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ARTICLE INFO ABSTRACT

MSC: This study investigates weakly singular nonlinear functional Volterra integral equations (WSNFVIEs) of Urysohn
65R20 type involving Riemann-Liouville operator. By imposing specific smoothness conditions on the involved
26A33 functions, we establish both the existence and uniqueness of the solution using a fixed point approach.
45G10 Subsequently, we employ discretization methods such as the trapezoidal and Euler methods to approximate
65699 the solution, resulting in a system of nonlinear algebraic equations. To ascertain the convergence order of the
Keywords: Euler method (first order) and the trapezoidal method (second order), we utilize the Grénwall inequality and

Nonlinear integral equations
Functional integral equations
Fixed point theorem
Trapezoidal and euler methods
Gronwall inequality

its discrete counterpart. Additionally, we introduce a novel Gronwall inequality to establish the convergence
of the trapezoidal method. Thoroughly we examine the Hyers-Ulam-Rassias and Hyers-Ulam stability of the
integral equations within the specified domain. Finally, the efficacy of the proposed methods is validated
through numerical examples accompanied by comparative analyses.

1. Introduction

The present article discusses the WSNFVIEs of the Urysohn type

P
#(p) = w(p) + )(<p, /0 (0 — W R(p, , ¢(ﬂ))dﬂ), p €10,x],

1
I'(a)
(1.1)

where, 0 < a < 1,0<k <oo0,and w : [0,x] > R, y : [0,x]XR - R and
£ : [0,x]>xR — R, are given continuous functions, ¢(p) is the unknown
solution function which is to be determined. The integral equation (1.1)
is the generalization of the Hammerstein type integral equation.

Integral equations of functional type appear in several kinds of
forms and are considered to be a distinctive and intriguing area of
nonlinear analysis. They exhibit an array of concerns that are prevalent
in daily life and are known by many different labels. These equations
are of significant importance in applied mathematics, particularly non-
linear ones, as evidenced by their increasing integration into various
fields such as biology, economics, traffic theory and acoustic scattering,
optimal control theory, kinetic theory of gases, etc. [1-5].

* Corresponding author.

Integral equations of both types singular as well as weakly singular
are of notable significance, particularly in addressing inverse bound-
ary value problems occurring within domains characterized by fractal
curves, where conventional calculus methodologies are inadequate.
Extensive examination has been devoted to Abel equations and anal-
ogous fractional order integral equations, owing to their wide-ranging
utility in modelling phenomena across domains such as viscoelasticity,
electrical circuits and biophysics. Mathematical models serve as pow-
erful instruments for examining diverse real-world scenarios. Scholars
have utilized algebraic, integral, and differential equations to construct
mathematical models for the stated objectives [6-8]. Integral equations
featuring weakly singular kernels, as described in (1.1) are encountered
in various scientific and technological domains, including chemical
reactions and mathematical physics . These equations play essential
roles in diverse applications such as heat radiation, stereology, heat
conduction having boundary conditions mixed, crystal growth, gas
absorption, superfluidity [9-13].
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The solvability and characteristics of singular Volterra integral
equations and their existence of solutions have been investigated em-
ploying diverse analytical and approximation methods. For example,
in [14], the authors demonstrated the approximate solution by applying
the Galerkin and the iterated form of Galerkin methods and also
establish the methods convergence analysis of the Hammerstein type
weakly singular Volterra integral equation of the form

P
d(p) _/0 h(y, WA, p(u)du = w(p), pe€l0,1], 1.2)
where kernel is

h(y, 1) =h@,wly—ul™, O<a<l. 1.3)

. Furthermore, the authors of [15] discussed multi-domain hybrid type
spectral collocation technique of hp-version to the integral equation of
the form

P
d(p) = w(p) +/ (0= w)*Rp, u, pw)dp, pe0x], O0<a<l, (1.4
0

to explore the numerical solution containing the possible singularity
at p = 0. Also, the iterated method has been used to approximate the
numerical solution of an integral equation

P
d(p) = W(p)+/0 (=W R, w, p(w)dpu, pel0,x], 0<a<l, (L5)

where @ : (0,x] — R, which has been discussed in [16]. While as the
same integral equation has been discussed in [17] having non-smooth
solution at initial point. The numerical solution of (1.5) has also been
explored in [18] employing an iterated based projection technique in
connection with rationalized Haar wavelets. The approximate solution
of nonlinear integral equation

v

P
/ (0= W' CWH@PW)du, p€0,x], a>0,
I'(a) Jo

P(p) = w(p) +

(1.6)

and its existence have been investigated in [19]. The authors also
discussed the stability analysis of the considered integral equations in
the space of C([0, k], R).

In addition, numerous references have covered the subject of func-
tional integral equations and their existence of solutions. For example,
the existence of the solution to integral equation

P
B(p) = @ (p, p(p)) +1(p,/0 ﬁ(p,ﬂ,tb(p))dﬂ,tﬁ(a(p))), p €[0,al,

1.7)

in Banach algebra by using the technique of measure of noncom-
pactness in the framework of Darbo’s fixed point theorem has been
discussed in [20].

However, for nonlinear functional integral equations, the investi-
gation of numerical techniques is still in the early stages and there
have not been many studies in this field [21-28]. This is compared to
the abundance of research on the numerical investigation of classical
integral equations (see, [29-36]). Generally, the exact solution to these
equations is not always attainable, even in cases where the existence of
a single possible solution is established. In addition to that, numerous
practical scenarios described by integral equations, the kernels exhibit
a lack of smoothness, posing challenges in both finding and numeri-
cally approximating solutions. Traditional analytical techniques, such
as projection methods, falter in such instances due to the resulting ill-
conditioned linear systems and the complexity of convergence and error
analysis, often necessitating laborious approaches when standard cal-
culus techniques are inapplicable. Moreover, these methods frequently
entail high implementation costs. Consequently, there is a pressing
demand for efficient and user-friendly numerical approaches tailored to
address these equation types. Thus, we resort to numerical approaches
to provide an accurate approximation of the solution.
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The aforementioned works encouraged us and drove our study,
which we used to present a thorough analysis of discretization methods
for the Urysohn type nonlinear functional weakly singular Volterra
integral equations to extend and improve the current findings in the
literature. To the very best of the authors’ knowledge, this work pro-
vides the first address on numerical techniques for solving functional
Eq. (1.1).

In our pursuit, we initially set forth hypotheses to guarantee the
unique solution of (1.1) within the designated space B = L*®[0,«].
Specifically, we demonstrate that, under appropriate conditions, the
operator 7 defined in (3.3) effectively maintains the properties of B,
thereby ensuring that all solutions to (1.1) remain confined within
this domain. Furthermore, through additional assumptions and the
application of the Banach fixed point principle, we establish the unique
existence of the solution to (1.1) within 8. Lastly, by employing the
proposed methods, we streamline the solution process for (1.1) into a
series of nonlinear algebraic equations.

The study is organized as follows: Commencing with Section 2, some
important definitions, notations and theorems have been discussed.
In Section 3 a rigorous investigation is conducted into the existence
and uniqueness of a solution to the integral Eq. (1.1) and conduct
a thorough investigation into the stability properties of Hyers-Ulam—
Rassias (H-U-R) and Hyers-Ulam (H-U) in relation to integral equations
involving the Riemann-Liouville operator within the designated spatial
framework. Section 4, undertakes the discretization of the equation
via Euler’s and trapezoidal methods, transforming it into a system
of nonlinear equations. The subsequent establishment of the order of
convergence for both methods is substantiated through the applica-
tion of Gronwall inequality and its discrete manifestation. Section 5
examines the practicality of the methods, substantiated by an empirical
foundation through numerical examples and comparative analyses.
Culminating our exploration in Section 6, provides a comprehensive
set of conclusions, encapsulating the essence and implications derived
from the preceding sections.

2. Preliminaries

This section introduces some notations and background details es-
sential for explaining our primary outcomes. Let R denotes the set of all
real numbers, and define B = £%([0, ], R) as the space of all essentially
bounded functions, ¢ : [0,x] — R, where 0 < k < o. Hence, the pair
(B, || ll) forms a Banach space with the norm ||¢||, = esssup{|5(p)|,p €
[0, x]}.

Notations used:

« EM: Euler’s method;

« TM: Trapezoidal method;

« VIO: Volterra integral operator;

o C"([a, b]): Set of all nth times continuously differentiable functions on
interval [a, b);

« In this work, it is supposed that when 7, > iy, ZZT equals to zero.

Definition 2.1 ([19]). The fractional integral of a function ¢(p) of order
a > 0, as formulated by the Riemann-Liouville, is defined as follows:

a gpb — L ? _ el
Ty dlp) = l"(a)/o (p =" Pp(wydu, 21

where T'(a) = [;° e™v*~!dv, ensuring that the right-hand side is valid
for each point within the interval [0, o).

Definition 2.2 ([19]). If for every function ¢ € B satisfying

P
() — w(p) - ){( /0 (0= W V&, u, ¢(M))dﬂ>| <¥p), (2.2)

1
" T
where the function y(p) is nonnegative, there exists ¢* € B a solution
to (1.1) such that |¢*(p) — ¢(p)| < ey(p) holds for each p, where ¢ > 0
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and is independent of ¢ and ¢*, then (1.1) possesses H-U-R stability
relative to y(p).

Also, if the function y(p) in (2.2) is any constant, then (1.1) possesses
H-U stability.

Theorem 2.3 ([37]). Consider a nonnegative constant { and two nonneg-
ative integrable functions, f and g. If

fw)<¢ +/ gw)f(wydv, v>0,
0

then

fw sé‘exp</ug(u)du>, v>0.
0

Theorem 2.4 ([37]). Assume that the sequences {y,,}, {p;} and {q;,} are
nonnegative, such that

Vin £ Pyt Z qiv;» m20,

0<i<ii
then

va<pat Y, an [ A+

0<i<iri i<j<m

<py+ Z 4;7/,-<6XP Z qj>-

0<i<iin i<i<ii
The following lemma recalls two quadrature rules:
Lemma 2.5. Assume that the interval [c,d] is split into m subintervals,

each with a length of 6 = (d — ¢) /.
(1) If u € C'[c,d], then

m—1

/ u(p)dp =46 Z u(c+id) + = (d —o' (), n€(cd). (2.3)

() If u € C?[c,d], then

d fm—1
/ u(p)dp =46 Z "u(c +i6) + —(d —ou’ (), ne(cd). (2.4)

i=0

Proof. For proof, see the articles [38,39] for part (1) and (2),
respectively. []

3. Existence and uniqueness of solution

This section examines the existence of the solution to the integral
Eq. (1.1) and its uniqueness. For this, let us carry out the modification
of (1.1) in an operator form:

b(p) = w(p) + (FKP)(p) = w(p) + x(p. (KP)(p)),

where
. P
K)(p) = —— / (0 — W™ R(p. . B,
I'(a) Jo

is termed as VIO and (% ¢)(p) =
Also, suppose that:

x(p, d(p)), the Nemytskii operator [40].

(E) ¢ €B.
) , 1 ’ -
(Ey) (FRO®) = 2(p. (KOPD) = 7 90— / (0 - 1w R(p, 1,0)
I'(a) Jo
du ) € B and the Lipschitz condition for a Lipschitz constant
y1> 0 is satisfied by y according to its second parameter as

x(p,vi) = x(p, )l < 71lvi = vl p€10,k], v, v, ER, 3.1
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(E3) The Lipschitz condition for a Lipschitz constant y,> 0 is satisfied
by the kernel & according to its third parameter as

[R(p, p, 1) = R(p, p, )| < vplw) — 5], pE€[0,x],0), 0, ER,

3.2)
(E,) The VIO K is bounded, i.e., there exists a constant Q > 0 such
that ||K||, <
r1rk®
(E5) <r(a+1)> <L

Remark 3.1. Supposition (E,) is similar to:
For a specific constant y, the function y demonstrates a continuous
and bounded first partial derivative with respect to v, i.e.,

0
sup | E | <.
v

Remark 3.2. Supposition (E5) is similar to:
For a specific constant y,, the function £ demonstrates a continuous
and bounded first partial derivative with respect to o, i.e.,

0R
<y,
w—J’z

sup
2]

The subsequent theorem ensures the solution’s existence and
uniqueness in B to (1.1).

Theorem 3.3.
hold.

There is a unique solution ¢ € B to (1.1), if (E,)—(Es)

Proof. To establish the proof of the theorem, (1.1) can be represented
as fixed point problem

b=To.  (TP)p)=w(p)+(FKp)p). (3.3)

Now, we have to prove that 7 maps B to itself. To prove this, let ¢
€ B be arbitrary, then from the condition (E,) and (3.3), we have

(T EP| = @)+ 1 (p. Kd)D)) |
= |W(p) +1(p. (Kd)(p)) + 2 (p.0) = x(p 0))
< @]+ |2 (. Ke)D) = 2(p.0) |+ |1 (5.0)]
< |w)| + 1| Ke)o)| + |7 (0.0)]
< o], +nl&e] + [0l
< o], +nl&] el + [ 0]

so in light of (E|), (E,) and (E,),
to itself.

Now, we have to prove that 7 is contraction. Let ¢,¢, € B be
arbitrary, then from (E,) and (E;), we obtain

Vp e[0,«],

<]

‘(Tqﬁ)“ < oo, it fallows 7 maps B

P
To0) ~ T 0| <1 p,% [ 0= 560t
— (a—1)
1 r(a)/ (p =) R(p, p, ¢z(/4))du)|

< F / (0= 1P| Ko, 1, 1 () = Ko, i, by

;1(22) -/ (0= 1110 = a0
< Foa|ore0 = d200] /0 (o 1V
- Fy(lzjzfl) |16 = 20| _
< C||ew) - ¢ )| _ where € = ry(]ffl)

Based on the assumption (FE;), it can be concluded that 7 exhibits
contraction properties. As a result, the conclusion can be drawn by
applying the Banach fixed point theorem. []
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Theorem 3.4. Suppose that conditions (E,)—(Es) hold for (1.1). Also,
let ¢ € ‘B is such that
d(p) —

w(p)— x / (- m(“‘“ﬁ(p,u,(ﬁ(u»du)(<y(p> 34

”T@

where the function y(p) is nonnegative. Then (1.1) possesses H-U-R stability
relative to y(p).

Proof. Following Theorem 3.3, there is only one solution ¢*(p) € B.
Assume that ¢ € B be such that

p
30 =)= 1(p. 5 [ 0= R b0 )| <50, 3

Now, in consideration of Definition (2.2), for each p € [0,x], we
proceed as

N — 1 ’ (@=1) *
1960) = 8"l = 60) =~ ()~ (0. 75 /0 (0= 10D R, . " G )|

p
= #0001 1(p. 5 [ 0= 05 00

P
+1(ﬂ, % / (0= 10D 8o 0, G R )

-( / (0= 10 R, o) )|

" T@

< |o0) ~ () - / (p = W™V Ko i, pu)ep ) |

” T@

+|1 / (0= 10D R, 1, G H )

F()

_ (a=1)
#( m) / (0= W Ko, . " ) )|

<yp)+ m
N1
T@)

P

i llow o] /0 (0= Vdu
Y172K"

T(a+1)

/ (= 10| Ko, s $0)) = Ko, " ()|

<yp+

/ 0= = ¢ ] du
0

<yp+

<y + |l - 97| _

Y172K"
Ta+1)’

<3(p) +C||d) = ¢* ()| . where € =

Thus, [¢(p) ~ 6" (D)] < $()~¢* D)les < ¥P)+C[ b =" ()| _, implies

that |¢(p) - " (p)| < ll¢(p) — " ()l < D ¥(p), Where D = 1= >0, as
C < 1. Therefore, about y(p), (1.1) exhibits H-U-R stability. []

Theorem 3.5. Suppose that conditions (E,)—(FEs) hold for (1.1). Also,
let ¢ € B is such that

) - w(p) — 1 / (0= W&, , ¢<u>>du)(<e (3.6)

T
where € > 0. Then (1.1) possesses H-U stability relative to e.

Proof. In a similar manner, we can demonstrate this theorem by using
the value of y(p) = ¢ in Theorem 3.4, where ¢ > 0. []

4. Analysis and convergence of numerical methods

The focus of this section is to discuss the analysis and convergence
of the discretization techniques (Euler and trapezoidal) applied to solve
(1.1).

Let us define § = -, where M is a positive integer and let the ©;
be the grid points defined as

05 ={py=1s:m=0,..., M},

also, let the corresponding grid functions be {¢;;}.

567
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4.1. Euler method

Employing the Euler method, for a defined grid function ¢;,, which
must satisfy the difference scheme as follows:

)

Theorem 4.1. Suppose that corresponding to u, ¢, and u, the contin-
uously differentiable functions are £ and ¢, respectively. Then the Euler
method (4.1), converges with a linear rate of convergence, to the unique

solution of (1.1) only if the suppositions (E;)-(E5) hold.
Proof. Putting (1.1) on O, produces

P _ﬁ s
¢<pm>—w(pm>+x<pm, e )/ Mdu)-

)l a
Now, applying Lemma 2.5 and the continuity of & and ¢, the following
is the form of (4.1)

m—1

1
@' X

i=0

ﬁ(l’m’ﬂ[, ¢¢)
(P — p)'@

, M.

i = T + ){<ﬂ,;u (4.1)

with w;, = w(p;), m=0,...

(4.2)

1 S R 01 $(0)

¢(pm) = w(pm)+}(<ﬂma m (py — p.)l"’

+0ﬁ1>, P € Os, (4.3)
i=0

where o; = %2 5 Ry u )| _,
Subtracting Eq. (4 1) from (4.3), we obtam

R(pji> > D(p1))
(i — P,')l_a

= 0O(6), for some ¢,

+o,.,.,>

€ (0, ;).

m—1

1
@’ &

i=0

D) — b = Z(P,;p

ii—1
1 -ﬁ(/)m’ Pis ¢,)
2\ P8 ) )
< I'(a) ; Py — /’i)la>
m=0,...,M. (4.4)
For m=0,..., M, using (4.4) as modulus, let
= 1¢(p) — Pl (4.5)

in light of the triangle inequality and hypotheses (E,) and (E;), we
obtain

=1
<X

i=0

Y172

T@(py — )1 (4.6)

oe; +vilol
Using Eq. (4.6) and Theorem 2.4, let g =
land P = 71’2

(@)’
m—1

we can now deduce that
<rilosl + Z(m loi1)(q; P5)
i=0

<exp z qu5>
=1

i<j<in
fi—i—1)5
=71losl +71P8 Y lo;lqe™"
i=0

1
oo such that Y7 g, ~

-1
= r1loal + 871 Pe™ Y o)
i=0
m—1
= r1loal + 87, Pe™ ) o)
i=0
m—1
= riloal + 87, Pe* Y o],
i=0
Since |g;| = 0(5), for j
convergence of EM’s. []

m=0,..,M.

., M, hence proves the first order

4.2. Trapezoidal method

The system of nonlinear equations given below must be met for s =
., M to utilize the trapezoidal approach to obtain an approximate
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solution ¢;, to the problem:

1 6 & Rji» Pic1> Pic1) R0y pis 1)
23]

b=+ 2 P e
me i i — P (i — P

I'(a) i=0

]) 4.7)
with ¢, = ¢(p;).
We now prove the following lemma, which is a discrete version of
the Gronwall inequality that we will require later.

Lemma 4.2.
us assume that the nonnegative grid functions are 9,
following inequality for a constant D > 0, i.e.,

For an indexed set Uy, consider U max |Uy|. Let
. If 9, satisfies the

5 )
EDZ(& L)+ Uy, =0, M, (4.8)

i=l

then

9, SVeP*, =0, M.

Proof. For /i =0,..., M, we have from (4.8) as follows:

D i pi-1 pi
9 EZ/ 19,~_1dp+/ 8,dp| + U
i= Pi-2 Pi-1

for a piecewise constant function defined as

(4.9

dp)=9:. pEPi_1.p):

i

then, we have from (4.9) the form as

Pi
¢(M)d/4] + Vs (4.10)
Pi-1

() < — Z[ P(u)d u +
Pi-2

Let, if ¢(p) = 0, for p & [0, k], then from (4.10), we obtain

D Pin—1 Pin
o) < 5 [/O ¢(M)dﬂ+/0 d(du| + Uy, (4.11)

Since the function 9; is nonnegative, so is ¢(p). Moreover, p;, € [0, k]
holds true for every arbitrary point. So, from (4.11), we have

@(p) < D/Op P(wdu+ V.

For p € [0, ], applying Theorem 2.3, we get
B(p) <Ue™.

More specifically, for p = p;,

Blp) < UePrin,

as a result, for m=0, ...

, M, it follows

Dirné
19,-,», S Ve
< 1 ePMé

<UePr.

|

Theorem 4.3. Assume that for u, ¢, and u, the twice continuously
differentiable functions are & and ¢, respectively. Then the trapezoidal
technique (4.7), converges with quadratic convergence to the unique solution
of (1.1) only if (E|)—(E5) hold.

Proof. Now, for p; €5, applying Lemma 2.5 and the continuity of 8
and ¢, the following is the form of (4.2):

R s Pi—1» i— R e Pi» i
P ”(pm’ . )22[ B i1 90121 | Ko ¢<p))]+%>v

_Pi_])l “ ( r'h_pi)l «
(4.12)

T e Ry e 0|, = O?), for some ¢, € (0.p,).

Subtracting Eq. (4.7) from (4.12), and utilizing (E,) and (E;) in light

where ¢,; =

568
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of the triangular inequality after applying modulus, we deduce the
following

m
T (oo el
en < 122 + + 7110
" T I@?2 g (i — iz 1)] (o — e "
m
oI} e; ]
< —== + +r1lel, (4.13)
T )2 g‘o[(pm DI (o — Pt :
where o = max;_; 10, 71 =0,..., M, and e is stated in (4.5).

Now, from Lemma 4.2 and (4.13), we have the following
172

0,... .
I'(a)

Syloep" = , M, where P =
Given that |g,;| = O(6%), ¢ corresponds to the same order, and thus the

trapezoidal approach has been shown to converge to an order of 6. []
5. Numerical examples

The discussed methods were employed for a few examples put
forth by the study’s authors. The absolute error e, which has been
determined by (4.5), has been presented in the tables for specific grid
points. The tables provide convergence rates for various § values for
the Euler’s and trapezoidal methods. The following are definitions of

the £, error norm and the corresponding convergence rate #:
lle@®)llo :=max{|$(p;) — ¢;l.i € [0, ]},
and

_ log(lle(®)ll) = log(lle(3)llss)
B log(2) ‘

Example 5.1. Consider the first example of WSNFVIEs as follows:

d(p) = w(p) + 1| 1. " _#w dﬂ), pelo. 11, (5.1)
ra/2 Jo (p-w'/?
where
_ 12 1 5/2
w(p)=p <9r(1/2)>><p
and
x(p,v) = (pXV),

with an exact solution ¢(p) = p'/2, and « 1/2. Since ||K|, =
0.1254, and moreover y and £ possess bounded derivatives of first
order according to second and third argument respectively, satisfying
the assumptions (E,)—(Es) with

7 Zmax{ Z40A0) T VGR} = 0.5000,

and

2 Zmax{ ‘)ﬁ(‘;—;‘m oo €101, d)e]R} = 0.4900,

and 125" = 02765 < 1. Thus, according to Theorem 3.3, the solution

I(a+1)
¢(p) = p!/? serves as an unique solution to integral equation (5.1).

Furthermore, Fig. 1 represents the comparison of the approximate and
exact solution of the given example, while as the error for different
values of M as 64 and 256 by two proposed methods is graphically
represented by the Figs. 2, 3, 4 and 5. Table 1 compares the errors
produced by the two approaches and shows the order of convergence
for various values of M, and is inferred that the errors obtained through
the TM are less than those of the EM.

Also, the conditions of Theorem 3.4 hold on [0, 1]. So, if we choose
¢(p) = 0, then

[00) - ) - 2(p 5 /0 0= R .|
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* Approx.

Exact sol.

.4 0.5 0.6

o

Fig. 1. Exact (Green) and approximate (Red-star) solutions of Example 5.1.
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Fig. 3. By TM, the L error of Example 5.1, for M = 64.
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Fig. 5. By TM, the £ error of Example 5.1, for M = 256.
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Table 1 Table 2
The convergence rates and L errors for Example 5.1. The convergence rates and L, errors for Example 5.2.
M EM ™ M EM ™
lle(®)llo n el n [le(®)llo n ()l n
1 2.7896 x 10701 0.8269 1.0972 x 1070 1.7361 1 5.5389 % 1070! 0.6532 4.0391 x 107! 1.7041
2 27413 x 10701 0.8075 1.0852 x 107! 1.7806 2 5.3385 x 10701 0.6749 3.5492 x 10701 1.7289
4 2.6308 x 107! 0.8050 1.0528 x 107! 1.7987 4 4.6369 x 107! 0.6953 3.0142 x 107! 1.7847
8 2.4894 x 107! 0.9913 7.5785 x 10702 1.8124 8 3.9305 x 107! 0.7192 2.1436 x 107! 1.7897
16 2.2641 x 1072 0.9783 9.8045 x 1070 1.8574 16 3.4031 x 10701 0.7639 5.5389 x 107 1.8053
32 3.4056 x 1002 0.9996 9.4018 x 10702 1.8841 32 7.2168 x 1072 0.7930 1.5027 x 10-2 1.8991
64 1.3187 x 10-2 1.0276 3.1447 x 10703 1.8901 64 3.8131 x 1072 0.8029 1.5156 x 10793 1.9959
128 9.4018 x 1073 1.0035 9.5828 x 107 1.9149 128 3.6595 x 1072 0.8635 2.9135 x 107 2.0732
256 3.3305 x 10702 1.0003 3.2491 x 10~ 1.9919 256 8.4509 x 10702 0.8941 3.7113 x 1079 2.0103
Table 3
~10 172 p5/2 0] The convergence rates and £, errors for Example 5.3.
- ’ 9r'(1/2) M EM ™
<0.8889 =¢, Vpel0,1]. le(d) 1l oo n le(d)lle n
. 1 4.5481 x 107! 0.7597 8.2869 x 10702 1.6890
Hence for ¢ = 0.08889, (5.1) has H-U stability follows from Theo- 9 42649 % 1001 0.7984 76751 3 102 1.8392
rem 3.5. 4 9.7723 x 10~ 0.8749 54711 x 1072 1.8764
8 7.1948 x 10702 0.8898 5.0555 x 10702 1.8927
. 16 5.8221 x 1072 0.8967 3.8566 x 10702 1.9366
Example 5.2. Consider the second example of WSNFVIEs as follows: 32 1.0942 x 10-2 0.8991 1.3768 x 10~ 2.0328
64 8.8315x 10703 0.9149 5.3908 x 107 2.0076
5 Sr 4 1 d(u) 128 43172 x 10-03 0.9876 2.7778 x 10~ 2.0013
Y- ( ) +z(p | —d elo. 1,
¢ =0/ 16r(1/2)p N\’ raz2 Jo (p—mwh2 H pel01] 256 1.8477 x 10~ 1.0031 2.8142 x 107 2.0001
5.2)
and
where
x(p,v) = (pXv), o413
. . . @ (p) = cos(p) — (— >
with an exact solution ¢(p) = p*/2 and a = 1/2. Since, Example 5.2 6I'(1/3)
. s . 5 _ 712K% \ _
satisfies all the suppositions (E,)—(Es) with ||K||,, = 0.5339, ( F(a+])) = and
0.3979 < 1 and
ax(p.V) x(p,v) = (pXv),
y1 = max 2| pel0,1,veR p = 1.0000, . . . )
v with an exact solution ¢(p) = cos(p) and « = 1/3. Since ||K||, =
and 0.0622, and moreover y and R possess bounded derivatives of first order
according to their second and third argument respectively, satisfying
dR(p, . .
Y2 = max{ (’;+¢) puel01],¢e IR} =0.7052, the assumptions (E,)—(Es) with
. . - ) . . 9x(p.v)
implying the derivatives of ¢ and y of first order according to their 71 > max —5 | 7€ [0,1],v e R » =0.0553,
second and third parameters are bounded. Thus in light of Theorem 3.3,
@(p) = p°/? acts as a unique solution of Example 5.2. and
The comparison of an actual and the numerically approximated
solution of the given example is represented by Fig. 6, while as the ¥y > max{ M cpuel01l,¢e ]R} =0.0217,
Figs. 7, 9 for EM, and Figs. 8, 10 for TM, represent the errors for M = 64 op
and 256 for the given Example 5.2. In addition to that, Table 2, shows 1raK® . .
. . and 22— =0.0013 < 1. Thus, according to Theorem 3.3, the solution
the maximum errors for different values of M and the convergence I(a+1)

order of both methods Euler’s and trapezoidal, which infers that the
trapezoidal approach produces less errors compared to the EM.
Also, the conditions of Theorem 3.4 hold on [0, 1]. So, if we choose

¢(p) = 0, then
_ _ (a=1)
30 =00~ 2(p 15 [ 0= 00500 b00an)|
0 S/ (5
=10-p"/2 <1er(1/2)> ol
<0.4461 =¢, Vpel0,1].

Hence for ¢ = 0.4461, (5.2) has H-U stability follows from Theorem 3.5.

Example 5.3. Consider the third example of WSNFVIEs as follows:

sin(u) + % (u)
¢(p)=w(p>+x(p, F(11/3)/0 (6060 + 4°G0)

(o= upl3

du), p €10,7/4],

(5.3)

570

¢(p) = p'/? serves as a unique solution to integral equation (5.3).
Furthermore, Fig. 11 represents the comparison of the approximate and
exact solution of the given example, while as the error for different
values of M = 64 and 256 by two proposed methods is graphically
represented by the Figs. 12, 13, 14 and 15. Table 3 compares the errors
produced by the two approaches and shows the order of convergence
for various values of M, and is inferred that the errors obtained through
the TM are less than those of the EM.

Also, the conditions of Theorem 3.4 hold on [0, 1]. So, if we choose

@(p) = 0, then
_ _ (a—1)
P(p) — @(p) F( ) / (p— W) " R(p, u, ¢(ﬂ))dﬂ)|
p4/3
=10 —cos(p) — <m> -0
<0.5403 =€, Vpel0,1].

Hence for ¢ = 0.5403, (5.3) has H-U stability follows from Theorem 3.5.
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Fig. 6. Exact (Green) and approximate (Red-star) solutions of Example 5.2.
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Fig. 7. By EM, the L£_ error of E le 5.2, for = 64. .
8 ¢ w Eror xampie M Fig. 9. By EM, the £ error of Example 5.2, for M = 256.
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Fig. 8. By TM, the L error of Example 5.2, for M = 64.
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Fig. 10. By TM, the £, error of Example 5.2, for M = 256.
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Fig. 11. Exact (Green) and approximate (Red-star) solutions of Example 5.3.
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Fig. 12. By EM, the £ error of Example 5.3, for M = 64. Fig. 14. By EM, the £ error of Example 5.3, for M = 256.
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Fig. 16. Exact (Green) and approximate (Red-star) solutions of Example 5.4
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Fig. 17. By EM, the L error of Example 5.4, for M = 64.

Example 5.4 ([18]). Consider the last example of WSNFVIEs as follows:

21— 116 ;5 i/p
dlp) = ( 7 Tl >+ 2 )y oo M)l/zd’ (wdu pel0,1], (5.4
with an exact solution ¢(p) = p'/2 and « = 1/2, p = 1. Since,

Example 5.4 satisfies all the supposmons (E|)—-(E5) with IIK lleo
1.0667, v, = 1.5, y, = 0.5333 and (“(72:1)) 0.9026 < 1 and implying the
derivatives of ¢ and y of first order according to their second and third
parameters are bounded. Thus in light of Theorem 3.3, ¢(p) = p'/2 acts
as a unique solution of Example 5.4.

The comparison of an actual and the numerically approximated
solution of the given example is represented by Fig. 16, while as the
Figs. 17, 19 for EM, and Figs. 18, 20 for TM, represent the errors
for M 64 and 128 for the given Example 5.2. In addition to,
Table 4, shows the maximum errors for different values of M and
the convergence order of both methods Euler’s and trapezoidal, which
infers that the trapezoidal approach produces less errors compared to
the EM. Evidently it is very clear from the Table 4 that comparing the
results of (5.4) to the results of [18], the maximum error bound at M =

573

Fig. 18. By TM, the £ error of Example 5.4, for M = 64.

64, and 128 computed by EM and TM are 1.4632 x 102,4.1300 x 1073,
respectively, very less as compared to that of [18]. Thus our methods
give the best approximation to that of the proposed method [18].

Also, the conditions of Theorem 3.4 hold on [0, 1]. So, if we choose
¢(p) = 0, then

P
00~ 0) = 1 (p s [ 0= w0t )|

16
= |0—p1/2<1 - B”3> ~0|

<0.0667 =€, Vpe][0,1].
Hence for € = 0.0667, (5.4) has H-U stability follows from Theorem 3.5.

6. Conclusions

In this sequel, the second kind of weakly singular nonlinear func-
tional Volterra integral Eq. (1.1) of the Urysohn type involving
Riemann-Liouville operator has been studied. The equation’s posses-
sion of a unique solution under specific Lipschitz conditions on the two
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Fig. 20. By TM, the £ error of Example 5.4, for M = 128.

Table 4

Comparing the absolute maximum errors of Example 5.4.
M EM ™ Method in [18]

lle(®ll n lle(®lle n lle(@)ll

4 1.9984 x 107! 0.1089 1.0764 x 107! 1.4381 2.1500 x 107!
8 1.7360 x 10! 0.3614 1.0231 x 107! 1.5486 1.6600 x 107!
16 1.4880 x 107! 0.4832 2.0156 x 1072 1.6181 1.2300 x 107!
32 5.3085x 1072 0.6484 3.1041 x 1072 1.7641 9.0200 x 1072
64 1.4632 x 1072 0.7841 2.4800 x 1073 1.8653 6.5100 x 1072
128 4.1300 x 1073 0.8362 6.9999 x 107* 1.9891 4.6000 x 1072

operators involved, the Nemytskii operator and the integral operator,
has been demonstrated. In the process of numerical solution approxima-
tion, the trapezoidal and Euler discretization methods were employed,
leading to the formulation of a nonlinear system of equations. Due
to the intricate solvability of this system, confirming the existence
and uniqueness of the solution to the ensuing algebraic system posed
challenges. Nevertheless, the presented computations indicated that
solutions were often attainable, and fixed point approaches yielded
reliable approximations. In addition, we determined the H-U-R and
H-U stability requirements for solution to the considered integral
equation (1.1).

Furthermore, validation occurred that the numerical solution of
the discretized system converged to the exact solution of the integral
equation, as supported by the application of the Gronwall inequality.
Observations from the provided examples revealed quadratic conver-
gence for the trapezoidal method and a first-order convergence rate
for the Euler method, aligning with theoretical findings in Section 4.
Notably, from the numerical findings presented in tables, it has been
inferred that the trapezoidal method consistently outperformed the Eu-
ler method by producing the less errors as evidenced by computations
conducted using MATLAB 23.2.0.2436196 (R2023b). Additionally, we
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contrasted our computational results with the exact solutions of one
test case and compared them with outcomes obtained using alternative
numerical methods. This comparison showcases the effectiveness of our
proposed approaches in relation to methodologies documented in the
existing literature [18]. In future, the advanced version of proposed
methods will be applied to the weakly singular functional Fredholm
integral equations, Caputo fractional-order type models, functional type
integro-differential equations, etc.
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