)2

ϕE∗I∗
1

H∗

(
1 − H∗

H

)
H ′ + β2 (V ∗η + S∗) (D∗)2

γδE∗I∗
1

D∗

(
1 − D∗

D

)
D′.

Continuing with the derivation, we express it as 

	

U ′(t) = S∗

E∗
1

S∗

(
1 − S∗

S

)
((β1I∗ + β2D∗ + β3H∗) S∗ + µS∗ − (β1I + β2D + β3H) S − µS)

+ V ∗

E∗
1

V 2

(
1 − V ∗

V

)
(η (β1I∗ + β2D∗ + β3H∗) V ∗ + µV ∗ − η (β1I + β2D + β3H) V − µV )

+ 1
E∗

(
1 − E∗

E

) (
(β1I + β2D + β3H) (S + ηV ) − (β1I∗ + β2D∗ + β3H∗) (S∗ + ηV ∗) E

E∗

)

+ (β1I∗ + β2D∗ + β3H∗) (S∗ + ηV ∗) I∗

σ(E∗)2
1
I∗

(
1 − I∗

I

) (
σE − σE∗I

I∗

)

+ β3 (S∗ + V ∗) (H∗)2

ϕE∗I∗
1

H∗

(
1 − H∗

H

) (
ϕI − ϕI∗H

H∗

)

+ B2 (S∗ + V ∗) (D∗)2

δγ1I∗E∗
1

D∗

(
1 − D∗

D

) (
δγ1I − δγ1I∗D

D∗

)
,

	

U ′(t) ≤β1I∗S∗

E∗

(
1 − S∗

S
− IS

I∗S∗ + I

I∗

)
+ β2D∗S∗

E∗

(
1 − S∗

S
− SD

S∗D∗ + D

D∗

)

+ β3H∗S∗

E∗

(
1 − S∗

S
− HS

H∗S∗ + H

H∗

)
+ ηβ1I∗V ∗

E∗

(
1 − V ∗

V
− IV

I∗V ∗ + I

I∗

)

+ ηβ2D∗V ∗

E∗

(
1 − V ∗

V
− DV

D∗V ∗ + D

D∗

)
+ ηβ3H∗V ∗

E∗

(
1 − V ∗

V
− HV

H∗V ∗ + H

H∗

)

+ β1I∗S∗

E∗

(
IS

IS∗ − E∗SI

ES∗I∗ − E

E∗ + 1
)

+ β2S∗D∗

E∗

(
SD

S∗D∗ − E∗SD

ES∗D∗ − E

E∗ + 1
)

+ β3H∗S∗

E∗

(
HS

H∗S∗ − E∗HS

EH∗S∗ − E

E∗ + 1
)

+ ηβ1I∗V ∗

E∗

(
IV

I∗V ∗ − E∗V I

EV ∗I∗ − E

E∗ + 1
)

+ ηβ2D∗V ∗

E∗

(
DV

D∗V ∗ − E∗DV

ED∗V ∗ − E

E∗ + 1
)

+ ηβ3H∗V ∗

E∗

(
HV

H∗V ∗ − E∗HV

EH∗V ∗ − E

E∗ + 1
)

+ (β1I∗ + β2D∗ + β3H∗) (S∗ + ηV ∗)
E∗

(
E

E∗ − I∗E

IE∗ − I

I∗ + 1
)

+ β3 (S∗ + ηV ∗) H∗

E∗

(
I

I∗ − IH∗

I∗H
− H

H∗ + 1
)

+ β2 (S∗ + ηV ∗) D∗

E∗

(
I

I∗ − ID∗

I∗D
− D

D∗ + 1
)

,
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U ′(t) ≤β1I∗S∗

E∗

(
I

I∗ − ln I

I∗ − IS

I∗S∗ + ln IS

I∗S∗

)
+ β2S∗D∗

E∗

(
− ln D

D∗ − DS

D∗S∗ + D

D∗ + ln DS

D∗S∗

)

+ β3H∗S∗

E∗

(
H

H∗ − ln H

H∗ − HS

H∗S∗ + ln HS

H∗S∗

)
+ ηβ1V ∗I∗

E∗

(
I

I∗ − ln I

I∗ − IV

I∗V ∗ + ln IV

I∗V ∗

)

+ ηβ2D∗V ∗

E∗

(
D

D∗ − ln D

D∗ − DV

D∗V ∗ + ln DV

D∗V ∗

)
+ ηβ3H∗V ∗

E∗

(
H

H∗ − ln H

H∗ − HV

H∗V ∗ + ln HV

H∗V ∗

)

+ β1I∗S∗

E∗

(
IS

I∗S∗ − ln IS

I∗S∗ − E

E∗ + ln E

E∗

)
+ β2D∗S∗

E∗

(
DS

D∗S∗ − ln DS

D∗S∗ − E

E∗ + ln E

E∗

)

+ β3H∗S∗

E∗

(
HS

H∗S∗ − ln HS

H∗S∗ − E

E∗ + ln E

E∗

)
+ ηβ1V ∗I∗

E∗

(
IV

I∗V ∗ − ln IV

I∗V ∗ − E

E∗ + ln E

E∗

)

+ ηβ2D∗V ∗

E∗

(
DV

D∗V ∗ − ln DV

D∗V ∗ − E

E∗ + ln E

E∗

)
+ ηβ3H∗V ∗

E∗

(
HV

H∗V ∗ − ln HV

H∗V ∗ − E

E∗ + ln E

E∗

)

+ (β1I∗ + β2D∗ + β3H∗)(S∗ + ηV ∗)
E∗

(
E

E∗ − ln E

E∗ − I

I∗ + ln I

I∗

)

+ β2(S∗ + ηV ∗)D∗

E∗

(
I

I∗ − ln I

I∗ − D

D∗ + ln D

D∗

)
+ β3(S∗ + ηV ∗)H∗

E∗

(
I

I∗ − ln I

I∗ − H

H∗ + ln H

H∗

)
,

	

U ′(t) =β1I∗(S∗ + ηV ∗)
E∗

(
I

I∗ − ln I

I∗ − E

E∗ + ln E

E∗

)

+ β2D∗(S∗ + ηV ∗)
E∗

(
− E

E∗ + ln E

E∗

)
+ β3H∗(S∗ + ηV ∗)

E∗

(
− E

E∗ + ln E

E∗

)

(β1I∗ + β2D∗ + β3H∗) (S∗ + ηV ∗)
E∗

(
E

E∗ − ln E

E∗ − I

I∗ + ln I

I∗

)
+ β3H∗(S∗ + ηV ∗)

E∗

(
I

I∗ − ln I

I∗

)

+ β2(S∗ + ηV ∗)D∗

E∗

(
I

I∗ − ln I

I∗

)
,

	 U ′(t) = 0.� (18)

Since it is known that the time derivative of the Lyapunov function 
U(t) is negative and equals zero only when the system variables satisfy 
S = S∗, V = V ∗, E = E∗, I = I∗, D = D∗, H = H∗, the EE E1 is the only posi-
tively invariant set within the feasible region Γ. LaSalle Invariance Principle states 
that all solutions to the system with initial states within the feasible region Γ converge 
to E1 as t → ∞. The EE E1 is therefore global asymptotical stable whenever R0 > 1.
� □

5  Parameter estimation

Parameter estimation is a fundamental component in the modeling of epidemic 
dynamics, as it connects theoretical frameworks with real world data. By calibrat-
ing the model to observed data, it ensures that the mathematical structure accu-
rately reflects the actual progression of an infectious disease over time. This process 
involves determining the optimal values for key parameters such as transmission rate, 
recovery rate, incubation period, isolation rate, and mortality rate that collectively 
govern the epidemic’s dynamics.

Accurate parameter estimation enhances the model reliability and allows for the 
identification of critical thresholds like the basic reproduction number R0, which is 
essential for designing effective public health strategies. Moreover, it enables the 
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forecasting of epidemic trends and the evaluation of potential interventions, such as 
vaccination campaigns, travel restrictions, or quarantine measures.

This section outlines the procedure used to estimate the parameters for the pro-
posed epidemic model based on the actual 2015 Ebola outbreak data in Sierra Leone. 
According to  [25], the incubation period of the Ebola virus is approximately 1.498. 
The average life expectancy in Sierra Leone is 60.41 years, which gives a weekly 
natural mortality rate µ calculated as 

	
µ = 1

average life span × 52.14 weeks
= 1

60.41 × 52.14
.

The remaining parameters are estimated using the Least Squares Method, which fits 
the proposed model to the confirmed Ebola infection cases reported in Sierra Leone 
in 2015 outreak [25].

The cost function used in the parameter estimation procedure is defined as: 

	
Φ(θ) =

n∑
i=1

r2
i , where ri = y(ti, θ) − ȳ(ti).� (19)

In Eq. (1), y(ti, θ) represents the solution of the proposed model at time ti using 
parameters θ, while ȳ(ti) denotes the corresponding reported data at time ti. The 
term ri is the residual, capturing the difference between the model prediction and the 
observed data. The total number of data points is denoted by n.

The objective is to minimize the sum of squares of resulting residuals Φ(θ) to 
ensure the model’s predictions closely match the real data. This optimization is 
implemented in Matlab and Python using the least_squares function from the 
scipy.optimize module. The least_squares function uses the residuals ri, 
initial estimates of the parameters θ, and the Trust Region Reflective algorithm to find 
the optimal values.

The initial value for the susceptible population is set as S(0) = 8791000, based on  
[25], and the initial number of infections is I(0) = 1, taken from the reported 2015 data 
for the Sierra Leone region. The initial number of exposed individuals is assumed to be 
E(0) = 50. At the outbreak start, there were no vaccinated, hospitalized, recovered, 
or deceased individuals due to infection; hence, V (0) = H(0) = R(0) = D(0) = 0. 
Based on this optimization procedure, the optimal parameter values are obtained and 
summarized in Table 2. These values ensure the model predictions closely align with 
real world data, as illustrated in Fig. 2.

5.1  Numerical simulation

By adjusting one parameter at a time while maintaining the others at their estimated 
baseline values (as shown in Table 2), we conducted a sensitivity analysis to examine 
the effects of various parameters on the transmission dynamics of the Ebola virus. 
Changes in the behavior of the model were documented and visualized by slightly 
altering each parameter from its fitted value.
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The impact of changing the human-to-human transmission rate, β1 is depicted in 
Fig. 3. A greater peak and a quicker epidemic are the results of the illness spreading 
more quickly among susceptible people as β1 rises. Reduced infection burden and 
slower disease progression are the results of a decrease in β1.

Table 2  Parameter descriptions and estimated values
Parameters Physical meaning Value [per week] Source
Λ Recruitment rate 2790 Estimated
µ Death rate 3.1511774 × 10−3 Estimated
ρ Proportion of vaccinated individuals 9.98279 × 10−1 Fitting from data
β1 Transmission rate from I(t) 9.97476 × 10−1 Fitting from data
β2 Transmission rate from D(t) 6.99541 × 10−1 Fitting from data
β3 Transmission rate from H(t) 9.99156 × 10−2 Fitting from data
η Efficacy of vaccination 9.98737 × 10−1 Fitting from data
ϕ Rate from infectious to hospitalized 9.88437 × 10−1 Fitting from data
γ1 Recovery rate from infection 8.43319 × 10−1 Fitting from data
γ2 Recovery rate from hospitalization 8.37717 × 10−2 Fitting from data
δ Fraction of lethal cases 3.55149 × 10−1 Fitting from data
α Rate of burial 1.04738 × 10−1 Fitting from data

Fig. 2  Model fitting based on real data of the Ebola outbreak in Sierra Leone (2015)
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The impact of β2, denoting the rate of transmission from deceased persons to vul-
nerable humans is shown in Fig. 4. These plots show that an increase in β2 raises 
the number of infections, highlighting the significance of safe and quick burial 
procedures.

The effect of β3, that is the transmission rate from hospitalized individuals is the 
main focus of Fig. 5. Given that this value is so low, even small adjustments have 
noticeable but insignificant effects on the dynamics of the disease, suggesting that 
infection control in hospitals can greatly lower secondary transmission.

Figure 6 examines shifts in ϕ, the hospitalization rate of infected people. Higher 
hospitalization rates result in faster isolation of contagious individuals, which lowers 
overall infection rates and improves epidemic management.

Figure 7 examines the effects of variations in γ2, the hospitalization recovery rate, 
on the model. A lower value of γ2 delays recovery, which may increase the burden of 
disease, whereas a higher value shortens hospital stay durations, which may reduce 
hospital overcrowding.

Fig. 3  Simulation output illustrating how changes in β1 affect model predictions, using 9.97476 × 10−1 
as the baseline value
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The impact of δ, the percentage of fatal cases, is examined in Fig. 8. In addition to 
decreasing the size of the infected population, a higher δ raises the number of deaths, 
which indirectly influences the dynamics of disease transmission through deceased 
related contacts (linked to β2).

The burial rate α is examined in Fig. 9. Faster and safely burial (higher α) reduces 
the number of new infections by limiting the spread of disease from deceased people. 
On the other hand, delayed burials (lower α) increase the risk of exposure and exac-
erbate the spread of disease.

6  Sensitivity analysis

Sensitivity analysis is an essential aspect of epidemic modeling as it enables the eval-
uation of how variations in model parameters influence the overall model behavior. 
Specifically, it helps in evaluating the sensitivity of the basic reproduction number 

Fig. 4  Simulation results showing the impact of varying β2 values compared to the baseline 
6.99541 × 10−1
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R0, a crucial threshold parameter that indicates whether an infectious disease is likely 
to spread or die out within a population. Following the methodology outlined in  [33], 
the primary goal of the sensitivity analysis presented here is to identify the param-
eters that most significantly impact on R0. Parameters exhibiting a positive sensitivity 
index have a direct relationship with R0, indicating that an increase in such param-
eters will result in a higher value of R0. Conversely, parameters with negative indices 
are inversely related to R0, suggesting that reducing these parameters can contribute 
to decreasing the spread of the disease. To quantify the impact of each parameter on 
R0, normalized forward sensitivity indices are computed using the following formula: 

	
SR0

ζ = ζ

R0
· ∂R0

∂ζ
,� (20)

where ζ represents a parameter of the model. Utilizing Eq. (20), numerical value for 
each sensitivity index are derived in Table 3, with a graphical representation shown in 

Fig. 5  Simulation outcomes for varying values of β3, referenced against the baseline value 
9.99156 × 10−2
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Fig. 10. The sensitivity analysis presented in Fig. 10 illustrates the relative influence 
of model parameters on the basic reproduction number R0. Parameters β1, β2, β3, and 
δ show the considerable positive sensitivity indices, indicating that enhancement in 
these parameters notionally increase R0, thereby intensifying disease transmission. 
Conversely, parameters such as ϕ, γ2, and α exhibit negative sensitivity indices, sug-
gesting that strengthening these processes contributes to reduce R0. The relatively 
small indices of ρ and η highlight their limited impact on disease dynamics.

7  Optimization of Ebola model

One of the primary objectives of both public health and mathematical epidemiology 
is to understand how to prevent, control, and ultimately eradicate infectious diseases  
[34]. Optimal control theory serves as an effective tool for designing intervention 
strategies that support disease eradication and minimize the overall burden of infec-

Fig. 6  Simulation results corresponding to different values of ϕ, with reference to the baseline value 
9.88437 × 10−1
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tion. To incorporate intervention strategies against the spread of EVD, we introduce 
three time dependent control variables denoted by u1(t), u2(t), and u3(t). These 
controls are chosen based on sensitivity analysis and defined as follows.

	● u1(t): Protective measures for the susceptible and vaccinated individuals
	 This control represents implementation protective measures for the suscepti-

ble and vaccinated individuals. Such measures may include public education 
campaigns, use of personal protective equipment, restriction of movement, and 
avoidance of contact with infectious individuals or contaminated environments.

	● u2(t): Measures to enhance secure burial of deceased individuals
	 This control accounts for the measure to enhance safe burial of deceased indi-

viduals who died from Ebola. These measures also include efforts to shorten the 
average time length until burial of deceased individual.

Fig. 7  Simulation outcomes for varying values of γ2, using the baseline value 9.99541 × 10−1 for 
comparison
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	● u3(t): Measures to enhance hospitalization of infected individuals
	 This variable denotes the timely and effective treatment/hospitalization rate of 

infected individuals.

These control functions are thought to be Lebesgue measurable and have a [0,1] 
bound. In order to minimize an objective functional that strikes a balance between 
the cost of intervention and the health impact of the epidemic, their ideal time pro-
files are determined using Pontryagin Maximum Principle. This framework makes it 
possible to identify effective and realistic methods for controlling epidemics when 
resources are limited. Implementing the above control variables, the following con-
trolled model is obtained 

Fig. 8  Simulation results corresponding to varying values of δ, compared to the baseline value of 
3.5514 × 10−1
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Parameter Sensitivity Index
ρ 0.001260
β1 0.24324
β2 0.47231
β3 0.28534
η 0.00171
ϕ −0.25417
γ2 −0.28426
δ 0.47231
α −0.47231

Table 3  Model parameters 
sensitivity indices
 

Fig. 9  Model output under varying values of α, compared with the baseline value of 1.04738 × 10−1
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


S′(t) = ρΛ − (β1I+β2D+β3H)S(1−u1)
N − µS,

V ′(t) = (1 − ρ)Λ − η(β1I+β2D+β3H)V (1−u1)
N − µV,

E′(t) = (β1I+β2D+β3H)S(1−u1)
N + (β1I+β2D+β3H)ηV (1−u1)

N − (µ + σ)E(t),
I ′(t) = σE(t) − u3I(t) − (γ1 + µ)I(t),
H ′(t) = u3I(t) − (γ2 + µ)H(t),
R′(t) = (1 − δ)γ1I(t) + γ2H(t) − µR(t),
D′(t) = γ1δI(t) − u2D(t),

� (21)

subject to nonnegative initial values of state variables. The aim is to reduce both the 
burden of the infection and the cost associated with implementing control measures. 
The objective functional is given by 

	

J(u1, u2, u3) =
ˆ Tf

0
(A1E(t) + A2I(t) + A3H(t) + A4D(t)

+ 1
2

(A5u2
1(t) + A6u2

2(t) + A7u2
3(t)))dt,

� (22)

where the constants Ai, for i = 1, 2, . . . , 7, represent weight parameters for the state 
and control variables, and Tf is the final time. The objective is to find optimal controls 
u∗

1(t), u∗
2(t), u∗

3(t) such that: 

	
J(u∗

1, u∗
2, u∗

3) = min
(u1,u2,u3)∈Ω

J(u1, u2, u3),� (23)

with the admissible control set defined as: 

	 Ω = {(u1, u2, u3) : [0, Tf ] → [0, 1] | u1, u2, u3 are Lebesgue measurable} .�(24)

The Lagrangian associated with this control problem is: 

Fig. 10  Sensitivity indices of the 
model parameters on the basic 
reproduction number R0
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L = A1E + A2I + A3H + A4D + 1

2
(
A5u2

1 + A6u2
2 + A7u2

3
)

.� (25)

Consequently, the Hamiltonian H relative to the optimal system is expressed as 

	 H = L + λ1S′ + λ2V ′ + λ3E′ + λ4I ′ + λ5H ′ + λ6R′ + λ7D′.� (26)

Where λi(t) are the adjoint variables corresponding to each state variable. The Ham-
iltonian H corresponding to the formulated optimal control problem is defined as 
follows 

	

H =A1E + A2I + A3H + 1
2

(
A5u2

1 + A6u2
2 + A7u2

3
)

+ λ1

(
ρΛ − (β1I + β2D + β3H)S(1 − u1)

N
− µS

)

+ λ2

(
(1 − ρ)Λ − η(β1I + β2D + β3H)V (1 − u1)

N
− µV

)

+ λ3

(
(β1I + β2D + β3H)(1 − u1)S

N
+ (β1I + β2D + β3H)(1 − u1)ηV

N
− (σ + µ)E

)

+ λ4

(
σE − u3I − (γ1 + µ)I

)

+ λ5

(
u3I − (γ2 + µ)H

)

+ λ6

(
(1 − δ)γ1I + γ2H − µR

)

+ λ7

(
δγ1I − u2D

)
.

�(27)

Here, λj(t) for j = 1, . . . , 7 represent the adjoint variables.

7.1  Solution of the optimal control

By employing Pontryagin Maximum Principle, the following necessary conditions 
for optimality are derived. 

	




dz
dt = − ∂H(t,u∗

j ,λj)
∂λj

,
∂H(t,u∗

j ,λj)
∂u = 0,

dλj(t)
dt = − ∂H(t,u∗

j ,λj)
∂z .

� (28)

The adjoint system becomes 
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∂λ1

∂t
= (β1I + β2D + β3H)(N − S)(1 − u1)

N2 (λ1 − λ3) + η(β1I + β2D + β3H)V (1 − u1)
N2 (λ3 − λ1) + µλ1.

∂λ2

∂t
= η(β1I + β2D + β3H)(N − V )(1 − u1)

N2 (λ2 − λ3) + (β1I + β2D + β3H)(1 − u1)S
N2 (λ3 − λ1) + µλ2.

∂λ3

∂t
= −A1 + (β1I + β2D + β3H)(1 − u1)

N2

(
(S + ηV )λ3 − Sλ1 − ηV λ2

)
+ λ3(σ + u1) − λ4σ.

∂λ4

∂t
= −A2 + (1 − u1)

N2 (β1N − (β1I + β2D + β3H))
(

λ1S + λ2ηV − λ3(S + ηV )
)

+ λ4(u3 + γ1 + µ)

− λ5u3 + λ6(1 − δ)γ1 − λ7δγ1.

∂λ5

∂t
= −A3 +

(
β3N − (β1I + β2D + β3H)(1 − u1)

)
N2

(
λ1S + λ2ηV − λ3(S + ηV )

)
+ λ5(γ2 + µ) − λ6γ2.

∂λ6

∂t
= (β1I + β2D + β3H)(1 − u1)

N2

(
λ3(S + ηV ) − λ1S − λ2ηV

)
+ λ6µ.

∂λ7

∂t
=

(
β2N − (β1I + β3H + β2B

)
(1 − u1)

N2

(
λ1S + λ2ηV − λ3(S + ηV )

)
+ λ7u2.

To derive the optimal control functions, the Hamiltonian is partially differentiated 
with respect to each control variable 

	
∂H
∂u1

= A5u1 − λ1(β1I + β2D + β3H)S
N

+ λ3(β1I + β2D + β3H)S
N

.� (29)

	
∂H
∂u2

= A6u2 + (λ7 − λ7)η(β1I + β2D + β3H)V
N

.� (30)

	
∂H
∂u3

= A7u3 + (λ5 − λ4)I.� (31)

The optimal controls are obtain as follows 

	
u∗

1 = (λ1 − λ3)(β1I + β2D + β3H)S
NA5

+ η(β1I + β2D + β3H)V (λ3 − λ2)
NA5

.�(32)

	
u∗

2 = λ7D

A6
.� (33)

	
u∗

3 = (λ4 − λ5)I
A7

.� (34)

8  Simulation of the control problem

The optimal control problem is designed to reduce the cost of implementing interven-
tions and the disease burden over a predetermined period of time Tf = 40 weeks. We 
choose A1 = 5, A2 = 0.01, and A3 = 0.02 for the simulation study. The constants 
A5 = 40, A6 = 50, and A7 = 30 capture the cost of applying each control strategy 
and represent the weight of the control effort required for u1(t), u2(t), and u3(t), 
respectively. These values are assumed for the simulation and not based on experi-
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mental study. We find control trajectories that strike a balance between minimizing 
infections and minimizing intervention costs by employing a 4th-order Runge-Kutta 
algorithm to solve this optimal control problem using the forward-backward sweep 
method. To investigate the efficacy of various control strategies. This section explains 
the impact of different combinations of control strategies, namely u1(t), u2(t), and 
u3(t), on the progression of the Ebola epidemic. Each control targets a specific popu-
lation group: u1(t) aims to reduce exposure among susceptible individuals, u2(t) 
focuses on maintaining precautions among vaccinated individuals, and u3(t) rep-
resents the hospitalization and treatment of infectious individuals. The simulation 
outcomes for each case are analyzed below.

8.1  Scenario 1: triple controls implementation

All controls are implemented i.e., (uj ̸= 0, for , j = 1, 2, 3)
This case involves the simultaneous application of all three control measures. As 

illustrated in Fig. 11, the numbers of exposed, infected, and deceased individuals 
decrease significantly with the implementation of optimal controls, while the hospi-
talized and vaccinated populations increase over time. The implementation of optimal 
control measures reduces the incidence of infection, resulting in fewer individuals at 
risk and, consequently, fewer individuals recovering, as shown in Fig. 11(f). These 
results indicate that a combination of early prevention and prompt treatment effec-
tively suppresses the outbreak. The initial high control effort, followed by a gradual 
reduction, reflects an optimal response strategy. This case clearly demonstrates that 
integrated interventions produce the most favorable outcome.

8.2  Scenario 2: couple controls implementation

Case 1: uj ̸= 0, for , j = 2, 3
In this scenario, we simulate the EVD model by implementing two control mea-

sures simultaneously. Case 1 considers the application of control measures u2 and u3, 
while the protective measure for susceptible and vaccinated individuals (denoted by 
u1) is ignored. The simulations are presented in Fig. 12. It can be observed that with 
this set of controls, although the levels of exposure and infection remain low, they do 
not vanish over time. This indicates that implementing only u2 and u3 is not effective 
in fully curtailing the infection.

Case2 : uj ̸= 0, for , j = 1, 3
Case 2 considers the application of control measures u1 and u3, while the control u2 

is ignored. The resulting simulation is presented in Fig. 13. With this set of controls, 
although the trajectory of deceased individuals remains comparatively higher, the 
exposed and infected individuals vanish significantly over time. This indicates that 
implementing only u1 and u3 can contribute effectively to minimizing the infection.

Case3 : uj ̸= 0, for, j = 1, 2
This case excludes the time-dependent treatment control of infectious individuals 

u3 but implements the prevention control measures u1 and u2. As shown in Fig. 14, in 
the absence of u3, the infection is not suppressed immediately; instead, the exposed 
and infected populations decline more gradually and vanish over a comparatively 
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Fig. 11  Simulation results of the EVD model for scenario 1 when all control measures are active i.e., 
uj ̸= 0, for , j = 1, 2, 3
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Fig. 12  Simulation results of the EVD model for the case 1 when uj ̸= 0, for , j = 2, 3
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Fig. 13  Simulation results of the EVD model for the case 2 when uj ̸= 0, for , j = 1, 3
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Fig. 14  Simulation results of the EVD model for the case 3 when uj ̸= 0, for , j = 1, 2
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longer time period. This outcome highlights that while prevention strategies (u1 and 
u2) are effective in reducing transmission by limiting new exposures, the absence 
of active treatment (u3) slows down the clearance of existing infections. Therefore, 
although infection can eventually be eradicated, the time horizon required is longer 
compared to strategies that include treatment.

8.3  Scenario 3: single controls implementation

uj ̸= 0, for , j = 3
Scenario 3 considers the application of a single control variable, while the other 

two are not applied. We simulate the EVD model by activating only the treatment of 
infected individuals u3. Figure 15 illustrates the simulation outcomes for all popula-
tion groups under this control setting. It can be observed that this strategy fails to 
eradicate individuals in the exposed and infected classes. Thus, the results suggest 
that treatment alone is insufficient to effectively minimize the spread of the disease.

The comparison of all control scenarios confirms that a significant reduction in 
disease transmission is achieved when all control strategies are applied simultane-
ously. A coordinated and timely integration of preventive and therapeutic measures is 
therefore essential for effectively managing the spread of the EVD.

9  Conclusion

This research offers a comprehensive and data-driven analysis of an optimal control 
model for the spread of the Ebola virus, incorporating various transmission routes, 
including those from hospitalized and deceased individuals. The model is structured 
using a compartmental framework and extended to include the effects of hospitaliza-
tion and vaccination interventions. Estimation of parameters with actual data from 
the 2015 Ebola outbreak in Sierra Leone enhances the model practical relevance and 
reliability. The optimal control problem is formulated with the goal of minimizing the 
total number of infections and deaths. Three time-dependent controls are introduced 
namely isolation or protective measures of susceptible and vaccinated individuals, 
effective treatment or hospitalization of infected individuals and to enhance safe and 
timely burial of infected deceased individuals. From a theoretical perspective, we 
derived conditions for the local and global stability of the disease-free and endemic 
equilibria. Specifically, the disease-free equilibrium is stable when the basic reproduc-
tion number R0 < 1, while the endemic equilibrium becomes stable when R0 > 1. 
Sensitivity analysis identifies the contact rate with deceased individuals and the effi-
ciency of burial procedures as key factors influencing R0, emphasizing the crucial 
role of safe and timely burials in reducing transmission. Simulation results highlight 
the comparative effectiveness of different control strategies in curtailing the infection 
burden. When all three interventions are implemented simultaneously, the epidemic is 
more effectively suppressed, resulting in a significant reduction in cumulative infec-
tions and fatalities. On the other hands, applying only one or two control strategies 
leads to delayed containment and higher peak infection levels. Among the control 
measures, continuous and high-intensity treatment of infected individuals emerges as 
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Fig. 15  Simulation results for the case 4 when uj ̸= 0, for , j = 3
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the most critical long-term intervention. We conclude that this study underscores the 
necessity of prompt, robust, and sustained interventions to effectively manage Ebola 
outbreaks. It also cautions against premature relaxation of control efforts. In future 
work, the model will be extended to incorporate vector-valued controls and to evalu-
ate the combined impact of pharmaceutical and non-pharmaceutical interventions 
using fractional and stochastic epidemic modeling approaches. This advancement 
aims to support the development of more realistic data-driven public health policies 
for managing Ebola and other emerging infectious diseases.
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