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A B S T R A C T

The bladed disk is the core component which is under load in aero-engine, rocket engine and gas turbine. In
recent years, the bladed disk has developed towards the direction of integrated bladed disk (blisk) and being
applied with ceramic matrix composites. However, there is no accurate semi-analytical dynamic model to
describe the dynamic characteristic of ceramic matrix composite blisk. In this paper, a new semi-analytical
method, modified global mode method (MGMM) is proposed to model the 2D C/SiC laminated blisk. In
proposed method, Chebyshev polynomials series are used to expand the displacements of the blades and disk,
constraints between blades and disk is strictly satisfied by multi-modal transformation and integrated into
governing equation, and high-order shear deformation theory is combined to establish the dynamic model of
the blisk of 2D C/SiC laminated composite material. The proposed method avoids the matrix singular problem
appearing in traditional global mode method when modeling of combined structure and makes the system
perform dynamic analysis and mode prediction without mode extraction and reconstruction. Then, amplitude
frequency response and modal experiment are carried out to verify the correctness and convergence of the
proposed method. Finally, under the framework of proposed method, the effects of material parameters and
geometric parameters on the modal characteristics of the blisk are analyzed. The results show that compared
with the geometric parameters, the material parameters have less influence on the modal characteristics of
blisk, additionally, a series of modal steering is observed. The work in this paper can provide theoretical
guidance for the dynamic design of composite blisk.
1. Introduction

As the core component of aero-engine and rocket engine, the bladed
disk bears a variety of extreme loads during the operation of the engine,
and plays an important role in the safe operation of the aircraft [1–3].
Therefore, the dynamic characteristics of the bladed disk is a factor
that must be considered in the design of modern engines. Especially
in recent years, the bladed disk structure has gradually developed
towards the direction of integrated forming of the bladed disk struc-
ture (blisk) [4,5] and being applied with advanced ceramic matrix
composites [6], resulting that the lightweight, low damping and more
severe vibration. Therefore, it has important guiding significance to in-
vestigate the vibration characteristics of the ceramic matrix composite
blisk.
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In the current studies of the dynamic characteristics of the bladed
disk, three methods are generally used for the dynamic modeling of the
bladed disk, namely lumped parameter method [7–10], finite element
method (FEM) [11] and semi-analytical method based on Rayleigh Ritz
method [12]. The precision of the lumped-parameter method is low
and the error is large, the finite element method has the advantages of
high analysis accuracy but also has excessive degrees of freedom and
excessive analysis cost [13], especially for the bladed disk structure.
The semi-analytical method has the characteristics of clear mechan-
ical mechanism, low computational cost and high reliability so it is
reasonable to use the semi-analytical method to study the blisk.

For combined structures like blisk, introducing artificial springs
between each sub-structure to realize the connection of the struc-
tures is the most common semi-analytical modeling method [14–16].
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Tomioka [17] introduced two artificial springs of displacement and
rotation angle at the root of the blade to complete the modeling of
bladed disk, and then Gao et al. [12,18] and Chen et al. [19] used this
method to investigate the modal, damping characteristics and forced
vibration of blisk with blade coating. The advantage of this method
is that, it is easy to implement and the resulting error is within an
acceptable range, however it is not suitable for the blisk structure
because it cannot strictly satisfy the continuity of the deformation of
the blades and disk.

Another widely used semi-analytical method for bladed disk in re-
cent years employs the coordinate transformation between sub-
structures to complete the modeling, and each sub-structure can be
regarded as a simple support case (such as fixed support) in its own
coordinate system [20]. Wu et al. [21] adopted this method when
studying the influence of blade cracks on the modal characteristics of
the bladed disk with elastic support, both the disk and blades can be
regarded as fixed support in their own coordinate system, additionally,
Wu et al. also used this method to study the modal characteristics of
the flexible dual-rotor system with blade cracks [22]. Based on this
method, Chiu et al. [23] studied the vibration of the coupled rotor
with multiple blades, Chun et al. [24] studied the coupled vibration
of the shaft, disk and blades, and She et al. [25] analyze the frequency
steering and merging of the bladed disk system. Zhao et al. [26,27]
investigated the free coupling vibration of composite bladed disk, and
Zhou et al. [28] studied the vibration characteristics of a flexible blade–
disk–rotor system with lines by combining the assumed mode method
and the finite element method. This method can automatically and
strictly satisfy the deformation continuity of blade and disk. However,
none of research objects of these literature narrated in this paragraph
are integrated blisk models, and even because the transformation
matrix between the coordinate systems is a function of generalized
variables, the energy of the system is not a standard quadratic form
when using Rayleigh–Ritz method, thus necessary Taylor expansion and
linearization are needed.

In order to solve the common dynamic modeling problem of com-
bined structure in engineering, the global mode method(GMM) based
on principle of minimum potential energy comes into being. In this
method, each sub-structure is modeled separately from the global
perspective, the Lagrange multipliers are introduced to meet the con-
straints, and the dynamic modeling of combined structure is finally
completed. Liu et al. [29] studied the generalized analytical modes
of spacecraft with three-axis stability, Wei et al. [30] studied the
dynamic modeling problem of flexible manipulator with concentrated
mass, and for the dynamic problem of solar panel of satellite, Cao,
Wei et al. and He et al. [31–34] studied a series of related vibration
problems of solar panel based on GMM with Rayleigh Ritz method,
such as the modeling of multi-plate solar sail with flexible hinges,
dynamic response and vibration control problem, Tian et al. [35]
also used GMM with Rayleigh Ritz method to investigate the aero-
elasticity problem of folding wing with multi-plate structure. The GMM
based on Rayleigh–Ritz is very suitable for the dynamic modeling of
the integrated combined structure, but it needs a mode extraction
and reconstruction to calculate the dynamic response after modeling,
because the characteristic equation of the system becomes singular after
introducing the Lagrange multiplier.

With high specific modulus, low density and excellent high tem-
perature performance, ceramic matrix composites(CMCs) are more and
more used in high temperature components in the aeronautics and as-
tronautics [36–41], including turbine rotors of aero-engine and rocket
engine. In recent years, there have been a considerable number of
literature reports on the application of ceramic matrix composites on
blades and blade disks. Min et al. [42] studied the problem of damping
characterization of C/SiC materials applied to turbine blade disks,
Kumar et al. [43] studied the problem of damage and destruction
2

of CMCs blades and disk, Langenbrunner et al. [44] studied the dy- r
namic response of turbine blades under controlled rub conditions. As
a typical braided ceramic matrix composite, 2D C/SiC is used in many
components of the engine [45–47]. However, there is no literature on
dynamic modeling and dynamic characteristic analysis of 2D C/SiC
blisk.

From the above mentioned literatures, it can be seen that the
existing two mainstream semi-analytical modeling methods are not
fully applicable to composite blisk, and it is necessary to develop a
reasonable and highly reliable modeling method for blisk, obviously
the global mode method is the best choice, but the singularity problem
of the global mode method also needs to be solved. In addition, CMCs
are increasingly used in high temperature parts of engines, and there
are few literature on CMCs blisk.

The motivation of this paper is to improve the modeling method
which is suitable for composite blisk, overcome the shortcoming of
singularity of the dynamic equation based on traditional GMM, and
detect the effect of parameters of 2D C/SiC blisk on modal character-
istic. A modified global mode method is proposed in this paper, where
the connection of blades and disk based on displacement continuity is
given in the form of constraint equations and is integrated into the final
coupled dynamic equation by multi-modal transformation. The elastic
constants of single-layer 2D C/SiC composites are obtained using the
stiffness averaging method. Combining high-order shear deformation
theory and Chebyshev polynomials, the displacement of 2D C/SiC blisk
is constructed. The final dynamic equation of composite blisk is given
based on the Hamilton principle. Then, the finite element simulation
and experiments are performed to verify the correctness of the proposed
method in this paper. Further parametric analysis is carried out to
investigate the effect of geometric parameters and materials parameters
of 2D C/SiC composite on modal characteristic. Moreover, the results
of this paper can provide theoretical guidance for the dynamic design
and vibration control of C/SiC composite blisk.

2. Mechanical model of blisk based on modified global mode
method

In this section, the global modal method is improved and mod-
ified(named Modified Global Mode Method, MGMM), and used to
establish the dynamic model of the blisk system. The blisk system is
illustrated in Fig. 1, the disk is simplified as the annular plate, whose
the inner edge is clamped while the outer edge is free and connected
with the blades. The geometry information of the disk is shown in
Fig. 1𝐚 with thickness ℎ𝑑 , inner radius 𝑅𝑖𝑛, outer radius 𝑅𝑜𝑢𝑡. The blades
re simplified as 3D beams which are connected with the outer edge
f the disk, its geometry information, blade span 𝑙𝑏, blade chord 𝑏𝑏,
hickness ℎ𝑏 and pre-setting angle 𝛽 are shown in Fig. 1b and c, as well
s the transformation relationship between the Cartesian coordinate
𝑖𝜉𝑖𝜈𝑖𝜂𝑖 of No.𝑖 blade and cylindrical coordinate 𝑂𝑟𝜃𝑧 of the disk.

Both the blade and the disk are consist with a number of layers of
D braided C/SiC materials, which is shown in Fig. 2. Single layer is
D braded composite with C fiber and SiC matrix. In this paper, it is
efined that the material of the blade disk of the blade is exactly the
ame, that is, the number of layers and the laying angles are exactly
he same.

.1. 2D C/SiC laminated model

It can be seen from Fig. 2c that, the micro-structure of 2D C/SiC
s periodic spatially, so the macroscopic elastic constant of the whole
aterials can be replaced and characterized by the elastic constant

f the representative volume Element(RVE), which is the smallest

epeating unit in space.
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Fig. 1. Schematic diagram of the disk with 8 blades. a: cylindrical coordinate of the disk and its geometry information b and c: Cartesian coordinate of the No.𝑖 blade and its
geometry information.
Fig. 2. Schematic diagram of the disk with 8 blades. a and b:laminated structure sections of disk and blade c:2D C/SiC in single layer.
2.1.1. Micro-mechanical model of C/SiC composite of disk and blades
The RVE of single-layer 2D C/SiC composite is shown in Fig. 2c,

which shows the geometry information of warp, weft and RVE. The
sections of the warp and weft are assumed to be elliptical, and the
lengths of the major and minor axes are respectively 𝑏𝑗𝑤, ℎ𝑗𝑤. The
dimensions of RVE in the three dimensions are 𝐿𝑥, 𝐿𝑦, 𝐿𝑧, obviously
𝐿𝑥 = 𝐿𝑦. It should be pointed out that 𝐿𝑥 and 𝐿𝑦 of RVE are related to
the yarn arrangement density of warp and weft [48], i.e.

𝐿𝑥 = 𝐿𝑦 = 2
𝑀 𝑗𝑤 (1)

where 𝑀 𝑗𝑤 is the warp and weft arrangement density (tows/mm)
which determines the distance between adjacent two yarns.

It can be seen from Fig. 2 that, the laying curve of the warp and
weft in RVE is assumed to be a sine function, i.e.

𝑧′ = 𝑑𝑗𝑤 sin
( 2𝜋
𝐿𝑥 𝑥

′ − 𝜋
2

)

(2)

where 𝑑𝑗𝑤 determines the amplitude of the yarn motion. thus the length
of single yarn (warp and weft) is

𝑙𝑗𝑤 = ∫

𝐿𝑥

√

√

√

√

√1 +

(

d𝑧′
(

𝑥′
)

d𝑥′

)2

d𝑥′ (3)
3

0

the volume fractions of warp, weft and matrix are

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑣𝑗 = 𝜋𝑏𝑗𝑤ℎ𝑗𝑤𝑙𝑗𝑤

2𝐿𝑥𝐿𝑦𝐿𝑧

𝑣𝑤 = 𝑣𝑗

𝑣𝑚 = 1 − 𝑣𝑗 − 𝑣𝑚

(4)

2.1.2. Volume average
The volume averaging method is used to obtain the macroscopic

elastic constants of single-layer 2D C/SiC composites, i.e.
[

𝐶𝑅𝑉 𝐸] = 𝑣𝑗
[

𝐶𝑗] + 𝑣𝑤
[

𝐶𝑤] + 𝑣𝑚
[

𝐶𝑚] (5)

where the
[

𝐶𝑅𝑉 𝐸] is the stiffness matrix of RVE in 𝑜′𝑥′𝑦′𝑧′; the
[

𝐶𝑗],
[

𝐶𝑤], [𝐶𝑚] are the stiffness matrix of warp, weft, matrix in 𝑜′𝑥′𝑦′𝑧′;
𝑣𝑗 , 𝑣𝑤, 𝑣𝑚 are the volume fraction of warp, weft, matrix.

Warp and weft are laid in the RVE in the form of a sine curve,
so their stiffness in 𝑜′𝑥′𝑦′𝑧′ can be obtained by (the only difference
between warp and weft is the laying direction , so taking the warp for
example)

[

𝐶𝑗] =

[

1
𝑗𝑤 ∫

𝑙𝑗𝑤

[𝑇 𝑗 (𝑠)]𝑇
[

𝑆𝑗∗] [𝑇 𝑗 (𝑠)]d𝑠

]−1

(6)

𝑙 0
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where the 𝑙𝑗𝑤 is the length of the single warp in RVE, [𝑇 𝑗 (𝑠)] is the
transformation matrix between the warps body coordinate system and
𝑜′𝑥′𝑦′𝑧′, which is obviously a function by arc coordinates 𝑠, and

[

𝑆𝑗∗]

is the flexibility Matrix in the fiber body coordinate system.
[𝐶𝑚] is easily obtained by inverting its flexibility matrix, i.e. [𝐶𝑚] =

[𝑆𝑚]−1. After the stiffness matrix of RVE is obtained by Eq. (5), its
flexibility matrix can be obtained by inverting,

[

𝑆𝑅𝑉 𝐸] =
[

𝐶𝑅𝑉 𝐸]−1,
thus, the Elastic Constants can be obtained by

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐸11 =
1
𝑆11

𝐸22 =
1
𝑆22

𝑣12 = −
𝑆12
𝑆11

𝐺12 =
1
𝑆66

𝐺23 =
1
𝑆44

𝐺13 =
1
𝑆55

(7)

where, 𝐸11 and 𝐸22 are the equivalent stretch modulus along the 𝑥′ and
𝑦′ directions, respectively, 𝑣12 is the Poisson’s ratio in the 𝑥′𝑦′ plane,
and 𝐺12, 𝐺23 and 𝐺13 is the shear modulus of 𝑥′𝑦′, 𝑦′𝑧′ and 𝑥′𝑧′.

Only the above elastic parameters are needed in this analysis, so
elastic constants other than these are not listed. From the modeling of
the micro-structure of 2D C/SiC in this subsection, it can be seen that
the elastic constants of the material along the 𝑥′ and 𝑦′ directions are
consistent in the 𝑜′𝑥′𝑦′𝑧′ coordinate.

Density of disk and blade is also averaged by volume, i.e.

𝜌𝑑 = 𝜌𝑏 =
(

𝑣𝑗 + 𝑣𝑤
)

𝜌𝑓 + 𝑣𝑚𝜌𝑚 (8)

where the 𝜌𝑓 is the density of warp and weft, and 𝜌𝑚 is the density of
SiC matrix and them are listed in Appendix.

2.2. Dynamic model of the disk

The displacement of the disk in its cylindrical coordinate system
𝑂𝑟𝜃𝑧 is described by the high order shear deformation theory (HSDT) in
order to more accurately describe the shear deformation of composite
disk and its larger thickness, which is written in matrix form as follow.

{𝑈} =

⎧

⎪

⎨

⎪

⎩

𝑈1

𝑈2

𝑈3

⎫

⎪

⎬

⎪

⎭

=

⎡

⎢

⎢

⎢

⎣

−𝑐𝑑𝑧3𝜕𝑟 𝑧 − 𝑐𝑑𝑧3

−𝑧 1
𝑟
𝜕𝜃 0

1 0

⎤

⎥

⎥

⎥

⎦

{

𝑈𝑧

𝑈𝜙

}

(9)

where 𝑈 𝑖, 𝑖 = 1, 2, 3 are the displacement of an arbitrary point (𝑟, 𝜃, 𝑧)
in the annular plate alone the direction 𝑟, 𝜃 and 𝑧, respectively; 𝑈𝑧 is
the displacement of an arbitrary point (𝑟, 𝜃) of neutral plane of plate
alone the direction 𝑧; 𝑈𝜙 is the rotational angle of neutral surface in
the annular plate around the axis 𝜃; 𝜕𝑖, 𝑖 = 𝑟, 𝜃 is the partial differential
operator, and constant 𝑐𝑑 = 4

3(ℎ𝑑 )2
.

The relationship between displacement and strain is

{

𝜀𝑈
}

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜀𝑈𝑟𝑟
𝜀𝑈𝜃𝜃
𝜀𝑈𝜃𝑧
𝜀𝑈𝑟𝑧
𝜀𝑈𝑟𝜃

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

=

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝜕𝑈1

𝜕𝑟
1
𝑟
𝑈1 + 1

𝑟
𝜕𝑈2

𝜕𝜃
1
𝑟
𝜕𝑈3

𝜕𝜃
+ 𝜕𝑈2

𝜕𝑧
𝜕𝑈1

𝜕𝑧
+ 𝜕𝑈3

𝜕𝑟
1
𝑟
𝜕𝑈1

𝜕𝜃
+ 𝜕𝑈2

𝜕𝑟
− 1

𝑟
𝑈2

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

(10)

The elastic equation of the disk of 𝑘th can be written as
{

𝜎𝑈
}

=
[

𝑄𝑈 (

𝛼𝑑
)] {

𝜀𝑈
}

(11)
4

𝑘 𝑘 𝑘
Fig. 3. Schematic diagram of laying angle of yarns in disk.

where the
[

𝑄𝑈
𝑘
]

is the elastic stiffness matrix of 𝑘th Layer, which is
obtained by transformation of Eq. (7). It is worth being noted that,
laying angle of 𝑘th referring to the radial axis is a function of 𝜃,
i.e. 𝛼𝑑𝑘 = 𝜃 − 𝛾𝑑𝑘 (shown in Fig. 3), due to the rotation angle between
the polar diameter and the principal direction of the material. Details
in Calculation of 𝑄𝑈

𝑘
(

𝛼𝑘
)

refs to [49].
Considering all layers share the same density, the Kinetic Energy of

the rotating disk is

𝑇 𝑈 = 1
2
𝜌𝑑 ∫

ℎ𝑑∕2

−ℎ𝑑∕2 ∫

2𝜋

0 ∫

𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

[

(

�̇�1 − 𝜔𝑈2
)2

+
(

�̇�2 + 𝜔
(

𝑈1 + 𝑟
)

)2

+
(

�̇�3
)2

]

𝑟d𝑟d𝜃d𝑧 (12)

where 𝜔 is the rotational speed. The potential Energy of the disk is

𝑉 𝑈 = 1
2

𝐾
∑

𝑘=1
∫

𝑧𝑘

𝑧𝑘−1
∫

2𝜋

0 ∫

𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

{

𝜎𝑈𝑘
}𝑇 {

𝜀𝑈
}

𝑟d𝑧d𝜃d𝑟

+ ∫

ℎ𝑑∕2

−ℎ𝑑∕2 ∫

2𝜋

0 ∫

𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

[

𝑓 𝑟𝑐
( 𝜕𝑈𝑧

𝜕𝑟

)2
+ 𝑓 𝜃𝑐

( 1
𝑟
𝜕𝑈𝑧

𝜕𝜃

)2]

𝑟d𝜃d𝑟d𝑧 (13)

where 𝑓 𝑟𝑐 and 𝑓 𝜃𝑐 is the centrifugal force [22]. The first term in the
Eq. (13) is strain potential energy and the second term is the centrifugal
potential energy due to the rotation.

2.3. Dynamic model of the blades

The displacement of the 𝑖th blade in its Cartesian coordinate 𝑜𝑖𝜉𝑖𝜈𝑖𝜂𝑖
is also described by the HSDT, which is written in matrix form as
follow.

{𝑢𝑖} =

⎧

⎪

⎨

⎪

⎩

𝑢1𝑖
𝑢2𝑖
𝑢3𝑖

⎫

⎪

⎬

⎪

⎭

=

⎡

⎢

⎢

⎢

⎣

0 −𝑐𝑏𝜂3𝑖 𝜕𝜉𝑖 𝜂𝑖 − 𝑐𝑏𝜂3𝑖
1 0 0

0 1 0

⎤

⎥

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝑢𝜈𝑖
𝑢𝜂𝑖
𝑢𝜑𝑖

⎫

⎪

⎬

⎪

⎭

(14)

where 𝑢1𝑖 , 𝑢
2
𝑖 , 𝑢

3
𝑖 is the displacement of the blade alone the direction 𝜉𝑖, 𝜈𝑖

and 𝜂𝑖, respectively, 𝑢𝜈𝑖 and 𝑢𝜂𝑖 is the displacement of neutral line in the
blade alone the direction 𝜈𝑖 and 𝜂𝑖; 𝑢

𝜑
𝑖 is the rotational angle of neutral

line around the axis 𝜉𝑖, and 𝑐𝑏 = 4
3ℎ𝑏2

. Noting that the displacement

alone the chord direction 𝑢𝜈𝑖 is rigid body displacement because the
chord bending stiffness of a blade is much higher than its transverse
bending stiffness, and 𝑢𝜈𝑖 is introduced only to match the displacement
between the blade and disk, its contribution to blade potential energy
should be ignored.

The strain of the blade is

{

𝜀𝑢𝑖
}

=

{

𝜀𝑢𝑖,𝜉𝜉
𝜀𝑢𝑖,𝜉𝜂

}

=

⎧

⎪

⎪

⎨

⎪

⎪

𝜕𝑢1𝑖
𝜕𝜉𝑖

𝜕𝑢1𝑖 +
𝜕𝑢3𝑖

⎫

⎪

⎪

⎬

⎪

⎪

(15)
⎩

𝜕𝜂𝑖 𝜕𝜉𝑖
⎭
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𝑉

2

b
d
b

b
g

{

w
𝑈
f
t
s

⎧

⎪

⎨

⎪

⎩

w
[

C
t
v

{

w

t
F
c

p

⎧

⎪

⎨

⎪

⎩

w

The stress of the blade is

{

𝜎𝑢𝑖𝑘
}

=

[

𝐸𝑏
𝑘
(

𝛾𝑏𝑘
)

0

0 𝐺𝑏
𝑘
(

𝛾𝑏𝑘
)

]

{

𝜀𝑢𝑖
}

(16)

where the 𝐸𝑏
𝑘, 𝐺

𝑏
𝑘 are elastic constants of the blade, 𝛾𝑏𝑘 is the laying angle

of 𝑘th layer referring to axis 𝜉𝑖, see [50] for the method of calculating
the elastic constants 𝐸𝑏

𝑘 and 𝐺𝑏
𝑘.

The position vector of arbitrary point of 𝑖th blade in global view is

{

𝑃 𝑏
𝑖
}

=
⎡

⎢

⎢

⎣

cos𝜔𝑡 − sin𝜔𝑡 0
sin𝜔𝑡 cos𝜔𝑡 0
0 0 1

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

1 0 0
0 cos 𝛽 − sin 𝛽
0 sin 𝛽 cos 𝛽

⎤

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝑅𝑏 + 𝜉𝑖 + 𝑢1𝑖
𝑢2𝑖

𝜂𝑖 + 𝑢3𝑖

⎫

⎪

⎬

⎪

⎭

(17)

thus, the Kinetic Energy of the rotating 𝑖th blade is

𝑇 𝑢
𝑖 = 1

2
𝜌𝑏 ∫

ℎ𝑏∕2

−ℎ𝑏∕2 ∫

𝑙𝑏

0

̇{

𝑃 𝑏
𝑖
}𝑇 ̇{

𝑃 𝑏
𝑖
}

𝑏𝑏d𝜂𝑖d𝜉𝑖 (18)

The potential Energy of the blade is

𝑢
𝑖 = 1

2

𝐾
∑

𝑘=1
∫

𝜂𝑖𝑘

𝜂𝑖(𝑘−1)
∫

𝑙𝑏

0

{

𝜀𝑢𝑖
}𝑇 {

𝜎𝑢𝑖𝑘
}

𝑏𝑏d𝜂𝑖d𝜉𝑖

+ 1
2 ∫

ℎ𝑏∕2

−ℎ𝑏∕2 ∫

𝑙𝑏

0
𝑓 𝜉𝑐 (𝜉𝑖

)

⎡

⎢

⎢

⎣

(

𝜕𝑢3𝑖
𝜕𝜉𝑖

)2

+

(

𝜕𝑢2𝑖
𝜕𝜉𝑖

)2
⎤

⎥

⎥

⎦

𝑏𝑏d𝜂𝑖d𝜉𝑖 (19)

where 𝑓 𝜉𝑐 (𝜉𝑖
)

is the centrifugal force, written as

𝑓 𝜉𝑐 (𝜉𝑖
)

= 𝜌𝑏𝜔2

[

𝑅𝑜𝑢𝑡 (𝑙𝑏 − 𝜉𝑖
)

+
𝑙𝑏2 − 𝜉𝑖2

2

]

(20)

.4. Final governing equation based on modified global mode method

The key of the global mode method(GMM) is to satisfy the geometric
oundary conditions of each substructure in the global view. For the
isk, it is clamped on inner edge and free on the outer edge. For the
lade, it is both free on the top and the bottom.

The displacement of the neutral surface of the disk in Eq. (9) can
e expressed in the general product form of the shape function and
eneralized displacement, i.e.

𝑈𝑧

𝑈𝜙

}

=
⎡

⎢

⎢

⎣

{

𝑁𝑈𝑧}𝑇 0

0
{

𝑁𝑈𝜙
}𝑇

⎤

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

{

𝑞𝑈𝑧}

{

𝑞𝑈𝜙
}

⎫

⎪

⎬

⎪

⎭

=
[

𝑁𝑈 ] {𝑞𝑈
}

(21)

here the
{

𝑁 𝑖} , 𝑖 = 𝑈𝑧, 𝑈𝜙 is the shape function vector, and
{

𝑞𝑖
}

, 𝑖 =
𝑧, 𝑈𝜙 is the generalized displacement vector. Noting that the shape

unction must satisfy the geometry boundary condition mentioned in
he above, i.e. the displacement of the disk must be 0 at 𝑟 = 𝑅𝑖𝑛, so the
hape function could be determined as following
{

𝑁𝑈𝑧}

(𝑚−1)(2𝐽𝑈𝑧+1)+𝑛 = ℎ𝑑𝑃 ∗
𝑚 (𝑟) 𝑇𝑛 (𝜃) , 𝑚 = 1, 2⋯ 𝐼𝑈𝑧 , 𝑛 = 1, 2⋯ 2𝐽𝑈𝑧 + 1

{

𝑁𝑈𝜙
}

(𝑚−1)
(

2𝐽𝑈𝜙+1
)

+𝑛
= 𝑃 ∗

𝑚 (𝑟) 𝑇𝑛 (𝜃) , 𝑚 = 1, 2⋯ 𝐼𝑈𝜙 , 𝑛 = 1, 2⋯ 2𝐽𝑈𝜙 + 1

(22)

here 𝑃 ∗
𝑚 (𝑟) is the No.𝑚 Chebyshev polynomials of 2nd in the region

𝑅𝑖𝑛, 𝑅𝑜𝑢𝑡] which satisfy 𝑃 ∗
𝑚
(

𝑅𝑖𝑛) = 0. For the construction of the
hebyshev polynomials of 2nd for different boundary conditions, refer
o [51]. {𝑇 (𝜃)} stands for the circumferential traveling wave function
ector of the disk, which is written as

𝑇 } = {1, cos 𝜃, cos 2𝜃, …cos 𝑠𝜃, sin 𝜃, sin 2𝜃, …sin 𝑠𝜃} (23)

here 𝑠 is the traveling wave number, and obviously, 𝑠 = 𝐽𝑈𝑧 or 𝐽𝑈𝜙 .
In HSDT used in this paper, the rotational angle of the plate around

he 𝜃 axis is independent of the lateral deflection, so not ‘‘Clamped–
ree’’ but ‘‘Simply supported–Free’’ condition can be taken when de-
iding the radial shape function 𝑃 ∗ 𝑟 in Eq. (22).
5

𝑚 ( )
The displacement of the blade is expanded, which is the same as the
revious process of expansion the displacement of the disk, i.e.

𝑢𝜈𝑖
𝑢𝜂𝑖
𝑢𝜑𝑖

⎫

⎪

⎬

⎪

⎭

=

⎡

⎢

⎢

⎢

⎣

{

𝑁𝑢𝜂
𝑖
}𝑇 0 0

0
{

𝑁𝑢𝜂
𝑖
}𝑇 0

0 0
{

𝑁𝑢𝜑
𝑖
}𝑇

⎤

⎥

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

{

𝑞𝑢𝜈𝑖
}

{

𝑞𝑢𝜂𝑖
}

{

𝑞𝑢𝜑𝑖
}

⎫

⎪

⎬

⎪

⎭

=
[

𝑁𝑢
𝑖
] {

𝑞𝑢𝑖
}

(24)

here
{

𝑁𝑢𝜂
𝑖
}

,
{

𝑁𝑢𝜈
𝑖
}

and
{

𝑁𝑢𝜑
𝑖
}

are the shape function vectors of the
blades, and they should satisfy the geometry condition as f ree in 𝜉𝑖 =
0 and 𝜉𝑖 = 𝑙𝑏. Thus the three shape function vectors share the same set
of ‘‘Free–Free’’ orthogonal polynomial, written as

⎧

⎪

⎨

⎪

⎩

{

𝑁𝑢𝜈
𝑖
}

𝑚 = ℎ𝑏𝑃𝑚
(

𝜉𝑖
)

, 𝑚 = 1, 2
{

𝑁𝑢𝜂
𝑖
}

𝑚 = ℎ𝑏𝑃𝑚
(

𝜉𝑖
)

, 𝑚 = 1, 2⋯ 𝐼𝑢𝜂
{

𝑁𝑢𝜑
𝑖
}

𝑚 = 𝑃𝑚
(

𝜉𝑖
)

, 𝑚 = 1, 2⋯ 𝐼𝑢𝜑
(25)

where 𝑃𝑚
(

𝜉𝑖
)

is No.𝑚 the Chebyshev polynomials of 2nd in the region
[

0, 𝑙𝑏
]

which is both free in 𝜉𝑖 = 0 and 𝜉𝑖 = 𝑙𝑏. It should be pointed
out that

{

𝑁𝑢𝜈
𝑖
}

in Eq. (25) takes the first two orders because only the
first two orders of the shape function of ‘‘Free–Free’’ are rigid body
displacement, as mentioned above.

After the shape function of the disk and blade are determined, it
can be seen that the blades are totally free in the global view, so it is
necessary to introduce the constraint conditions between the disk and
blades. It can be seen in Fig. 1 that there are 𝑁𝑏 nodes where the 𝑁𝑏
blades connect with disk, which can be written in coordinate 𝑂𝑟𝜃𝑧 and
𝑜𝜉𝑖𝜈𝑖𝜂𝑖

⎧

⎪

⎨

⎪

⎩

𝛤0 = (0, 0, 0) in 𝑜𝑖𝜉𝑖𝜈𝑖𝜂𝑖, 𝑖 = 1, 2⋯𝑁𝑏

𝛤𝑖 =
(

𝑅𝑜𝑢𝑡,
2𝜋 (𝑖 − 1)

𝑁𝑏
, 0

)

in 𝑂𝑟𝜃𝑧, 𝑖 = 1, 2⋯𝑁𝑏
(26)

The following 4 constraint equations are introduced to ensure that the
displacement and rotational angle of the blade and disk are continuous
at the connect points

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Displacement continuity:
⎧

⎪

⎨

⎪

⎩

𝑈𝑧|
|

|𝛤𝑖
− sin 𝛽 𝑢𝜈𝑖

|

|

|𝛤0
− cos 𝛽 𝑢𝜂𝑖

|

|

|𝛤0
= 0

− cos 𝛽 𝑢𝜈𝑖
|

|

|𝛤0
+ sin 𝛽 𝑢𝜂𝑖

|

|

|𝛤0
= 0

Angle continuity:
⎧

⎪

⎨

⎪

⎩

𝑈𝜙|
|

|𝛤𝑖
+ sin 𝛽

𝜕𝑢𝜈𝑖
𝜕𝜉𝑖

|

|

|𝛤0
− cos 𝛽 𝑢𝜑𝑖

|

|

|𝛤0
= 0

cos 𝛽
𝜕𝑢𝜈𝑖
𝜕𝜉𝑖

|

|

|𝛤0
+ sin 𝛽 𝑢𝜑𝑖

|

|

|𝛤0
= 0

(27)

where, the first two constraints ensure that the lateral and circumfer-
ential displacement of the blade and disk are continuous, and the last
two constraints ensure that the lateral and circumferential angles of the
blade and disk are continuous. Noting that, rotational angle in HSDT is
the opposite of the rotational angle defined in classical plate theory in
terms of the first derivation of the lateral displacement.

By substituting Eqs. (21) and (24) into Eq. (28), Eq. (28) can be
rewritten into matrix form, i.e.

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

[

𝐶1
]

{

{

𝑞𝑈
}𝑇 ,

{

𝑞𝑢𝑖
}𝑇

}𝑇
= {0}

[

𝐶2
]

{

{

𝑞𝑈
}𝑇 ,

{

𝑞𝑢𝑖
}𝑇

}𝑇
= {0}

[

𝐶3
]

{

{

𝑞𝑈
}𝑇 ,

{

𝑞𝑢𝑖
}𝑇

}𝑇
= {0}

[

𝐶4
]

{

{

𝑞𝑈
}𝑇 ,

{

𝑞𝑢𝑖
}𝑇

}𝑇
= {0}

(28)

where
[

𝐶𝑗
]

, 𝑗 = 1, 2, 3, 4 are the constraint matrices corresponding to
the four constraints in Eq. (28), respectively.

The previous literature using GMM based on Rayleigh–Ritz method
almost adopted the method of introducing Lagrange multipliers and
extending the dimension of the original system to meet the displace-
ment constraints in order to obtain the modal characteristics of the
combined structure, which not only increases the degree of freedom
of the system, but also leads to the singularity of the mass matrix. In
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order to solve this problem, the global modal method is improved and
modified in this paper, The original modal space is transformed into
generalized modal space by orthogonal transformation, and then the
constrained generalized modal freedom is eliminated in the generalized
modal space due to the constraints. Eq. (28). The specific process is as
follows.

When the constraints are not considered and no external excitation
doing work, the Hamiltonian of the system with incomplete constraints
is

𝛱 = 𝑉 𝑈 +
𝑁𝑏
∑

𝑖=1
𝑉 𝑢
𝑖 − 𝑇 𝑈 −

𝑁𝑏
∑

𝑖=1
𝑇 𝑢
𝑖 (29)

he virtual work of the system due to external load doing work is
𝑊 = 𝛿𝑊 𝑈 +

∑𝑁𝑏
𝑖=1 𝛿𝑊

𝑢
𝑖 , where

𝛿𝑊 𝑈 = ∫ ℎ𝑑∕2
−ℎ𝑑∕2

∫ 𝑅𝑜𝑢𝑡

𝑅𝑖𝑛 ∫ 2𝜋
0

(

𝛿𝑈𝑧𝐹𝑈𝑧 + 𝛿𝑈𝜙𝐹𝑈𝜙
)

𝑟d𝑟d𝜃d𝑧

𝛿𝑊 𝑢
𝑖 = ∫ ℎ𝑏∕2

−ℎ𝑏∕2
∫ 𝑙𝑏
0

(

𝛿𝑢𝜈𝑖 𝐹
𝑢𝜈
𝑖 + 𝛿𝑢𝜂𝑖 𝐹

𝑢𝜂
𝑖 + 𝛿𝑢𝜑𝑖 𝐹

𝑢𝜑
𝑖

)

𝑏𝑏d𝜉𝑖d𝜂𝑖
(30)

nd, 𝐹𝑈𝑧 , 𝐹𝑈𝜙 , 𝐹 𝑢𝜈 , 𝐹 𝑢𝜂 and 𝐹 𝑢𝜑 is the generalized force applying in
orresponding displacement.

based on Hamilton principle
𝑡1

𝑡0
𝛿𝛱 + 𝛿𝑊 d𝑡 = 0 (31)

he governing equation of the system without constraints is

𝑀] {𝑞} + [𝐷] {�̇�} + [𝐾] {𝑞} = {𝐹 } (32)

here {𝑞} =
{

{

𝑞𝑈
}𝑇 ,

{

𝑞𝑢𝑖
}𝑇

}𝑇
, 𝑖 = 1, 2⋯𝑁𝑏, [𝑀] , [𝐷] , [𝐾] is the

ass, damping (gyroscopic) and stiffness matrix including structural
tiffness and additional stiffness due to rotation, respectively, and {𝐹 }
s the external load in mode space. Obviously there is no coupling
etween disk and blades in Eq. (32). Constraints in Eq. (28) are intro-
uced in order to transform the original system into a fully constrained
ystem. Eq. (28) are assembled into
[

𝐶1
]

[

𝐶2
]

[

𝐶3
]

[

𝐶4
]

⎤

⎥

⎥

⎥

⎥

⎥

⎦

{𝑞} = [𝐶] {𝑞} = {0} (33)

bviously, the above constraint equation can be invertible transformed
nto

𝐶] [𝑇 ]𝑇 [𝑇 ] {𝑞} =
[

�̄�
]

{𝑞} =
[[

�̄�𝐷] [

�̄�𝐼 ]]
{

{

𝑞𝐷
}

{

𝑞𝐼
}

}

= {0} (34)

here [𝑇 ] is orthogonal matrix, which makes the
[

�̄�𝐷], the first sub-
quare matrix of

[

�̄�
]

is full-rank, {𝑞} is named as generalized modal
oordinates in order to distinguish from ordinary modal coordinates
𝑞}. Obviously, sub-vector

{

𝑞𝐷
}

in {𝑞} is not independent due to the
onstraints in Eq. (28). Thus, making

𝑞} = [𝑇 ]𝑇
[

−
[

�̄�𝐷]−1 [�̄�𝐼 ]

[𝐼]

]

{

𝑞𝐼
}

= [𝐸]
{

𝑞𝐼
}

(35)

and the dynamic equation of the original system is transformed into
[

�̄�
] { ̈̄𝑞𝐼

}

+
[

�̄�
] { ̇̄𝑞𝐼

}

+
[

�̄�
] {

𝑞𝐼
}

=
{

𝐹
}

(36)

where
[

�̄�
]

= [𝐸]𝑇 [𝑀] [𝐸],
[

�̄�
]

= [𝐸]𝑇 [𝐷] [𝐸],
[

�̄�
]

= [𝐸]𝑇 [𝐾] [𝐸]
and

{

𝐹
}

= [𝐸]𝑇 {𝐹 }. Eq. (36) is the final governing equation of the
blisk after introducing the constraints. It is obvious that Eq. (36) is
4𝑁𝑏 fewer DOF than the original governing equation Eq. (32). After the
MGMM proposed in this paper, the system is completely constrained,
the singularity of the mass matrix does not appear, and even the
dimension of the system decreases with the increase of the constraints.
6

The advantage of improvement for traditional GMM in this paper is m
hat the singularity problem of the combined structure is eliminated,
nd the system becomes strictly positive definite, so that the analysis
f the mode and dynamic response can be carried out directly without
ny treatment.

. Convergence, experimental study and comparative analysis

.1. Convergence in amplitude–frequency response

Before the analysis begins, it is necessary to verify the convergence
f the proposed MGMM. In this subsection the convergence of the
roposed MGMM is verified by studying the variation trend of the
mplitude frequency response curve with the truncation number of the
ode functions of the blade and disk in the span and radial direction.

t should be pointed that, in the following analysis, 𝐼𝑈𝑧 = 𝐼𝑈𝜙 =
𝑢𝜂 = 𝐼𝑢𝜑 is assumed. Fig. 4 show amplitude–frequency response curves
f 8-blades blisk system with different 𝐼𝑈𝑧 , as well as the values of
ll relevant parameters. The information of excitation and response
orresponding to Fig. 4 is that, unit harmonic excitation is applied at
5% of the span length of #1 blade, the damping factor of each mode is
.001, and the coordinates of the response measurement point in disk
s 𝑟 = 0.75𝑅𝑜𝑢𝑡, 𝜃 = 0◦. It can be seen from Fig. 4 that as 𝐼𝑈𝑧 continues
o increase, the overall amplitude–frequency curve gradually converges
o a coincident curve, thus, the convergence of the proposed GMM is
erified, and 𝐼𝑈𝑧 = 𝐼𝑈𝜙 = 𝐼𝑢𝜂 = 𝐼𝑢𝜑 = 25 is given for the following
nalysis.

.2. Verification with experiment

In this subsection, experiment and finite element method (FEM) are
sed to verify the accuracy of the proposed model by MGMM. The
hree-dimensional model of the blisk is shown in Fig. 5a. and there are

blades in the blisk. In order to ensure the applicability of the beam
odel for blades, high stiffness mass blocks are added at the joints of

lades and disk, which results in the need to add additional kinetic
nergy in Eq. (29) when solving the Eq. (38), i.e

𝑏𝑙𝑜𝑐𝑘 = 1
2

𝑁𝑏
∑

𝑖=1
𝑚𝑏𝑙𝑜𝑐𝑘

(

�̇�𝑧|
|

|𝛤𝑖

)2
(37)

In this experiment, the blisk model is made by 3D printing, the geo-
metric size and material properties are shown in the Table 1.

The natural frequency of the blisk system can be calculated by the
generalized eigenvalue problem of the mass matrix and stiffness matrix
in Eq. (32), i.e.
([

�̄�
]

− 𝜆2
[

�̄�
]) {

�̄�
}

= {0} (38)

where 𝜆 is the natural frequency of the blisk system. The eigen vector
�̄�
}

of Eq. (38) characterize the mode shapes of system Eq. (36), and
he eigen vector {𝑋} of original system Eq. (32) can be obtained by
e-transformation, i.e. {𝑋} = [𝐸]

{

�̄�
}

.
The modal experiment adopts the method of ‘‘single-point excitation

nd multi-point measurement’’, the excitation mode is sound excitation
see Fig. 5c), and the signal acquisition is PSV-500 Scanning Laser
ibrometer (SN:0217496, consisting of three laser scanning heads and
computer with corresponding software, see Fig. 5b), the Blisk is fixed

o the base through the fixture(see Fig. 5c and d), and the exciter is
laced behind one of the blades.

The natural frequency obtained by experiment, FEM and proposed
GMM are listed in Table 2. In FEM, SOLID186 element is used for the
odal simulation of the Blisk.

It can be seen from Table 2 that the natural frequencies obtained
y MGMM and FEM are in good agreement with those measured in the
xperiment, and the highest error of 8.51% between the FEM results
nd the experimental results occurs in the higher-order (17th order)

ode. The maximum error between the results obtained by MGMM
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Fig. 4. Amplitude–frequency response curves when 𝐼𝑈 𝑧 = 10, 15, 20, 25 of the 8-blades blisk system.
Table 1
Parameters of the blades and disk for FEM and experiment.

Geometry information Material property

Disk 𝑅𝑜𝑢𝑡 = 0.120 m, 𝑅𝑖𝑛 = 0.020 m, ℎ𝑑 = 0.004 m 𝜌𝑑 = 1100 kg∕m3, 𝐸𝑑 = 2.70 GPa, 𝑣𝑑 = 0.42
Blade 𝑙𝑏 = 0.072 m, 𝑏𝑏 = 0.03 m, ℎ𝑏 = 0.002 m, 𝛽 = 45◦ 𝜌𝑏 = 1100 kg∕m3, 𝐸𝑏 = 2.70 GPa, 𝑣𝑏 = 0.42
Fig. 5. Experimental equipment and experimental environment. a:digital model and solid model of blisk, b:PolyTec scanning header and computer, c:sound exciter and foundation,
d:experimental site.
and those obtained by experiment occurs at the 14th order. However,
the results of MGMM and FEM have a higher agreement, and the
maximum error of 5.89% occurs in the 18th mode. The main sources
of these errors are as follows: 1. manufacturing errors of materials
such as structural mistuned and initial warping deformation of blisk;
2. The experimental device could not perfectly simulate the boundary
condition of the disk with a fixed inner edge; 3. torsional mode shapes
appear in the blades in higher order modes.

The mode shapes of the first 18 orders measured by MGMM, FEM
and experiments are shown in Fig. 6. In the perfect blisk structure, there
are modes with overlapping frequencies and orthogonal mode shapes,
which have been reflected in Table 2, so only one of the modes with
overlapping modes is illustrated in Fig. 6.

As can be seen from the comparison in Fig. 6, the mode shape
obtained by MGMM are in good agreement with those obtained by
FEM. It can be seen in Fig. 6 that in the first 8 modes, the first
bending of the blade is coupled with the 1st, 0th, 2nd, 3rd, and 4th
7

nodal diameter mode of the disk, respectively. From the 9th to 16th
modes, the second bend of the blade is coupled with the 1, 0, 2, 3, and
4 nodal diameter (ND) modes of the blade respectively. In the 17th
and 18th modes, the second bend of the disk appears, coupling with
the second order bending direction of the blade. The above coupling
characteristics of blade and disk are reflected in the proposed MGMM,
FEM and experimental results. Therefore, the correctness of the model
by MGMM in this paper has been fully verified.

For the convenience of the following description, the mode shape
of blisk is identified by the method of 𝐷𝑚𝐵𝑛 according to the practice
of [21], 𝐷𝑚𝐵𝑛 stands for the mode shape of coupling mode between
the 𝑚 order ND shape of disk and the 𝑛 order bending of blades.
such as 𝐷1𝐵1 and 𝐷0𝐵1 corresponding the 1st and 3rd in Fig. 6. It
should be pointed out that the case of 1st bending of the blade and 1st
bending of the disk resulting 2nd bending of blisk occurs in the higher-
order modes(such as 11th mode in Fig. 6), which should be collectively
referred to as 𝐷 𝐵 , hereafter.
𝑚 2
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Fig. 6. Mode shapes of Experiment, FEM and MGMM, The order of modes in each subplot is 1,3,4,6,8,9,11,12,14,16,17,18 from left to right firstly and from top to bottom
secondly a:Modes obtained by MGMM. b:Modes obtained by FEM. c:Modes obtained by experiment.
Table 2
Comparison of natural frequency results of FEM and MGMM.

Order EXP (Hz) FEM (Hz) MGMM (Hz) Error1a Error2b Error3c

1 58.75 60 59.86 2.13% 1.89% −0.23%
2 58.75 60 59.86 2.13% 1.89% −0.23%
3 66.88 67.11 66.5 0.34% −0.57% −0.91%
4 71.88 69.58 69.06 −3.20% −3.92% −0.75%
5 71.88 69.58 69.06 −3.20% −3.92% −0.75%
6 87.1 87.89 86.61 0.91% −0.56% −1.46%
7 87.1 87.91 86.61 0.93% −0.56% −1.48%
8 91.56 90.95 89.58 −0.67% −2.16% −1.51%
9 112.24 114.43 113.48 1.95% 1.10% −0.83%
10 112.24 114.45 113.48 1.97% 1.10% −0.85%
11 118.44 116.43 116.03 −1.70% −2.03% −0.34%
12 131.56 123.21 122.98 −6.35% −6.52% −0.19%
13 131.56 123.22 122.98 −6.34% −6.52% −0.19%
14 185 173.84 169.74 −6.03% −8.25% −2.36%
15 185 173.85 169.74 −6.03% −8.25% −2.36%
16 225.94 210.87 208.74 −6.67% −7.61% −1.01%
17 286.25 310.61 300.72 8.51% 5.06% −3.18%
18 331.56 330.19 310.75 −0.41% −6.28% −5.89%

a Error between finite element results and experimental results, (𝜆𝐹𝐸𝑀 − 𝜆𝐸𝑋𝑃 )∕𝜆𝐸𝑋𝑃 .
b Error between MGMM results and experimental results, (𝜆𝑀𝐺𝑀𝑀 − 𝜆𝐸𝑋𝑃 )∕𝜆𝐸𝑋𝑃 .
c Error between MGMM results and FEM results, (𝜆𝑀𝐺𝑀𝑀 − 𝜆𝐹𝐸𝑀 )∕𝜆𝐹𝐸𝑀 .
8

3.3. Comparative analysis

In order to further reflect the advantages of MGMM proposed in this
paper, in this subsection, a comparison between the results obtained by
MGMM and the results obtained by the artificial spring (AS) method
in [19] is carried out. There are 16 blades in the whole blisk, and
the pre-setting angle of the blades is 𝛽 = 0◦. For other geometric
and material parameters, please refer to [19]. The results of the two
methods and the finite element results in [19] are listed in Table 3.

As can be seen from the data in Table 3, the error of proposed
MGMM results relative to the FEM is substantially smaller than the
error of the AS method relative to the finite element in [19], and this
advantage is particularly significant in high order modes. The reasons
why the MGMM proposed in this paper can achieve more accurate
results are as follows: firstly, MGMM can strictly satisfy the displace-
ment continuity of the blade and disk, which is not possible with the
artificial spring method; Secondly, Displacement field of blades and
disk in this paper are built by high-order shear deformation theory,
while the Euler–Bernoulli beam theory and Kirchhoff plate theory are
used in [19].

4. Modal characteristics analysis

In this section, the modal characteristics of the 2D C/SiC composite
blisk are analyzed in detail, including the effect of the rotational speed,
the geometric parameters, the yarns density of arrangement in the
single 2D C/SiC materials, and the laying scheme of the lamination
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Table 3
Comparison of results (proposed MGMM and artificial spring method of [19]).

Mode Ref. [19] FEM (Hz) Ref. [19] method of artificial spring(AS) (Hz) MGMM (Hz) Error1a Error2b

𝐷1𝐵1 174.52 174.16 174.38 −0.21% −0.08%
𝐷2𝐵1 196.13 194.19 194.48 −0.99% −0.84%
𝐷3𝐵1 263.18 255.22 258.47 −3.02% −1.79%
𝐷4𝐵1 351.78 323.74 347.03 −7.97% −1.35%
𝐷5𝐵1 426.62 392.96 429.22 −7.89% 0.61%
𝐷6𝐵1 476.64 434.86 494.07 −8.77% 3.66%
𝐷1𝐵2 796.14 713.02 822.17 −10.44% 3.27%
𝐷2𝐵2 843.37 751.93 874.68 −10.84% 3.71%
𝐷3𝐵2 946.56 845.23 983.64 −10.71% 3.92%
𝐷4𝐵2 1126.04 1053.11 1161.84 −6.48% 3.18%
𝐷5𝐵2 1382.66 1260.97 1402.21 −8.80% 1.41%
𝐷6𝐵2 1693.53 1552.93 1678.52 −8.30% −0.89%

a Error between method of AS in [19] and FEM in [19], (𝜆𝐴𝑆 − 𝜆𝐹𝐸𝑀 )∕𝜆𝐹𝐸𝑀 .
b Error between proposed MGMM and FEM in [19], (𝜆𝑀𝐺𝑀𝑀 − 𝜆𝐹𝐸𝑀 )∕𝜆𝐹𝐸𝑀 .
Table 4
Geometry parameters of the blades and disk for parameter analysis.

Geometry information of blisk Geometry information of single 2D C/SiC composite

Disk 𝑅𝑜𝑢𝑡 = 0.180 m, 𝑅𝑖𝑛 = 0.030 m, ℎ𝑑 = 0.004 m
𝑏𝑗𝑤 = 0.9 mm, ℎ𝑗𝑤 = 0.12 mm, 𝑑 = 0.08 mm, 𝐿𝑧 = 0.5 mmBlade 𝑏𝑏 = 0.04 m, ℎ𝑏 = 0.004 m
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structure on the natural frequency of the blisk and the resulting modal
steering phenomenon.

The geometry of the disk in this section is shown in Table 4,
parameters of Table 4 do not change during the analysis, and the
material information of the C fiber and SiC matrix is listed in Appendix.

4.1. Effect of yarns density of arrangement on modal characteristics

In this subsection, the laying scheme is [0◦∕45◦∕ − 45◦∕0◦], blade
pan 𝑙𝑏 = 0.080 m and pre-setting angle 𝛽 = 45◦ are given, and the
arns density of arrangement is taken into analysis of effect on modal
haracteristics. Firstly it is necessary to be pointed out that 𝑀 𝑗𝑤 has a
ecisive influence on the volume fraction of yarns, so the analysis in
his subsection sets the upper limit of 𝑀 𝑗𝑤 to 1 tows/mm to avoid an

excessively high fiber volume fraction.
The effect of yarns density on natural frequency is shown in Fig. 7,

as well as the type of mode shapes. It can be seen clearly that the
natural frequency from 1 to 16 order all decrease on a considerable
scale as the yarns density of arrangement 𝑀 𝑗𝑤 increases, this is because
with the increase of 𝑀 𝑗𝑤, the yarns gradually occupies a dominant
position in RVE, and its contribution proportion to the stiffness of RVE
increases. While the stiffness of yarn is smaller than the stiffness of
SiC matrix, which leads to the decrease of the stiffness of 2D C/SiC
composite and the decrease of the natural frequency. Fig. 7c shows
the percentage of decrease of the first 16 natural frequency, obviously,
the difference of the influence of yarns density of arrangement on each
order of frequency varies very little, ranging from 9.0% to 9.5% (the
maximum is 9.32%, the minimum is 9.05%).

4.2. Effect of laying scheme on modal

In this subsection, yarns density of arrangement 𝑀 𝑗𝑤 = 0.6 tows
/mm, blade span 𝑙𝑏 = 0.080 m and pre-setting angle 𝛽 = 45◦ are
given with analysis. Considering that there are 8 blades in blisk, the
laying scheme is adopted as the following 2 scheme: [0∕𝜏]s, [0∕𝜏]as,
0∕𝜏∕45∕𝜏 +45◦]s and [0∕𝜏∕45∕𝜏 +45◦]as, where ‘‘s’’ and ‘‘as’’ stands for
ymmetric and anti-symmetric laying, 𝜏 stands for adjustable angle. the
nfluence of different 𝜏 of the 2 laying scheme on the natural frequency
f blisk is investigated in this subsection.

Fig. 8 shows the change curve of the natural frequency of each order
s 𝜏 increases from 0◦ to 90◦, the change curve of the natural frequency
f each order is marked with the corresponding mode shapes 𝐷𝑚𝐵𝑛 in
ach sub-figure in Fig. 8. First of all, the most noteworthy phenomenon
9

is that in these 4 laying schemes, there is a separation of 𝐷2 mode
shape of disk. In Fig. 8a, the natural frequencies corresponding to the
same mode shape of 𝐷2𝐵1 and 𝐷2𝐵2 are separated. For a more in-
depth explanation, modal assurance criterion (MAC) is introduced in
this subsection, which is expressed as

MAC (𝑖, 𝑗) = lg

(

{

𝑋𝑖
}𝑇 {

𝑋𝑗
}

)2

(

{

𝑋𝑖
}𝑇 {

𝑋𝑖
}

)(

{

𝑋𝑗
}𝑇 {

𝑋𝑗
}

) (39)

where
{

𝑋𝑖
}

stands for 𝑖th mode vector, MAC characterizes the similar-
ity of different modes. The MAC values of 𝐷2𝐵1 mode and 𝐷2𝐵2 mode
of Scheme 1(S) and Scheme 2(s) are illustrated in Fig. 8b2 - b3, and for
contrast, the MAC values of blisk of isotropic pure SiC are also shown
in Fig. 8b1. It can be seen from Fig. 8b that in the isotropic case of SiC
blisk, the MAC of the two coincident modes of 𝐷2𝐵1 and 𝐷2𝐵2 is −2.3
nd −3.2, respectively, while in scheme 1(S) and scheme 2(S), the MAC
rops rapidly to within the range of the mechanical error, which fully
emonstrates that the mode separation of 𝐷2 of disk is indeed caused
y the anisotropy of the single-layer C/SiC material. This is because the
ingle layer material in this paper is not strictly isotropic in the plane
here the disk is located, and its two principal materials axis with the

ame mechanical properties are orthogonal to each other in the plane
f disk. This also leads to a small range of fluctuations in the natural
requencies of each order as 𝜏 increases from 0◦ to 90◦. In addition,
t can also be seen from Fig. 8 that the frequency of each order of
he first laying scheme [0◦∕𝜏]𝑠 and [0◦∕𝜏]𝑎𝑠 is slightly higher than that
f the second laying scheme [0∕𝜏∕45∕𝜏 + 45◦]s and [0∕𝜏∕45∕𝜏 + 45◦]as

(except for the separating mode 𝐷2𝐵1 and 𝐷2𝐵2), and all of them reach
the minimum when 𝜏 = 45◦. The influence of the asymmetrical laying
mode and the anti-symmetrical laying scheme on the natural frequency
of each order is very small and can be almost ignored.

4.3. Effect of rotational speed on modal characteristic

The mode steering of a rotor system due to speed variation has
always been a classical problem in rotor dynamics. In this subsection,
the laying scheme is given as [0◦∕45◦∕−45◦∕0◦], and 𝑙𝑏 = 0.08𝑚, 𝛽 = 45◦.
The rotational speed is taken into parameter analysis, other parameters
are still shown in Table 4. Curves of natural frequency of blisk as a
function of rotational speed with different yarns density of arrangement
are illustrated in Fig. 9. Firstly, the phenomenon of increasing natural
frequency caused by centrifugal stiffening occurs in every mode of

blisk. Mode steering due to the increase of rotational speed occurs in the
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Fig. 7. Effect of yarns density of arrangement on modal characteristics a:Natural frequencies of 1–8 order. b:Natural frequencies of 9–16 order. c:Percentage of decrease of 1 to
16 order of frequency as 𝑀 𝑗𝑤 increases from 0.1 to 1.
Fig. 8. Effect of laying Scheme of lamination on modal characteristics from 1 to 16 order when 𝑀𝑗𝑤 = 0.6. a: ‘‘Scheme1(S)’’ and ‘‘Scheme1(AS)’’ stand for [0∕𝜏]s and [0∕𝜏]as,
‘‘Scheme2(S)’’ and ‘‘Scheme2(AS)’’ stand for [0∕𝜏∕45∕𝜏 +45◦]s and [0∕𝜏∕45∕𝜏 +45◦]as. b1:MAC values of isotropic pure SiC blisk modal when 𝜏 = 45◦. b2:MAC values of blisk modal
of scheme 1(S) when 𝜏 = 45◦. b3:MAC values of blisk modal of scheme 2(S) when 𝜏 = 45◦.
first 3 modes of the first mode set(see Fig. 9b), the mode shapes change
from 𝐷1𝐵1, 𝐷0𝐵1 in lower rotational speed into 𝐷0𝐵1, 𝐷1𝐵1 in higher
rotational speed(see Fig. 9c). At the same time, it can also be seen from
Fig. 9b that the increase of 𝑀 𝑗𝑤 leads to the advance of the mode
steering point in addition to the decrease of the natural frequencies of
each order.
10
4.4. Effect of ratio of blade span to disk outer radius on modal character-
istics

In this subsection, the laying scheme of lamination structure is given
as [0◦∕45◦∕−45◦∕0◦], and 𝛽 = 45◦. The span length of blades are taken
into parameter analysis, and the other parameters are still given in
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Fig. 9. Effect of rotational frequency on modal characteristics without gyro damping. a:The global graph. b:The sub region of steering of a. c:Modal steering at 9000 rpm (150 Hz)
and 1500 rpm (250 Hz).
Fig. 10. Effect of the ratio of blade span to disk outer radius. a1: natural frequencies from 1 to 18 order. a2: local graph of region 1 of a1. a3: local graph of region 2 of a1. b:
frequency steering in a3. A modal steering takes place between 0.65 and 0.75 of the ratio of blade span to disk outer radius.
Table 4. Fig. 10 illustrates the effect of the ratio of blade span to disk
outer radius on the natural frequencies of each order. It can be seen
from Fig. 10 that as 𝑙𝑏∕𝑅𝑜𝑢𝑡 increases the modes of each order decrease,
but the decrease of second mode set (9th to 16th) is significantly larger
than that of the first mode set (1st to 8th, see Fig. 10a), and mode
steering phenomenon occurs among the 9th and 10th of the second
mode set, as shown in Fig. 10a3. When 𝑙𝑏∕𝑅𝑜𝑢𝑡 = 0.65, the 9th and
10th are 𝐷0𝐵2 and 𝐷1𝐵2, respectively. When 𝑙𝑏∕𝑅𝑜𝑢𝑡 = 0.75, the 9th
(10th) and 11th order are 𝐷1𝐵2 and 𝐷0𝐵2, respectively. Additionally,
no mode steering occurs for the higher-order modes 17th and 18th and
for the first family of modes.

4.5. Effect of pre-setting angle on modal characteristics

In this subsection, the laying scheme of lamination structure is also
given as [0◦∕45◦∕−45◦∕0◦], the blade span is 𝑙𝑏 = 0.08m, the pre-setting
angle is taken into parameter analysis, the other parameters are still
given in Table 4.

The effect of pre-setting angle of the blades on natural frequency is
illustrated in Fig. 11a. The frequency of first modal set (1st to 8th in
Fig. 11a2) increases slowly as pre-setting angle 𝛽 increases. However,
the individual frequencies in second modal set and high-order (9th to
18th in Fig. 11a3) have different development trend with the increase
of 𝛽, and some of them converges to the same value as 𝛽 approaches
11
90◦, and modal steering takes place in 16th, 17th, 18th within 35◦ to
55◦ (see Fig. 11b).

In order to explain the phenomenon that development trend of the
modes of different orders in the second mode set is not consistent,
the mode shape diagram with 𝛽 = 70◦, 80◦, 90◦ in Fig. 11a3 region 3
is shown in Fig. 11c. It can be seen from Fig. 11c that, from 9th to
18th, the first three modes 𝐷0𝐵2, 𝐷1𝐵2, 𝐷2𝐵2 do not change during
the increase of 𝛽, while in the later modes, when 𝛽 reaches 90◦,
these modes degenerate into the single cantilever blade mode. In the
model proposed of this paper, there is no circumferential torsional
deformation of the disk, i.e., the disk is rigid in the circumferential
direction, so the lateral displacement of the blades is independent of
each other when 𝛽 is 90◦, and the blades degenerate independent
cantilever blades. The development trend of these modes degenerated
into a single cantilever blade depends on the value of the natural fre-
quency of the single cantilever blade, which leads to the phenomenon
that development trend of several modes is not consistent, and several
modes converge to the same value. At the same time, in the process
of increasing 𝛽, the motion coupled with the lateral motion of disk
gradually changes from the lateral motion of the blade to the chord-
wise motion of blades, which means that, with the increase of 𝛽, the
stiffness of blisk in the lateral direction gradually increases. So the
first modes set and the non-degenerating modes of second modes set
increase with the increase of 𝛽.
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Fig. 11. Effect of the per-setting angle on modal characteristics. a1: effect of per-setting angle of blades on natural frequencies from 1 to 8 order. a2: local graph of region 1 of
a1. a3: local graph of region 2 of a1. b: two modal steering takes place between 35◦ and 55◦ of the pre-setting angle 𝛽 c: mode shapes from 9th to 18th in a3 region 3.
5. Conclusion and final remarks

In this paper, an improved global mode method has been proposed,
which is semi-analytical and suitable for the dynamic modeling of com-
posite blisk. Combined with the high-order shear deformation theory
and Hamilton’s principle, the dynamic modeling of 2D C/SiC composite
blisk has been completed, and then the finite element simulation and
experimental studies haves been carried out to verify the accuracy
of proposed method. Finally, the analysis of geometric and materials
parameters of blisk has been carried out under the framework of the
proposed method. Some valuable conclusions are as follows.

In the MGMM proposed in this paper, the connection between blade
and disk is no longer handled by the traditional Lagrange multiplier
method, but by multi-modal transformation to transform the system
to another modal space to eliminate the constrained coordinates, The
improvement of the traditional GMM in this paper has the advantage
of eliminating the singularity caused by the introduction of Lagrange
multipliers, which not only improves the stability of the numerical
solution but also eliminates the need for mode extraction and re-
construction before dynamic response analysis. Compared with the
previous modeling methods for the blisk, the proposed method has
higher mechanical and physical rationality, and is more suitable for
the modeling of composite structures because of the use of high-order
shear deformation constitutive.
12
The convergence and correctness of the proposed method have
been verified. the convergence of the proposed modified global mode
method is verified by the convergence of the amplitude–frequency
response. The results of the finite element simulation and modal exper-
iment for the blisk are highly consistent with mode shape obtained by
the MGMM. The results of the natural frequency obtained by the three
methods are in good agreement, and the errors are mainly concentrated
in the high order modes.

Based on the frame of MGMM proposed, the parameters analysis has
been carried out. In the example of this paper, among the material and
lay-up parameters of 2D C/SiC, the yarns density of arrangement has
the greatest influence on the modal characteristics of blisk. When yarns
density of arrangement increases from 0.1 to 1 tows/mm, the natural
frequencies of each order decrease by 9% to 10%. However, the laying
scheme has little influence on the modal characteristics, and the natural
frequency of Blisk fluctuates within a small range due to the change of
laying Angle. In addition, since 2D C/SiC is not strictly isotropic in the
plane of Blisk, the 2ND modes of the blisk are slightly separated, and
the change of material parameters do not lead to the phenomenon of
mode steering.

Geometric parameters have great influence on the modal charac-
teristics of the blade, including the rotational speed, the ratio of the
blade span to disk outer radius, and the pre-setting angle of the blades.
The order of the mode steering caused by the change of geometric
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Table A.1
Material parameters of C and SiC.
Materials density Elastic parameters

C fiber 1600 kg∕m3 𝐸1 = 211 GPa, 𝐸2 = 13.8 GPa, 𝐺12 = 9 GPa, 𝐺23 = 4.8 GPa, 𝑣12 = 0.2, 𝑣23 = 0.25
SiC matrix 3200 kg∕m3 𝐸 = 350 GPa, 𝑣 = 0.25
parameters is not consistent. The mode steering due to the rotational
speed occurs in the first mode set, and the mode steering due to the
ratio of the blade span to the disk outer radius and the pre-setting angle
occurs in the second mode set.
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Appendix. Material parameters of C fiber and SiC matrix
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Table A.1.
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