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Castration-resistant prostate cancer (CRPC) poses a significant challenge in the medical field. The study 
developed a novel model, the branching bivariate Weibull distribution (BBWD), tailored to address 
CRPC and stems from the maximum likelihood estimation (MLE) function. It considers a medicinal 
biosystem aimed at transitioning androgen-dependent prostate cancer into an androgen-independent 
state. The BBWD model is designed to optimize the solution for bio variables pertinent to CRPC and 
evaluate various treatment techniques for androgen-dependent and androgen-independent behaviour. 
Through rigorous analysis, the kinetics of LINC01213 in androgen-deprived mediums are highlighted 
as promising, showing superior efficacy in castration compared to other techniques. The model 
utilizes the joint effect on the log-likelihood function (JELF) as a crucial analytical tool to assess the 
impact of LINC01213 in both normal and androgen-deprived medium. The results affirm the veracity 
of statements made within the medical field and support the notion that LINC01213 may serve as 
a novel therapeutic target for CRPC patients. The analysis underscores the pivotal role of exosomal 
LINC01213 in androgen-dependent prostate cancer, demonstrating its significance in treatment 
efficacy. The BBWD model highlighting the efficacy of LINC01213 in androgen-deprived mediums 
provides compelling evidence for its potential as a therapeutic target. This study corroborates existing 
medical hypotheses and offers detailed clarification and reports on treatment techniques for prostate 
cancer patients. Ultimately, it emphasizes the critical role of exosomal LINC01213 in addressing the 
challenges posed by androgen-dependent prostate cancer, offering a pathway toward more effective 
treatments.
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MLE	� Maximum likelihood estimation
CRPC	� Castration resistant and prostate cancer
LINC01213	� Long intergenic non-coding RNA1213
LNCaP	� Lymph node carcinoma of the prostate
Si-LINC01213	� Sacroiliac long intergenic non-coding RNA1213
PC-3	� Human prostate cancer cell line
AR	� Androgen receptor
PSA	� Prostate specific antigen
MRI	� Magnetic resonance imaging
DNA	� Deoxyribonucleic acid
PSMA	� Prostate specific membrane antigen
NOTCH3	� Neurogenic locus notch homolog protein 3
ADPC	� Androgen dependent prostate cancer
AIPC	� Androgen independent prostate cancer
RNA	� Ribonucleic acid
MicroRNA	� Micro ribonucleic acid
lncRNA	� Long non-coding RNA
circRNA	� Circular RNA

Prostate cancer is the most prevalent cause of cancer-related fatalities in Western countries, primarily affecting 
men in their middle age between 45 and 60 years of age1. There are variations in prostate cancer epidemiology 
since many men are identified with the disease using methods such as digital rectal examination, PSA testing, 
magnetic resonance imaging (MRI), or prostate biopsy and analysis2. Prostate cancer risk factors include 
age, weight, race, family history, and other environmental variables. Because of variations in genetics and 
epidemiology, prostate cancer is a diverse illness with many contributing factors. The interaction of genetics, 
environment, and social factors results in estimates of the prostate cancer survival rate that are racist.

Prostate cancer and genetics are known to be related. The genetic predisposition to prostate cancer and 
hereditary prostate cancer has been the subject of years of investigation. One of the biggest genetic risk factors 
for prostate cancer is family inheritance. Twin studies and epidemiological research have shown the importance 
of hereditary prostate cancer3. Numerous investigators have examined the potential contribution of genetic 
diversity to androgen production, metabolism, and function4,5. Chromosome rearrangements are among the 
molecular mechanisms that genomics research has linked to the development of some cancers2.

Mutations in specific genes often lead to cancer. Prostate cancer susceptibility genes may include those 
related to the androgen pathway and testosterone metabolism. Prostate epithelial cells and prostate cancer cells 
develop only in the presence of testosterone and the androgen receptor signalling pathway6. By focusing on 
specific genetic defects and finding cancer biomarkers, prostate cancer can be appropriately treated. Among the 
biomarkers used for targeted therapy are DNA tumour, general, and DNA biomarkers7.

In prostate cancer, the terms “androgen sensitivity” and “androgen insensitivity” relate to the degree 
of testosterone stimulation and available treatment options. Prostate cancer can be treated with a variety of 
techniques, including surgery, hormone therapy, radiation therapy, active surveillance, and cryotherapy. 
Treatment choices are contingent upon the type of tumour, PSA level, grade, stage, and likelihood of recurrence. 
Radiation therapy, for example, is used in conjunction with radical prostatectomy. This surgical procedure 
involves the removal of the prostate and surrounding tissues to treat low-risk prostate cancer8. Treatment 
recommendations for cancers that have returned and spread outside the prostate include hormonal therapy, also 
referred to as androgen-deprivation therapy1.

The most compelling theory regarding exosomes is that they are vesicular carriers that control gene expression 
and resemble viruses9.  The result supports creating a new PSMA-based exosome capture technology platform 
that can effectively tell the difference between exosomes made by prostate tumours and those connected to healthy 
tissue. The antiviral and NOTCH3 pathways may work together as biomarkers and therapeutic targets to treat 
antibiotic resistance caused by stromal cells10.Blood can act as a carrier in cell–cell and organ communication 
since it is a physiological fluid that the body uses to circulate exosomes11.

People with CRPC have a hard time getting treatment because the disease changes from being androgen-
dependent to androgen-independent. This makes standard androgen-deprivation therapies (ADT) less effective. 
Current therapies for CRPC are far from ideal, and effective predictive models that would capture the intricate 
biochemical interactions involved are sorely needed.

Recent studies have highlighted the importance of exosomes, small vesicles secreted by cells as carriers of 
regulatory molecules, especially RNAs. Among these, long non-coding RNAs (lncRNAs) have gained attention 
for their role in cancer progression. Exosomal lncRNAs, such as lncRNA-p21, have shown potential as diagnostic 
markers in prostate cancer, and others, like PCGEM1 and PRNCR1, are linked to androgen receptor signaling12. 
LINC01213, a less-explored lncRNA, has been implicated in cancer-related pathways and may play a role in 
the transition from androgen-dependent to androgen-independent states. This study examines the role of 
LINC01213 in exosomes in the progression of CRPC, aiming to elucidate its impact on RNA-mediated cell 
communication and resistance mechanisms13.

A new player in the list of molecular modulators of androgen dependency is the non-coding RNA LINC01213, 
which has emerged as a potential therapeutic target for manipulating the androgen dependency of prostate 
cancer cells. However, traditional survival models can’t be used to figure out how exosomal interactions affect the 
progression of prostate cancer when there isn’t enough androgen. Thus, the problem is designing a statistically 
advanced model that captures these complex interactions and provides insight into how LINC01213 is effective 
in androgen-deprived environments. So, the following research objectives are laid out.
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•	 Development of a BBWD model to address the complex dynamics of the survival of CRPC cells. It could 
incorporate both androgen-dependent and androgen-independent behaviors.

•	 Exploring effects of exosomal LINC01213 on the behaviour of prostate cancer cells in a regular and andro-
gen-deprived environment with the aid of BBWD combined analysis tool: application of JELF.

•	 LINC01213 target therapeutic interventions on CRPC Patients: To identify and test LINC01213 as a target 
therapeutic intervention and compare its efficacy in supporting the survival of androgen-independent cells 
with another therapy.

•	 Statistical validation for individualized prostate cancer treatment plans to develop personalized prostate can-
cer treatment plans that enhance beneficial therapeutic results by examining tumours’ behaviours and sensi-
tivity to androgen deprivation.

This is the first study to introduce a BBWD model as a new method for analyzing CRPC. At a time when critical 
gaps exist within existing statistical toolkits for assessing efficacy in treatment due to complex biochemical 
interactions, the focus on exosomal LINC01213 offers rich insights into a new, potentially transformative 
therapeutic target that may further enhance treatment options for CRPC patients resistant to conventional 
therapies.

Numerous statistical models have been employed to investigate the relationship between biochemical markers 
and disease progression in CRPC. Among them, the BBWD stands out because it can effectively illustrate how 
two related events, such as PSA levels and disease progression, influence each other.

The FGM Bivariate Weibull model is effective when the relationship between two variables is weak. But 
CRPC often shows stronger and more complex connections, which this model cannot fully capture14. The 
bivariate inverse Weibull model is suitable for specific medical data with unusual risk patterns. However, CRPC 
usually shows steady (monotonic) risk over time, so this model doesn’t fit well. Multi-state Weibull models are 
useful for tracking changes between disease stages. While helpful, they don’t focus on the relationship between 
markers and survival time, which is key in CRPC research15.

In contrast, BBWD can model how one event can affect another, making it ideal for CRPC. It better reflects 
the real interactions between biomarkers and patient outcomes. In short, while other models give helpful 
information, BBWD is more powerful and flexible for studying the complex biology of CRPC.

The study makes a methodological contribution to biostatistics by demonstrating how more advanced 
survival models can be applied to medical and oncological research. Their findings also help advance personalized 
medicine approaches with a strategy for customizing treatment regimens that may benefit patients and minimize 
side effects. This study supports pending hypotheses in cancer biology through rigorous analysis and validation, 
thus paving the way for further studies on the role of other biomarkers and molecular pathways in managing 
CRPC.

The study presents a novel distribution that provides significant insights into the treatment terrain for 
CRPC. It shows how well LINC01213 works when there aren’t enough androgens, highlighting the vital part 
that exosomal LINC01213 plays in fighting the problems that come with androgen-dependent prostate cancer. 
Ultimately, it paves the way for enhanced treatment strategies.

Novelty and objective of the study
Using exosomal LINC01213 in conjunction with the BBWD yields a novel and enhanced approach to modeling 
the growth of CRPC. LINC01213, carried within tumour-derived exosomes, plays a key role in the shift from 
androgen-dependent to androgen-independent prostate cancer by activating the Wnt/β-catenin signalling 
pathway, a hallmark mechanism in CRPC progression16.

Due to the limitations of traditional models outlined in the previous section, the BBWD model was 
introduced as a more suitable alternative for capturing the complex interdependencies in CRPC progression. 
On the other hand, the BBWD model can handle strong, branching dependencies between two time-to-event 
variables that are connected, like exosomal LINC01213 levels and time to disease progression. This branching 
structure reflects how an increase in LINC01213 expression can directly impact both the timing and likelihood 
of CRPC progression.

What makes this integration novel is the direct linkage between a molecular mechanism and a high-
resolution statistical framework. By embedding exosomal LINC01213 into the BBWD model, this study captures 
the stochastic nature of CRPC progression more accurately than any previous models.

This integration offers a dual-level advantage: biological insight, as it helps reveal how exosomal LINC01213 
drives the molecular cascade in CRPC. Statistical modeling: It tracks how fluctuations in this biomarker influence 
the timing and likelihood of disease milestones. As a result, the proposed model not only improves predictive 
accuracy but also enables the identification of potential therapeutic windows, paving the way for personalised 
treatment strategies targeting exosomal RNA pathways in CRPC.

Methods
Introduction for the mathematical part
The Weibull distribution is the most commonly employed when modelling survival and failure time data. It has 
various applications, and specialists have examined all of its properties. Since the 1970s, several extensions to 
the Weibull distribution have been proposed, which can be used to describe complex lifetime data beyond the 
scope of the original Weibull. They are often used in stability and durability analysis. There are multiple Weibull-
related distributions beyond the two- and three-parameter typical Weibull distributions found in the literature 
on statistics and stability. Lu and Bhattacharya have defined the bivariate Weibull distribution in detail and 
created a multivariate survival function for the Weibull distribution17.
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In 1999, Richard A. Johnson et al. discussed the strengths and weaknesses of various bivariate distributions, 
including the exponential distribution, the normal distribution, the log-normal distribution, the inverse 
Gaussian distribution, the SBB distribution, and the normal-lognormal distribution18. Finally, they selected the 
promised bivariate distribution, specifically the bivariate Weibull distribution, for further discussion.

 A non-linear transformation in Gaussian variables has been introduced to generalise the covariance matrix 
into a non-linear covariance matrix19. That portfolio distribution is illustrated in detail for the multivariate 
Weibull distribution. For survival analysis, a positive stable frailty distribution was employed, allowing for both 
parametric and non-parametric inference of censored data, which resulted in ordered failure time data20. The 
flexible baseline hazard model, considering the gamma frailty model, was correlated with a standard Weibull 
model21.  It has been proposed that a continuous bivariate Weibull distribution may be successfully employed 
by eliminating the singular component if the data set contains no ties and the marginals have a heavy-tailed 
distribution22,23.

In wind speed and direction measurements, the Weibull probability distribution function has been proposed 
as a model to determine the relevant monthly frequency distributions24. The multivariate Marshall-Olkin 
Weibull distribution gave the best singular distribution with non-zero probability, even if the sample size 
increased23. According to Kundu and Gupta, a generalised Marshall-Olkin distribution can be described using 
a flexible five-parameter bivariate distribution25. Some interesting examples are the lengths of people’s lives in 
genetic epidemiology, dental implants for patients, and the births of monozygotic and dizygotic twins, where the 
unknown and random genetic behaviour of patients follows the known frailty distribution. These circumstances 
stimulated Hanagal to develop a bivariate Weibull regression model26.

Maximum likelihood estimation is a practical approach in statistical modeling strategies for nonlinear 
modeling. The need for its hazard function nonetheless restricts its monotonic application regardless of the values 
of its parameters, even though it may be increasing or decreasing. This makes these kinds of distributions useful 
in the medical profession for analyzing the validity of illnesses that the medical field identifies. In cases where the 
disease progresses to the point where mortality peaks after a certain amount of time and then gradually falls, this 
may not be the best course of action. Renal density and failure density functions were used in the comparison of 
cesarean sections and vaginal deliveries to assess oxytocin release in the nervous system27.

A changed version of the Weibull distribution was used to talk about the conclusion that prolactin and 
premenopausal cases are much less common in postmenopausal instances when it comes to serum prolactin 
levels and breast cancer risk28. The stochastic gamma process and the Weibull distribution have been used to 
explain growth hormone-related difficulties29,30. In research on the curability of breast cancer,  it was found that 
the peak mortality rate occurred approximately three years after diagnosis. The log-logistic distribution provides 
a parametric form for such a hazard.

Although the log-logistic and log-normal distributions are similar, the log-logistic distribution is more 
suitable for analyzing survival data. This results from its improved mathematical tractability when handling 
the frequently occurring censored observations of such data. The value of the survivor function at the moment 
of censoring is the contribution a right-censored observation makes to the likelihood. For the log-logistic 
distribution, this may be assessed explicitly; however, for the log-normal. Additionally, it will be demonstrated 
that the hazard functions for various samples in this regression model are not proportional.

The ability of these semi-parametric models to evaluate treatment disparities, risk factors, and prognostic 
factors has sparked interest in examining more specific life history details. For instance, one might want to 
examine the bivariate distribution of two time variables or incorporate the timing of one event into a regression 
analysis of another event in life.  A general framework for modelling life histories in terms of counting processes 
has been developed, offering a structured approach to analyze such data.

The works by Majella K. and Lakshmi S. collectively focus on the application of mathematical and stochastic 
modelling techniques to understand and quantify hormonal dynamics, particularly estrogen and its physiological 
impacts, encompassing areas such as hormone secretion, bone density regulation, and the effects of hormone 
therapy in clinical contexts31–35. Ultimately, the study develops a proportional hazards regression model that 
incorporates both random and fixed components.

Building upon this foundation of hormone-focused mathematical modeling, the present study advances to a 
broader analytical framework involving survival analysis and hazard function modeling.

Multifunction derivation from bivariate Weibull distribution
The Joint Survival function was developed to model the combined survival behavior of two variables which 
includes the two arbitrary failure rate functions, h1(x) and h2(y) along with the related cumulative failure rate 
H1(x) and H2(y) on [0, ∞)

	 F̄ (x, y/s) = exp {−[H1(x) + H2(y)]γs}

where the conditional link between x and y is measured by γ.
With reference to this function, let us assume that there exist two joint survival functions, namely F̄1 (x, y/s) 

and F̄2 (y, z/s) as

	
F̄1(x, y/s) = exp {−[H1(x) + H2(y)]γs}
F̄2(y, z/s) = exp {−[H3(y) + H4(z)]γs}

where H1(x), H2(y), H3(y), H4(z) are cumulative failure rates on [0, ∞).
Also, where the conditional link between x and y is measured by γ in F̄1, and where the conditional link 

between y and z is measured by γ in F̄2.
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Next, assuming that the Laplace transform of the series S exists on [0, ∞), Lu and Bhattacharya calculated the 
bivariate survival function F̄ (x, y/s) from the marginals F̄x and F̄y  and discovered that it is strictly decreasing.

The following is the generated Bivariate Weibull Distribution:

	
F̄ (x, y) = exp

{
−

[(
x

λ1

) γ1
α

+
(

y

λ2

) γ2
α

]α}

where 0 < α ≤ 1,0 < λ1, λ2 < ∞, 0 < γ1, γ2 < ∞.
On repeating the same procedure, we can extend this to

	
F̄1(x, y) = exp

{
−

[(
x

λ1

) γ1
α

+
(

y

λ2

) γ2
α

]α}

	

F̄2(x, y) = exp



−

[(
y

ϵ1

) θ1
β

+
(

z

ϵ2

) θ2
β

]β




where 0 < α, β ≤ 1,0 < λ1, λ2 < ∞, 0 < γ1, γ2 < ∞, 0 < ϵ1, ϵ2 < ∞, and 0 < θ1, θ2 < ∞.
These bivariate distributions can be expanded to include more than two variables and up to n variables by 

proceeding with the steps.
Consequently, they created a multivariate survival function of the Weibull distribution, which is

	
s (x1, x2, x3, . . . , xn) = exp

{
−

[(
x1

λ1

) γ1
α

+
(

x2

λ2

) γ2
α

+ · · · +
(

xn

λn

) γn
α

]α}

As per the previous procedure, here we can also construct the two different multivariate survivals of the Weibull 
distribution as follows:

	
s1 (x1, x2, x3, . . . , xn) = exp

{
−

[(
x1

λ1

) γ1
α

+
(

x2

λ2

) γ2
α

+ · · · +
(

xn

λn

) γn
α

]α}

and

	

s2 (y1, y2, y3, . . . , yn) = exp


−

[(
y1

ϵ1

) θ1
β

+
(

y2

ϵ2

) θ2
β

+ · · · +
(

yn

ϵn

) θn
β

]β



with 0 < α, β ≤ 1, 0 < λ1, λ2, . . . , λn < ∞, 0 < γ1, γ2, . . . , 7n < ∞, 0 < ϵ1, ϵ2, . . . , ϵn < ∞, and 
0 < θ1, θ2, . . . , θn < ∞.

Finding the multivariate probability density function

	
f (x1, x2, . . . , xn) = (−1)n ∂ns (x1, x2, . . . , xn)

∂x1∂x2 . . . ∂xn
� (1)

Using (1),  The probability density function was derived to provide mathematical description of the distribution.

	

f (x1, x2, x3, . . . , xn) =
(

−1
α

)nexp
{

−
[(

x1
λ1

) γ1
α +

(
x2
λ2

) γ2
α + · · · +

(
xn
λn

) γn
α

]α}
[(

γ1
λ1

) (
γ2
λ2

)
. . .

(
γn
λn

)] [(
x1
λ1

) γ1
α

−1 +
(

x2
λ2

) γ2
α

−1 + · · · +
(

xn
λn

) γn
α

−1
]

∑P (n)
i=1 (−1)ki PS(n, j)

∏ki

j=1 αnj

[(
x1
λ1

) γ1
α +

(
x2
λ2

) γ2
α + · · · +

(
xn
λn

) γn
α

]kiα−n

where ki is the number of summands of the ith partition of n such that 
n1 + n2 + · · · + nki = n, n1 ≥ n2 ≥ · · · ≥ nki > 0,1 ≤ ki ≤ n

Furthermore, we are going to focus on the bivariate probability density function and its efficacy. As we are 
following only a bivariate probability density function, (1) becomes

	
f (x1, x2) = (−1)2 ∂2s (x1, x2)

∂x1∂x2

So, we can infer that,

	

∂s

∂x2
= −

(
γ2

λ2

)
exp

{
−

[(
x1

λ1

) γ1
α

+
(

x2

λ2

) γ2
α

]α} (
x2

λ2

) γ2
α

−1
[(

x1

λ1

) γ1
α

+
(

x2

λ2

) γ2
α

]α−1
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As a result, we derive

	

f (x1, x2) = ∂2s

∂x1∂x2
=

(
γ1γ2

αx1x2

)
exp

{
−

[(
x1

λ1

) γ1
α

+
(

x2

λ2

) γ2
α

]α} (
x1

λ1

) γ1
α

(
x2

λ2

) γ2
α

×
[(

x1

λ1

) γ1
α

+
(

x2

λ2

) γ2
α

]α−2 {
1 + α

(
−1 +

[(
x1

λ1

) γ1
α

+
(

x2

λ2

) γ2
α

]α)}

This is referred to as the probability density function of a bivariate distribution. To estimate the parameters 
involved in this bivariate distribution, the Maximum Likelihood Estimation (MLE) method is employed.

Maximum likelihood estimation (MLE) parameter
Maximum Likelihood Estimation (MLE) is used to find model parameter values. The estimated parameter 
value should reflect the maximum likelihood of the data we collected. Optimizing a likelihood function makes 
observed data more likely under the postulates of a statistical model. So, the log-likelihood function for the 
defined bivariate Weibull distribution f (x1, x2) has been derived as.

For a bivariate Weibull distribution, the MLE approach involves the following:
Let (x1, y1) , (x2, y2) , . . . , (xn, yn) be a random sample from a bivariate Weibull distribution characterized 

by parameter vector θ = (α1, β1, α2, β2, λ), where:

•	 α1, α2 are shape parameters,
•	 β1, β2 are scale parameters,
•	 λ is the dependence parameter (in some models, such as the Marshall-Olkin or other copula-based forms).

The joint probability density function (pdf) f(x, y; θ) is used to form the likelihood function:

	
L(θ) =

n∏
i=1

f (xi, yi; θ)

To simplify computation, the log-likelihood function is used:

	
L (x) = lnL(θ) =

n∑
i=1

lnf (xi, yi; θ)

The MLEs of the parameters are the values of θ that maximize this log-likelihood function. So, log-likelihood 
function for the defined bivariate weibull distribution f (x1, x2) has been derived as

	

L (x) =
n∑

i=1

ln f (x1, x2) =
n∑

i=1

ln
(

γ1γ2

αx1x2

)
−

n∑
i=1

[(
x1i

λ1

) n1
n

+
(

x2i

λ2

) λ2
α

]a

+
n∑

i=1

η1
α

ln
(

x1i

λ1

)
+

n∑
i=1

λ2

α
ln

(
x2i

λ2

)
+

n∑
i=1

(α − 2) ln

[(
x1i

λ1

) λ1
n

+
(

x2i

λ2

) x2
n

]α

+
n∑

i=1

ln

{
1 + α

(
−1 +

[(
x1i

λ1

) λ1
µ

+
(

x2i

λ2

) 2λ
2

]α)}

Joint effect on log-likelihood function (JELF)
Similarly, for the bivariate Weibull distribution, the joint effect on the log-likelihood function has been 
determined and demonstrated as
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∑n

k1=1lnf1 (x1, x2) +
∑m

k2=1lnf2 (y1, y2) =
∑n

i=1ln
(

γ1γ2
αx1x2

)
+

∑n

i=1

[(
x1i
λ1

) γ1
α +

(
x2i
λ2

) γ2
α

]α

+
∑n

i=1
γ1
α

ln
(

x1i
λ1

)
+

∑n

i=1
γ2
α

ln
(

x2i
λ2

)

+
∑n

i=1(α − 2)ln
[(

x1i
λ1

) γ1
α +

(
x2i
λ2

) γ2
α

]α

+
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i=1 ln
{

1 + α
(

−1 +
[(

x1i
λ1

) γ1
α +

(
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+
∑m

i=1(β − 2)ln
[(

y1
ϵ1

) θ1
β +

(
y2
ϵ2

) θ2
β

]β

+
∑m
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(
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β +

(
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e2

) θ2
β

]β
)}

Overall, it is a foundational concept in statistical inference and modelling across various scientific and engineering 
fields. Accordingly, the author adopts this approach to evaluate the combined influence of parameters, ensuring 
the robustness and reliability of the proposed model.

Collective observation of joint effect on log-likelihood function on three functions
We can provide the joint effect log-likelihood function (JELF) for three functions collectively, as follows:

	
JELF =

n∑
k1=1

lnf1 (x1, x2) +
m∑

k2=1

lnf2 (y1, y2) +
p∑

k3=1

lnf3 (z1, z2)� (2)

In the same way, the same can be derived for a finite number of observations fixed over the Weibull distributions 
as.

	

n∑
k1=1

lnf1 (x1, x2) +
m∑

k2=1

lnf2 (y1, y2) +
p∑

k3=1

lnf3 (z1, z2) + · · · +
w∑

kN =1

lnfN (ϕ1, ϕ2)

Density estimation is the main problem in estimating the probability distribution with a sample of observations 
from the given phenomenon. Though many techniques are used to resolve density estimation, a beneficial 
function that can be used is the maximum likelihood function (MLE).

Mathematical parameter estimation and validation
The proposed model parameters were estimated using time-to-event data sourced from Guo et al.16, which 
provides empirical measurements of exosomal LINC01213 expression and clinical progression events in CRPC.

Parameter estimation using statistical inference
In the absence of primary experimental data, the BBWD model parameters, specifically the shape parameters 
γ1, γ2, scale parameters λ1, λ2, and the branching dependence parameter α were inferred by fitting the joint 
probability distribution to the empirical survival and biomarker datasets.

This involved maximizing the joint likelihood function L (x) constructed from the bivariate time-to-event 

observations 
{(

t(i)
1 , t(i)

2

)}n

i=1
. Numerical optimization techniques were employed to identify parameter 

estimates θ = (γ1, γ2, λ1, λ2, α)  that best describes the stochastic dependence structure between exosomal 
LINC01213 expression timing and CRPC progression?

In the proposed model for CRPC progression, we assume that each time-to-event variable (such as PSA 
progression and LINC01213-related transition time) follows a Weibull distribution, which is commonly used in 
biomedical studies for time-dependent outcomes. The initial assumption of independence between parameters 
is only for ease during model estimation; the joint likelihood function of the BBWD explicitly captures the 
dependency between both variables. This structure is similar to approaches used in recent biomedical models, 
such as those in recurrent event models using reflected Brownian motion, which handle patient-level variability, 
or cure models that link survival outcomes with biomarker changes over time36. Like these models, BBWD 
handles uncertainty and variability in disease progression data. The assumption about error distribution 
follows typical conventions in survival analysis, where variation in biological responses over time is modeled 
stochastically.

Model validation and sensitivity analysis
Model adequacy was evaluated by assessing the goodness-of-fit between the observed data and the BBWD 
cumulative distribution function (CDF) and probability density function (PDF) using established statistical 
tests. Additionally, a comprehensive sensitivity analysis was performed by perturbing each parameter within 
biologically plausible intervals, quantifying the impact on joint survival probabilities and hazard rates.

Scientific Reports |        (2025) 15:24422 7| https://doi.org/10.1038/s41598-025-07434-3

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


The BBWD model fitted well with the observed joint distribution of biomarker dynamics and clinical 
progression times. It did a good job of capturing the random branching behaviour that is at the heart of CRPC 
pathophysiology. While direct experimental validation was not performed within this study, the parameter 
estimation grounded in rigorously collected clinical datasets, combined with robust statistical inference and 
sensitivity testing, supports the mathematical and biological likelihood of the BBWD model as a tool for 
modelling CRPC progression mediated by exosomal LINC01213.

Data source and experimental context
The only secondary data used in this study comes from Guo et al.’s16 publicly available dataset, which has results 
from experiments using LNCaP and PC-3 prostate cancer cell lines in co-culture assays. The authors performed 
no new biological or experimental procedures. The data used include expression levels of exosomal LINC01213 
and clinical parameters related to CRPC progression.

The original study provides detailed information on experimental design, including the use of control 
groups, co-culture conditions, and replicate counts. These conditions were preserved during data extraction and 
informed the statistical modelling and parameter estimation processes presented here. This study focuses solely 
on the development and application of a novel statistical model, the BBWD, to analyse these published data.

To enhance reproducibility, this study emphasizes complete transparency in the computational methods used 
to implement the BBWD model for CRPC. The analysis relies on secondary data obtained from previously 
published experimental studies. The workflow involved (1) collecting data from existing biomedical literature, 
(2) performing distribution analysis to identify the appropriate statistical model, (3) fitting mathematical models 
and verifying their suitability, (4) determining BBWD as the best-fit model for the data, and (5) interpreting the 
results based on the fitted model and collected data.

Results
The mathematical part of the biological medical system (effects of exosomes in the presence 
of prostate cancer through ADT)
Synchronization of the biomedical part into mathematical modelling follows:

In this study, biological experiments involving the co-culturing of LNCaP cells with PC-3 cells, PC-3 exosomes, 
and Si-LINC01213 were mathematically integrated into the Bayesian Belief Network with Data (BBWD) 
framework through the Joint Effect on Log-Likelihood Function (JELF). The JELF provides a comprehensive 
likelihood-based measure that captures the joint behaviour of paired observations under different experimental 
conditions. From (2), we can present a JELF for LNCaP, which was co-cultured with various cells, such as PC-3, 
PC-3 exosomes, and Si-LINC01213, to investigate the cell growth of the above-mentioned cells in combination 
with LNCaP in both normal and androgen-deprived medium.

For the normal medium, the JELF is defined as:

	
JELF (α) =

5∑
k1=1

lnf1 (x1, x2) +
5∑

k2=1

lnf2 (y1, y2) +
5∑

k3=1

lnf3 (z1, z2)� (3)

Here,

•	 f1 (x1, x2) models the joint distribution of LNCaP cells co-cultured with PC-3 cells,
•	 f2 (y1, y2) indicates PC-3 exosome cells in LNCaP,
•	 f3(z1, z2) indicates Si-LINC01213 cells in LNCaP, and α denotes the normal medium of castration.

This formulation effectively aggregates the log-likelihoods from these three related but distinct biological 
interactions. Maximizing JELF (α) allows estimation of parameters that best fit the observed cell growth and 
biomarker behaviour in the normal medium.

Similarly, for the androgen-deprived medium, the JELF is:

	
JELF (β) =

5∑
k1=1

ln g1 (x1, x2) +
5∑

k2=1

lng2 (y1, y2) +
5∑

k3=1

lng3 (z1, z2)� (4)

where,

•	 g1, g2, g3 correspond to the same biological pairs as above but under androgen deprivation
•	 β represents the parameter set specific to the androgen-deprived medium.

Consolidation and overview of results
LNCaP cells co-cultured with PC-3 cells in an androgen-deprived medium have much better results, with a little 
upliftment on the 5th day after a hike on day 4. Still, in normal medium, this combination is nevertheless found 
useful for the first two days and reaches its peak on the 5th day (Fig. 1a,b). When exosomes are added to the 
above combination in a normal medium, the combination produces a monotonically increasing curve that peaks 
on day four and neutralizes on day five. However, the combination in an androgen-deprived medium produces a 
similar monotonically increasing curve with a better magnitude on the Y-axis. In contrast, the normal medium 
produces a chaotic curve that ends close to the very lower amount of castration (Fig. 1c,d).
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Si-LINC01213-1 has little forward result in the normal medium, whereas SiLINC01213-2 is chaotic. Our 
breakthrough is that LINC01213-1 and LINC01213-2 in the androgen-deprived medium yield significantly 
better results in castration compared with all the remaining treatment techniques. For the second day, the effects 
of LINC01213-1 and LINC01213-2 merged; on the 3rd and 4th days, LINC01213-2 reached minimum mode, 
while LINC01213-1 remained neutral. Surprisingly, LINC01213-2 has suddenly become unstable (Fig. 1e,f).

Simultaneously, LINC01213-1 stabilises on the 5th day with a lesser effect than LINC01213-2. Therefore, we 
concur with the medical statement that LINC01213 may be a novel therapeutic target for patients with CRPC. 
We are providing clarification and a detailed report for the treatment technique given to androgen-dependent 
prostate cancer-affected patients, and leading the final statement that exosomal LINC01213 plays an unavoidable 
pivotal role in the androgen-dependent prostate cancer cells, leading to androgen-independent behaviour.

Our recently developed mathematical modelling demonstrates that co-culturing LNCaP with PC-3 cells 
decreases the complexity of cell curation. Surprisingly, the model also shows how healthy cells can grow in a 
medium lacking androgens, with the help of fewer PC-3 exosomes interacting with LNCaP cells after they have 
multiplied (Fig. 2). We used the BBWD to determine how LNCaP cells changed over five days before and after 
they were co-cultured with PC-3 cells. Initially, the BBWD values for LNCaP cells were 1.5 on day 1, 0.35 on day 
2, 0.67 on day 3, 0.35 on day 4, and 0.16 on day 5. After co-culturing with PC-3 cells, the BBWD values decreased 
to 1.03 on day 1, 0.29 on day 2, 0.28 on day 3, 0.14 on day 4, and 0.12 on day 5, indicating a significant decrease 
in the affected LNCaP cells.

Similarly, BBWD values for LNCaP cells with PBS over five days were initially 0.86 on day 1, 1.7 on day 2, 1.93 
on day 3, 2.1 on day 4, and 1.79 on day 5. After co-culturing with exosomes, these values changed significantly 
to 1.98 on day 1, 1.56 on day 2, 0.68 on day 3, 1.33 on day 4, and 0.3 on day 5. These results illustrate a notable 
decrease in affected LNCaP cells over the five days following exosome co-culturing. Overall, the BBWD model 
effectively highlights the impact of co-culturing on cell behaviour and viability, demonstrating a significant 
reduction in affected cells.

Discussion
An overview of the biological medical system
As per the medical treatment analysis of prostate cancer, the development of this kind of cancer is complex 
by nature. The transition from androgen-dependent to androgen-independent is considered more complex by 
nature. Androgen-dependent prostate cancer (ADPC) cells and androgen-independent prostate cancer (AIPC) 
cells can coexist for a specific period. Henceforth, the vital role of exosomes is confirmed in this transformation.

Even non-coding RNAs in exosomes are crucial in many cancers; however, CRPC exosomes have not 
been reported. Zhuifeng Guo et al. found that cell co-culture elevated LINC01213, demonstrating exosomes’ 
participation in CRPC. Co-cultured LNCaP and PC-3 cancer cells demonstrate that the androgen-deprived 
group had more LNCaP cells than the normal group. Exosomes were suspected in PC-3 cells due to exosomal 
granules. LNCaP co-culture with PC-3 resulted in separated exosomes from PC-3, which reduced AR and PSA 
levels as determined by Western blotting.

To make AIPC cells less likely to be emasculated, PC-3 exosomes were co-cultured with LNCaP cells to 
determine if they would proliferate. They did, and the cells multiplied more in a medium that lacked androgens. 
MicroRNA, lncRNA, and circRNA are common exosome components. Instead, lncRNA was used to explore the 
mechanisms of exosomes’ castration resistance. LINC01213 stimulation in prostate cancer was examined for 
prognosis. This suggests that LINC01213 minimises ADPC cell androgen dependence.

Statements derived from the bio-system
The results support our study’s hypothesis, which states that growing PC-3 cells with LNCaP cells in an 
androgen-rich medium can stimulate LNCaP cell proliferation. However, it is yet unknown how PC-3 cells 
confer castration resistance on LNCaP cells.

Exosomes function both in vivo and in vitro. The findings significantly improved the terminology of LNCaP 
cells following treatment with PC-3 exosomes. Under culture settings, normal LNCaP cells could not proliferate; 
however, after being treated with PC-3 exosomes, the cells developed tumors. In other words, exosomes play a 
crucial role in the transformation process.

Overall, the biosystem demonstrates for the first time that LINC01213 molecules are present in the exosomes 
of prostate cancer cells. Furthermore, the author speculates that their research could offer fresh approaches to 
treating CRPC by categorising the function of the tumour microenvironment in the disease’s development16.

Prostate cancer therapy methods comprise the bio system
The following steps have been done to analyse the impact of exosomes LINC01213 in androgen-deprived 
prostate cancer in a biological system.

•	 Step 1: LNCaP cells and PC3 cells were co-cultured in a transwell system (Fig. 3).
•	 Step 2: Exosomes were separated from PC-3 because they were thought to be PC-3 exosomes. Western blot-

ting was used to identify the features of the exosomes (Fig. 4).
•	 Step 3: To prevent emasculation, AIPC cells generate exosomes that activate ADPC cells. This causes an in-

crease in LNCaP cells in both general and androgen-deficient conditions.
•	 Step 4: Although exosomes include a variety of substances, lncRNA was concentrated to examine LINC01213, 

which has been linked to prostate cancer.
•	 Step 5: The preformation of LNCaP cells was to occur under normal circumstances by the preceding proce-

dure, and they are unable to multiply in the absence of androgen, which demonstrated that in LNCaP cells, 
downregulating LINC01213 reduced the amounts of β-catenin protein (Fig. 5).
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The above results have been classified using our mathematical model, specifically the branching bivariate Weibull 
distribution, which yields the following for each type of proliferation.

•	 Normal medium: Effects of LNCaP cells with PC-3 cells in the normal medium are nevertheless useful, and for 
the first two days, it has negative results that are neutralised on the 3rd day but rise on the 4th day and reach 
maximum mode on the 5th day (Fig. 1a).
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Fig. 1.  BBWD modelling of LNCaP cell responses under various treatments and culture conditions: (a) In 
normal medium, LNCaP co-cultured with PC-3 shows faster recovery than LNCaP alone. (b) In androgen-
deprived medium, co-cultured LNCaP exhibits more stable performance, indicating improved androgen-
independent behaviour. (c) In normal medium, LNCaP cells treated with PC-3 exosomes maintain near-
stable, while PBS-treated controls show progressive improvement over five days. (d) In androgen-deprived 
medium, exosome-treated LNCaP cells exhibit fluctuation, whereas PBS-treated cells show gradual but steady 
effects, suggesting distinct stress adaptation profiles. (e) In normal medium, both siRNA treatments show 
similar trends with slight differences in peak response and decline. (f) In androgen-deprived medium, Si-
LINC01213-2 shows a more variable response compared to the steady profile of Si-LINC01213-1, suggesting 
differing roles in androgen-independent adaptation.

◂

Fig. 3.  Variation in resistance of LNCaP cells in co-culture with PC-3 cells: Depicting the proliferation of 
LNCaP and PC-3 cells in both normal and androgen-deprived medium16.

 

Fig. 2.  BBWD analysis of LNCaP cells under different co-culture conditions with PC-3 cells over five days. (A) 
LNCaP cells were treated with PC-3-derived exosomes compared to PBS-treated controls. The results show 
a progressive reduction in BBWD values in the exosome-treated group, indicating a decrease in affected cell 
populations. (B) LNCaP cells before and after direct co-culture with PC-3 cells. A notable decrease in post 
co-culture suggests reduced cell complexity and enhanced viability in androgen-deficient conditions due to 
interaction with PC-3 cells.
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•	 Androgen-deprived medium: Effects of LNCaP cells with PC-3 cells in androgen-deprived medium have much 
better results than in normal medium; that is, LNCaP with PC-3 cells were raised on the 2nd day, and little 
upliftment was neutralised on the 5th day after a hike on the 4th day (Fig. 1b).

•	 Normal medium: When LNCaP and PC-3 cells are treated with exosomes in normal medium, the effect of 
LNCaP with PC-3 exosomes is far away from LNCaP on the very first day and is nearing on the 3rd and 4th 
days but is synchronised on the 5th day of castration (Fig. 1c).

•	 Androgen-deprived medium: There is no synchronisation in an androgen-deprived medium between LNCaP 
with PC-3 exosomes and LNCaP, whereas LNCaP with PC-3 exosomes has decreased markedly, which indi-
cates that there is an ability to form a tumour (Fig. 1d).

•	 In order to identify the resistance to castration for androgen-independent prostate cancer exosomes, the effect 
of lncRNA in LNCaP cells was tested using RNA sequencing before and after the treatment of PC-3 exosomes. 
Therefore, an extended intergenic non-coding RNA, specifically LINC01213, was found to be upregulated 
through the β-catenin pathway. Thus, the mathematical result follows for the process mentioned above.

•	 Normal medium: Si-LINC01213-2 cell growth was raised evenly for the first three days and synchronised with 
Si-LINC01213-1 on the 4th day, reducing on the 5th day (Fig. 1e).

•	 Androgen-deprived medium: The cells Si-LINC01213-1 and Si-LINC01213-2 overlapped for the second day, 
and the distance between them was increased on the 4th day, then suddenly reduced on the 5th day (Fig. 1f).

Fig. 5.  LINC01213 promotes androgen-independent behaviour through Wnt/β-catenin signalling: Cell 
proliferation of si-LINC01213-1 and si-LINC01213-2 transfected LNCaP cells in both normal and androgen-
deprived medium16.

 

Fig. 4.  Role of PC-3-derived exosomes in the development of castration resistance in LNCaP cells: 
Proliferation of LNCaP and PC-3 cells treated with exosomes, assessed in both normal and androgen-deprived 
medium16.
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Implications of the study
The research has significant implications for statistical modelling and clinical oncology, treating CRPC. It shows 
the BBWD model, which helps us learn a lot more about how androgen-dependent prostate cancer changes into 
androgen-independent prostate cancer and how this changes the survival and failure rates of CRPC treatments. 
This model fills a crucial gap in evaluating therapeutic efficacy, particularly in androgen-deprived environments 
where traditional models fail to capture the complexities of CRPC progression.

•	 New analytical framework of CRPC: The model offers a more sophisticated approach to evaluating the pro-
gression of androgen-dependent cancer to states independent of androgen influence. This refinement in 
prediction could be a beacon of hope, potentially leading to the development of personalized therapies for 
patients with CRPC.

•	 Potential therapeutic target in exosomal LINC01213: The kinetics of exosomal LINC01213 in an androgen-de-
prived environment and a normal environment identify it as a promising therapeutic target. This might be 
useful while guiding treatments that reduce reliance on androgen, as exosomal LINC01213 promotes the 
survival of cancer cells even under conditions with low androgen levels.

•	 Better analysis of treatment effectiveness: The BBWD model and the JELF will help you study different treat-
ment methods by showing statistically that LINC01213 works well in media that don’t have androgens. The 
medical fraternity and researchers will now have a novel tool to analyse how interventions in treatment affect 
cancer progression in different biological conditions.

•	 Advancement in the statistical modeling of biomedicine: This work contributes to the development of biostatis-
tics by demonstrating how the BBWD distribution can be applied well after survival analysis. Bivariate models 
are emphasized in clinical research for complex diseases, where multiple biological pathways contribute to 
treatment outcomes.

This study’s findings and methodological advances promise to be valuable for improving prostate cancer 
treatment strategies and statistical applications in medicine. They will present clinicians and researchers with 
a powerful tool to understand and potentially overcome the challenges CRPC poses, paving the way for more 
effective targeted therapies against cancer.

Conclusions
A medicinal biosystem consisting of the treatment technique given for the transition of androgen-dependent 
prostate cancer into androgen-independent behaviour is taken into account. The proposed branching bivariate 
Weibull distribution (BBWD) model seeks to determine the optimal solution for the bio variable and draw 
conclusions for the medical field. Our breakthrough is that the kinetics of LINC01213 in the androgen-deprived 
medium yield significantly better results in castration compared with all the remaining treatment techniques. 
The results derived from the BBWD model suggest that the statements obtained by the medical system are 
veracious. As a result, we agree with the medical part that LINC01213 may be a new therapeutic target for CRPC 
patients. We are also giving more information about the treatment method used on patients with prostate cancer, 
which leads to the conclusion that Exosomal LINC01213 plays an essential role in the androgen-dependent 
prostate. Moreover, the joint effect on log-likelihood function (JELF) is an analytical barrier for the joint effect 
of LINC01213 both in normal and androgen-deprived mediums.

Limitations
The study, while innovative, faces certain limitations. The BBWD model relies on mathematical estimations that 
may not fully capture the biological complexity of CRPC due to individual variations in patient responses. The 
model also relies on MLE and JELF, which are assumed to exhibit consistent parameter behaviours across patient 
samples, whereas genetic and environmental differences might influence the course of CRPC.

While the present study provides a novel statistical analysis of exosomal LINC01213 using the BBWD model, 
it is based entirely on secondary data from previously published experiments. While this study highlights the 
role of exosomal LINC01213 in CRPC progression, focusing exclusively on this biomarker limits the scope 
of the findings. Other molecular factors and pathways likely contribute to the disease’s complexity and may 
interact with LINC01213, but were not considered in this study. Additionally, the reliance on secondary data and 
statistical modelling means that biological validation and experimental confirmation are still needed.

To enhance the clinical relevance and therapeutic robustness of the model, future work should involve 
prospective validation using experimental co-culture studies or clinical sample analysis. Additionally, applying 
the model to larger and more diverse biological datasets could help confirm its applicability and strengthen its 
predictive value in real-world settings.

Future directions
Potential areas for future work from this study include extending the BBWD model to include more biomarkers 
and molecular pathways beyond exosomal LINC01213, thereby further elucidating the complex dynamics in 
CRPC. In this way, the integration of genomic and proteomic data may enrich the model to enable predictions 
that consider patient variability. To make it more valuable and reliable for CRPC populations, it will be essential 
to conduct further testing with extensive clinical data and diverse patient groups. Future research should 
integrate multiple biomarkers and combine computational models with prospective experimental or clinical 
studies. Expanding the dataset and incorporating dynamic biological interactions will improve model accuracy 
and enhance personalised therapeutic insights for CRPC.

To make it more useful in oncology as a whole, it may also be helpful to explore how BBWD can be applied 
to evaluate other or similar cancers or treatments that rely on androgen-related dynamics. Adopting this model 
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for the real-time analysis of patients’ response to CRPCs can be positive for deriving tailored therapeutic 
interventions that may improve more accurate and targeted treatment in cancer care.

Data availability
All data generated or analyzed during this study are included in this published article.
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