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Abstract. In this paper, we introduce the notion of r-fuzzy soft §-open sets on fuzzy soft topo-
logical spaces in the sense of Sostak. Furthermore, we define and characterize the notions of fuzzy
soft d-closure (J-interior) operators using r-fuzzy soft d-closed (d-open) sets. After that, we explore
the notions of fuzzy soft d-continuous (semi-continuous and pre-continuous) functions, which are
weaker forms of fuzzy soft continuity. Moreover, we study some properties of these functions along
with their mutual relationships with the help of some problems. We also present a decomposition
of fuzzy soft semi-continuity and a decomposition of fuzzy soft a-continuity. Additionally, as a
weaker form of fuzzy soft continuity, we define and study the notions of fuzzy soft almost (weakly)
continuous functions. Lastly, we explore the notion of continuity in a very general setting called
fuzzy soft (L, M, N, O)-continuity and introduce a historical justification.
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1. Introduction and preliminaries

In [25], the author proposed a novel notion of soft set theory, which is a completely new
approach for modeling uncertainty and vagueness. He studied many applications of this
theory in solving different problems in engineering, social science, medical science, etc. The
notion of soft sets was used to define soft topological spaces in [31]. The method in [31] was
particularly important in the development of the field of soft topology (see [6, 19, 39, 44]).
Generalizations of soft open sets play an effective role in soft topology through their use to
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improve on some known results or to open the door to explore some of the soft topological
notions such as soft separation axioms [21], soft connectedness [40, 42], soft continuity
[26], etc. Akdag and Ozkan [3] introduced and studied the notion of soft a-open sets in
soft topological spaces. Also, the notion of soft 5-open sets was introduced and studied by
the authors of [2, 18]. Al-shami et al. [4] defined the notion of weakly soft S-open sets and
obtained weakly soft S-continuity. Kaur et al. [22] initiated a new approach to studying
soft continuous functions. Moreover, many authors have contributed to the theory of soft
sets in the different fields such as topology, algebra; see [7, 10, 11, 16, 17, 27, 30].

Maji et al. [23] defined the notion of fuzzy soft sets which combines soft sets [25] and
fuzzy sets [43]. The notion of fuzzy soft topology was defined and some of its properties
such as fuzzy soft continuity, interior fuzzy soft set, closure fuzzy soft set, and fuzzy soft
subspace topology were obtained in [15, 20] based on fuzzy topologies in Sostaks sense
[41]. A novel approach to studying separation axioms and regularity axioms via fuzzy soft
sets was defined by the author of [32, 36]. The notion of r-fuzzy soft regularly open sets
was defined by Cetkin and Aygiin [14]. Also, the notions of r-fuzzy soft S-open (pre-open)
sets were also introduced by Taha [33]. In addition, several researchers have contributed
to the theory of fuzzy soft sets in many fields such as topology; see [5, 28, 29].

The organization of this paper is as follows:

e In Section 2, we define new types of fuzzy soft sets in fuzzy soft topological spaces
based on the paper by Aygiinoglu et al. [20]. Also, the relations of these sets with each
other are established with the help of some examples. Moreover, the concept of r-fuzzy
soft d-connected sets is introduced and characterized with the help of fuzzy soft d-closure
operators.

e In Section 3, we define the concepts of fuzzy soft J-continuous (semi-continuous and
pre-continuous) functions, which are weaker forms of fuzzy soft continuity [20]. Some
properties of these functions along with their mutual relationships are discussed. Also, a
decomposition of fuzzy soft semi-continuity is obtained.

e In Section 4, as a weaker form of a fuzzy soft continuity, the concepts of fuzzy soft
almost (weakly) continuous functions are introduced and some properties are specified.
Also, we show that fuzzy soft continuity = fuzzy soft almost continuity = fuzzy soft
weakly continuity, but the converse may not be true. In addition, we explore the notion
of continuity in a very general setting called fuzzy soft (£, M, N, O)-continuous functions
and a historical justification is introduced.

e Finally, we close this paper with some conclusions and make a plan to suggest some
future works in Section 5.

Throughout this article, nonempty sets will be denoted by U, V, etc. E is the set of all
parameters for U and A C E. The family of all fuzzy sets on U is denoted by IV (where
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I, =(0,1], I =[0,1]), and for t € I, t(u) = t, for all u € U. The following definitions will
be used in the next sections:

Definition 1. [1, 13, 20] A fuzzy soft set f4 on U is a function from E to IV such that
fa(e) is a fuzzy set on U, for each e € A and fa(e) =0, if e € A. The family of all fuzzy

—~—

soft sets on U is denoted by (U, E).

Definition 2. [2/] A fuzzy soft point e,, on U is a fuzzy soft set defined as follows:

| ow, i k=e,
e“t(k)_{ 0, if ke E—{e},

where wu; is a fuzzy point on U. e, is said to belong to a fuzzy soft set f4, denoted by
ew,€fa, if t < fa(e)(u). The family of all fuzzy soft points on U is denoted by P;(U).

~——

Definition 3. [12] A fuzzy soft point e,, € P;(U) is called a soft quasi-coincident with

—_——

fa € (U, E) and denoted by ey, qfa, if t+ fa(e)(u) > 1. A fuzzy soft set fq € (U, E) is

called a soft quasi-coincident with gp € (U, F) and denoted by faqgp, if there is e € E
and u € U, such that fa(e)(u) + gp(e)(u) > 1. If f4 is not soft quasi-coincident with

9B, fAA9B-

—

Definition 4. [20] A function 7 : E — [0,1](Y"®) is called a fuzzy soft topology on U if
it satisfies the following conditions for every e € E,

(i) 7e(®) = 7e(B) = 1, -

(il) 7e(faMgp) > Te(fa) A Te(gB), for every fa,gp € (U, E),

—_——

(iii) 7e(Llsen(fa)s) = Asea Te((fa)s), for every (fa)s € (U, E),0 € A.

Thus, (U, 7g) is called a fuzzy soft topological space (FSTS) in Sostaks sense [41].
Definition 5. [20] Let (U,7g) and (V,75) be an FSTSs. A fuzzy soft function ¢, :
(U,E) — (V,F) is said to be fuzzy soft continuous if Te(ga;l(gg)) > 75 (gB) for every

g € (V,F),ec E, and (k=1(e)) € F.

—_~—

Definition 6. [14, 15/ In an FSTS (U, 7g), for each f4 € (U, E), e € E, and r € I, we
define the fuzzy soft operatg\s_/CT and I; : B x (U,/\E) X Io — m as follows:

Cr(e, fa,r) =M {gp € (U, E) : fa E gB, Te(95) = r}-

I-(e, fa,m) =U{gp € (U,E) : g5 € fa, Te(gB) = 1}.
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P

Definition 7. Let (U, 7g) be an FSTS and r € I. A fuzzy soft set f4 € (U, F) is said to be
r-fuzzy soft regularly open [14] (pre-open [33] and S-open [33]) if fa = I-(e,Cr(e, fa,T),7)
(fa E I.(e,Cr(e, fa,r),r) and fa C Cr(e, I (e,Cr(e, fa,r),7),7)) for every e € E.

Lemma 1. [33] Every r-fuzzy soft regularly open set is r-fuzzy soft pre-open.

In general, the converse of Lemma 1 is not true, as shown by Example 1.

P

Example 1. [5]/ Let U = {u1,u2}, E = {e, k}, and define gg, fp € (U, E) as follows:
JE = {< {03704 ) (k {03704 )}a e = {< {06702 ) (k {06702 )} Define fuzzy soft
topology 7 : E — [0, 1](U E) as follows:

if mpge{® E},
it mg=gg,

it mg=fg,

it mgp=gefE,
if mp=gpUfE,
otherwise,

if mpge {@,E},
it mg=gg,

it mg=fg,

it mp=gefg,
if mp=gpUfE,
otherwise.

Te(mE): Tk(mE):

[ R T T N N P

[ N U N N L

Thus, fg is f—fuzzy soft pre-open set, but it is not f—fuzzy soft regularly open set.

The basic definitions and results that we need in the next sections are found in [15, 20].

2. On r-fuzzy soft j-open sets

Here, we are going to give the concepts of r-fuzzy soft d-open (semi-open) sets in an
FSTS. Some properties of these sets along with their mutual relationships are investigated
with the help of some examples. Also, the concept of an r-fuzzy soft d-connected set is
defined and studied with the help of fuzzy soft d-closure operators.

—_—~—

Definition 8. Let (U, 7g) be an FSTS. A fuzzy soft set f4 € (U, E) is said to be an r-fuzzy
soft d-open (resp., semi-open and a-open [8]) if I-(e, C(e, fa,7),r) T Cr(e, I-(e, fa,7),7)
(resp., fa C Cr(e,I-(e, fa,r),r) and faq C I .(e,Cr(e, I (e, fa,7),7),7)) for every e € E
and r € I.

Remark 1. The concepts of an r-fuzzy soft d-open set and r-fuzzy soft S-open set [33]
are independent concepts, as shown by Examples 2 and 3.

E

Example 2. Let U = {uj,u2}, E = {e, k}, and define hg,gp, fr € (U, E) as fol-
lows: hp = {(e, {*1 *2 ), (K, {047T% )b 98 = {(e {0270*% ), (k { 2 %})} fE =
{le {55 021, (k{55 —27})} Define fuzzy soft topology 75 : E — [0, 1]( E) as follows:
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if mpe{®,E},
it mg=gg,

it mg=fg,
otherwise,

if mpe{® E},
if mg=gg,

it mg=fg,
otherwise.

Tk (mE) =

L
1
Te(mp) =<5
3
0,

O NI W= =

Thus, hg is %—fuzzy soft B-open set, but it is neither %-fuzzy soft d-open nor %-fuzzy
soft semi-open.

P

Example 3. Let U = {uj,uz,us}, E = {e, k}, and define hg, g, fr € (U, E) as follows:

hE = {(ev{%a ug’ uf )7(k7{%7%7% )}7 JE = {(@{%7%)% )7(’67{%7%7%& )w =

1
{(e, %1, UTQ’ “—6”}),(1{:, %, ““12, “0—3} }. Define fuzzy soft topology 75 : E — [0, 1](U7E) as
follows:

if mge {(I),E},

if mg=gg,

if mg = fE, Tk(mE) =
if mgp = hE,

if mge {(I),E},
it mg=ggp,
it mg=fg,
if mgp — hE,

Te<mE) =

O Wl M= Wl =

O Wik = =

otherwise, otherwise.

Thus, h$ is %—fuzzy soft d-open set, but it is neither i—fuzzy soft B-open nor %—fuzzy
soft semi-open.

Remark 2. The complement of an r-fuzzy soft §-open (resp., semi-open, a-open and (-
open) set is said to be an r-fuzzy soft d-closed (resp., semi-closed, a-closed and S-closed).

—_—

Proposition 1. Let (U,7g) be an FSTS, f4 € (U, E), e € E, and r € Iy. The following
statements are equivalent:

(i) fa is an r-fuzzy soft semi-open.

(ii) fa is an r-fuzzy soft d-open and r-fuzzy soft S-open.

Proof.

(i) = (ii) Let fa be an r-fuzzy soft semi-open, then fa T Cr(e, I;(e, fa,r),r) C
C-(e,I;(C-(e, fa,r),7),r). This shows that f4 is r-fuzzy soft S-open. Moreover,

IT(€7CT(€)fA7T)7T) C CT(ea anT) C CT(G, CT(€7IT(67 fA,’I“),T),T‘) = 07(6717'(67 fAvT)vr)'
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Therefore, fa is r-fuzzy soft d-open.

(11) (i) Let fa be an r-fuzzy soft 6-open and r-fuzzy soft S-open, then I (e, Cr (e, fa,7),

Cr(e, I+ (e, fa,r),r) and fa T Cr(e, I (e, Cr (e, fa,7),7),7). Thus,
faC CT(eaIT(ech(evavT))T)aT) C CT(ea CT(€7IT(67 fA,’I“),T),T‘) = CT(€7IT(67 fAvT)vr)'

This shows that f4 is r-fuzzy soft semi-open.

P

Proposition 2. Let (U,7g) be an FSTS, f4 € (U, E), e € E, and r € Iy. The following
statements are equivalent:

(i) fa is an r-fuzzy soft a-open.

(ii) fa is an r-fuzzy soft J-open and r-fuzzy soft pre-open.

Proof. (i) = (ii) From Proposition 1 the proof is straightforward.

(i) = (i) Let f4 be an r-fuzzy soft pre-open and r-fuzzy soft d-open. Then, f4 C
I-(e,Cr(e, fa,r),r) C I;(e,Cr(e, I+ (e, fa,7),7),7r). This shows that fa is r-fuzzy soft a-
open.

Remark 3. From the previous definitions and results, we can summarize the relationships
among different types of fuzzy soft open sets as in the next diagram.

fuzzy soft a-open set

\ 1
fuzzy soft pre-open set <« fuzzy soft semi-open set — fuzzy soft j-open set
1 1

fuzzy soft 3-open set

Remark 4. In general, the converses of the above relationships are not true, as shown by
Examples 2, 3, 4, 5, and 6.

2

Example 4. Let U = {uj,u2}, F = {e,k}, and define gg, fe,hp € (U, E) as fol-
lows: gr = {(e; {55 0ah): (B {o5: 03D} fe = (e Ao 02, (K {gh. 05D} he =

{(e, {5 521, (b, {5%, 5%1)}- Define fuzzy soft topology 7r : E — [0, 1]( E) as follows:

r)
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\
N

O NI WIN W D=

if mpe{®, E},
if mg=gp,

if mg=fg,

it mp=gpnfg,
it mgp=gpUfE,
otherwise,

if mpe{®, E},
it mg=gg,

if mg=fg,

it mp=gpfg,
it mgp=gpUfE,
otherwise.

Te(mpg) = Tr(mp) =

O Wl N M= Wl =

r
e

Thus, hg is %—fuzzy soft semi-open set, but it is neither %—fuzzy soft a-open nor %-fuzzy

soft pre-open.
Example 5. Let U = {ui,u2,us}, E = {e, k}, and define gg, fp € ( ,E) as follows:
— (e A% 23, 8D, (k{5 25, 53D fo = {(e {2 22 22D, (k{85 2. i)

Define fuzzy soft topology 7 : E — [0,1]{VF) as follows:

1, if mge{® E}, 1, if mge{® E},
Te(me) =143, if mp=gg, m(me) = %, if mp=gg,
0, otherwise, 0, otherwise.

Thus, fg is %—fuzzy soft B-open set, but it is not %—fuzzy soft pre-open.

P

Example 6. Let U = {u1,u2}, E = {e,k}, and define gg, fp € (U, E) as follows:
={(ledoh 031 (ki Agh 0311 fe = (e {gh: 531): (R {55, 93 }) - Define fuzzy soft

topology 5 E— |0, 1](UE) as follows:

1, if mge{® E}, 1, if mpe{® FE},
Te(mp) =19 1, if mp=gg, m(mp) =43, if mp=ge,
0, otherwise, 0, otherwise.

Thus, fg is %—fuzzy soft pre-open set, but it is neither %—fuzzy soft a-open nor i-fuzzy
soft semi-open.

—_—

Theorem 1. Let (U,7g) be an FSTS, fa,95 € (U,E), e € E, and r € Iy. If f4 is an

r-fuzzy soft d-open set such that fa T g T Cr(e, fa,r), then gp is also r-fuzzy soft
d-open.

Proof. Suppose that an fA is r-fuzzy soft 5-open and fa C gp C Cr(e, fa,7). Then,
17(6707'(67‘]01477')7 )EC ( ( fA7 )7 )EC ( (e gB,T )7T)' Since gBECT(€7fA7T)7

I.(e,Cr(e,gB,7),7) C I.(e,Cr(e, fa,7), 1) C Cr(e,I-(e,gp,7),7). This shows that gp is
r-fuzzy soft J-open.
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—_——

Definition 9. In an FSTS (U, 7g), for each f4 € (U, E), e € E, and r € Iy, we define a

—_~—

fuzzy soft d-closure operator dC; : E x (U, E) x I, — (U, E) as follows: dC(e, fa,r) =

~——

MN{gp € (U, E): fa C gp, gp is r-fuzzy soft d-closed}.

—_~—

Theorem 2. In an FSTS (U, 7g), for each fa,gp € (U, E), e € E, and r € Iy, the operator

—_~ e/~

0Cr : Ex (U, E) x I, — (U, E) satisfies the following properties.
(1) 6Cr(e, @,r) = ®.
(2) fa T 6Cx(e, fa,r) E Cr(e, fa, 7).
(3) 6Cx(e, fa,r) C 0Cr(e,9B,7) if fa T ga.
(4) 6C7(e,6C (e, fa,r),7) = 0Cr(e, fa,r).
(5) 6Cx(e, faU gn,r) 2 6C(e, fa,r) UdC(e, gp, 7).
(6) 6C-(e, fa,r) = fa iff fa is r-fuzzy soft d-closed.

(7) 5C‘r(€> CT(€7 fa, T)> T) = 07(67 fa, T)'
Proof. (1), (2), (3), and (6) are easily proved from Definition 9.

(4) From (2) and (3), 0C-(e, fa,7) C 0C-(e,0C-(e, fa,7),7).
Now, we show that 0C (e, fa,r) J 6C-(e,6C~(e, fa,r),r). Suppose that 6C;(e, fa,7)
does not contain §C;(e,6C (e, fa,7),r), then there is u € U and t € (0, 1) such that

0C-(e, fa,r)(e)(u) <t < 6Cr(e,0C(e, fa,r),7)(€)(u). (A)

Since 6C-(e, fa,r)(e)(u) < t, by the definition of dC;, there is gp as a r-fuzzy soft
d-closed with fa C gp such that 6C;(e, fa,7)(e)(u) < gp(e)(u) < t. Since fa C gp, then
dC+(e, fa,r) C gp. Again, by the definition of §C;, we have 6C(e,0C+ (e, fa,7),7) C gB.
Hence, 6C;(e,0C (e, fa,r),7)(e)(v) < gp(e)(u) < t, which is a contradiction for (A).
Thus, 0C-(e, fa,r) J 06C-(e,0C~(e, fa,T),7), then 6C-(e,0C-(e, fa,r),7) = 6C(e, fa,r).

(5) Since fq and gp T fa U gp, hence by (3), 6Cr(e, fa,r) C 6Cr(e, fa U gp,r) and
507(67937r) C 6CT(€7fA I—]gBaT)' Thus, 507(67 fA UQB,T) . 5CT(e7fA7r) IJ(SCT(e,gB,T‘).

(7) From (6) and C(e, fa, ) is r-fuzzy soft d-closed set, hence §C (e, Cr (e, fa,7), 1) =
CT(ea an T)'
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—_—~—

Theorem 3. In an FSTS (U, 7g), for each f4 € (U, E), e € E, and r € I, we define a
fuzzy soft d-interior operator 61, : E x (U,E) x I, — (U, E) as follows: 61I-(e, fa,7) =

P —_—

U{gp € (U,E) : g C fa, gp is r-fuzzy soft 6-open}. Then, for each f4 and gp € (U, E),
the operator 01 satisfies the following properties.

(1) 61(e, E,r) = E.

(2) I+ (e, fa,7) C 6L:(e, fa,r) E fa.

(3) 81+ (e, fa,r) E 61-(e,gp,7) if fa E gp.

(4) 017 (e, 017 (e, fa, ), 1) = dI-(e, fa, 7).

(5) L7 (e, fa,r) ML (e,gp,7) 3 617 (e, faT gB, 7).

(6) 01, (e, fa,r) = fa iff f4 is r-fuzzy soft d-open.

(7) 517’(6’ ff}a T) = (607'(67 fAv T))C'

Proof. (1), (2), (3), and (6) are easily proved from the definition of §I.

(4) and (5) are easily proved by a similar way in Theorem 2.

—~—— e~

(7) For each fy € (U,E), e € E, and r € Iy, we have d1.(e, f§,7) = U{gp € (U, E) :
9B T 9, gp is r-fuzzy soft §-open} = [{gG € (U, E) : fa C g%, g% is r-fuzzy soft d-closed }|°
= (6C (e, fa,1))".

P

Definition 10. Let (U, 7g) be an FSTS, r € Iy, and f4, 95 € (U, E), then we have:

(1) Two fuzzy soft sets f4 and gp are called r-fuzzy soft §-separated iff g5 4 0C- (e, fa, 1)
and fa 4 0C;(e,gp,r) for each e € E.

(2) Any fuzzy soft set which cannot be expressed as the union of two r-fuzzy soft
d-separated sets is called an r-fuzzy soft d-connected.

Theorem 4. In an FSTS (U, 7g), we have:

—_— —_—

(1) If fa and g € (U, E) are r-fuzzy soft d-separated and hc, tp € (U, E) such that
hce C fa and tp C gp, then he and tp are r-fuzzy soft J-separated.
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(2) If fa4 g and either both are r-fuzzy soft d-open or both r-fuzzy soft d-closed,
then f4 and gp are r-fuzzy soft d-separated.

(3) If f4 and gp are either both r-fuzzy soft d-open or both r-fuzzy soft d-closed, then
faT gy and gp M f§ are r-fuzzy soft J-separated.

Proof. (1) and (2) are obvious.

(3) Let fa and gp be an r-fuzzy soft §-open. Since f4 M g5 C g%, 0Cr(e, fallgg,r) T
g% and hence 0Cr(e, faTg%,r) 4 gp. Then, 06Cr(e, faT gy ,r) 4 (981 fS).

Again, since gp M f4 C f4, 6C-(e,gp N f4,7) C f§ and hence 06C;(e,gB
Nf5,r) 4 fa. Then, §C-(e,gp M f4,7) 4 (faMg%). Thus, faMg% and g M fq are r-fuzzy
soft d-separated. The other case follows similar lines.

Theorem 5. In an FSTS (U, 7g), then fa, gp € (U, E) are r-fuzzy soft é-separated iff
there exist two r-fuzzy soft J-open sets ho and tp such that f4 C he, g C tp, fagd tp

and gp 4 he.

Proof. (=) Let fa and gp € (U, E) be an r-fuzzy soft d-separated, fa C (0C, (e, gp,7))° =
hce and g T (6C;(e, fa,7))¢ = tp, where tp and ho are r-fuzzy soft d-open, then
tp g4 0C:(e, fa,r) and he g 0Cr(e,gp,7). Thus, gp 4 hc and fa4 tp. Hence, we ob-
tain the required result.

(<) Let he and tp be an r-fuzzy soft d-open such that gg C tp, fa C he, 95 4 he and
faftp. Then, gp C h¢ and fa T t%. Hence, §C-(e,gp,r) E hg and 6Cr(e, fa,r) E t5.
Then, 6C(e,gp,7) 4 fa and 0C. (e, fa,7) 4 gg. Thus, f4 and gp are r- fuzzy soft J-
separated. Hence, we obtain the required result.

Theorem 6. In an FSTS (U, 7g), if gp € (U, E) is r-fuzzy soft §-connected such that
9B € fa C6C;(e,gB,7), then fy4 is r-fuzzy soft §-connected.

Proof. Suppose that f4 is not r-fuzzy soft d-connected, then there is r-fuzzy soft
d-separated sets hf, and t}, € (U, E) such that fy = h§ Ut},. Let he = gp M Ay and
tp = g Mtp, then gp = tp U he. Since he & hf and tp C t}), hence by Theorem 4(1),
hc and tp are r-fuzzy soft d-separated, it is a contradiction. Thus, f4 is r-fuzzy soft
d-connected, as required.

3. A decomposition of fuzzy soft semi-continuity

Here, we introduce the concepts of fuzzy soft J-continuous (semi-continuous and pre-
continuous) functions, which are weaker forms of fuzzy soft continuity in an FSTSs in
Sostaks sense. Also, we study several relationships related to fuzzy soft d-continuity with
the help of some problems. A decomposition of fuzzy soft semi-continuity is obtained.
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Definition 11. Let (U, 7g) and (V, 75) be an FSTSs. A fuzzy soft function ¢y, : (U, E) —

(V,F) is said to be a fuzzy soft d-continuous (resp., S-continuous [9], semi-continuous,
pre-continuous, and a-continuous [8]) if w;l(gg) is r-fuzzy soft J-open (resp., S-open,

semi-open, pre-open, and a-open) set for every gp € (V,F) with 7/(9p) > 7, e € E,
(k=1(e)) € F,and r € I,.

Remark 5. Fuzzy soft d-continuity and fuzzy soft S-continuity are independent concepts,
as shown by Examples 7 and 8.

Example 7. Let U = {u1,u2}, E = {e1,e2}, and define hg, gg, fr € ( E) as fol-
lows: hi = {(e1, {5, 53}) (e2, {5, 551} 98 = {(e1, {55, 5% }) (62, ob0ahh JB =

{(e1,{5% 5%}): (e2, {55, 5% })}- Define fuzzy soft topologies 7,7 : E — [0, 1](UE) as
follows: Ve € F,

L it mp € {®, B}, 1, if mpe {® E)
_ %7 it mp= gk, * )1 . . ’ ’
Te(mg) = 5 . To(mg) = 3, if mp=hg,
3 it me = e, 0, otherwise

0, otherwise,

Thus, the identity fuzzy soft function ¢y, : (U, 7e) — (U, 75) is fuzzy soft 3-continuous,
but it is neither fuzzy soft d-continuous nor fuzzy soft semi-continuous.

~——

Example 8. Let U = {uy,us,us}, E = {e1,e2}, and define hg, gg, fp € (U, E) as follows:
hs = {(er, (5,5, %)) (ea (5 %, 5 D), g = {(en, (3,5, %), (o, {5, %, D)
fE :/iﬁel’ 5T, (e, { B @) Define fuzzy soft topologies 7g, 75 : £ —

[0,1](UE) as follows: Ve € E,

~

1, if mge{® E},

1 i mp = gg, 1, if mge{® EY,
Te(mp) =435, if mp=fg, 7. (mp) =41, if mp=h%,

%, if mg=hg, 0, otherwise.

0, otherwise,

Thus, the identity fuzzy soft function ¢y, : (U, 7e) — (U, 74) is fuzzy soft §-continuous,
but it is neither fuzzy soft S-continuous nor fuzzy soft semi-continuous.

Now, we have the following decomposition of fuzzy soft semi-continuity and decompo-
sition of fuzzy soft a-continuity, according to Propositions 1 and 2.
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Proposition 3. Let (U, 7g) and (V, ;) be an FSTSs. ¢y, : (U, E) — (V, F) is fuzzy soft
semi-continuous function iff it is both fuzzy soft d-continuous and fuzzy soft 5-continuous.

Proof. The proof is obvious by Proposition 1.

Proposition 4. Let (U, 7g) and (V,75) be an FSTSs. ¢y, : (U, E) — (V, F) is fuzzy soft
a-continuous function iff it is both fuzzy soft d-continuous and fuzzy soft pre-continuous.

Proof. The proof is obvious by Proposition 2.

Remark 6. From the previous definitions and results, we can summarize the relationships
among different types of fuzzy soft continuity as in the next diagram.

fuzzy soft continuity

+
fuzzy soft a-continuity
3 \J
fuzzy soft pre-continuity < fuzzy soft semi-continuity — fuzzy soft §-continuity
3 \J

fuzzy soft 3-continuity

Remark 7. In general, the converses of the above relationships are not true, as shown by
Examples 7, 8, 9, 10, and 11.

Example 9. Let U = {uj,us}, E = {e1,e2}, and define gg, fg,hg € (U,/_\]E) as fol-
lows: gg = {(61 {03704 ) (627{03704 )} fe = {(617{06702 ) (627{%7% )}7/_\h/E =
)

{(e1, {5%, 52}1): (e2,{g%, 52 1)} Define fuzzy soft topologies 7,7 : E — [0, 1]UE) as
follows: Ve € E,

1, if mge {4)75}7

1 .

5, if mg= s 1 E

2 E=YE 1, if mpge{® F},
_ )3 it mgp=fg, * =1 1 =

Te(mp) =43 Te(mp) =43 if mp=hg,

3, if mp=grnfg, 0, otherwise

%, if mgp=gpUfg, .

0, otherwise,

7

Thus, the identity fuzzy soft function ¢y : (U,7g) — (U, 75) is fuzzy soft semi-
continuous, but it is neither fuzzy soft a-continuous nor fuzzy soft pre-continuous.
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Example 10. Let U = {uj,u2,us}, E = {e1,e2}, and define gg, fp € (U E) as follows:
gp = {(e1. {55 03-051): (e, (o 05: 05 D)} fo = {(e1. {g3, 0% 08}) (e2: {03, 05 08 1))

Define fuzzy soft topologies 7z, 75 : E — [0, 1](UF) as follows: Ve € E,

1, if mge{® E}, 1, if mge{® E},
Te(mp) = {3, if mg=gg, 7. (mp) =13, if mp=fg,
0, otherwise, 0, otherwise.

Thus, the identity fuzzy soft function ¢y, : (U, 7e) — (U, 75) is fuzzy soft 3-continuous,
but it is not fuzzy soft pre-continuous.

Example 11. Let U = {uj,u2}, E = {e1,ea}, and define gg, fp € ( U,E) as follows:
JE = {(ela{ﬁa % ), (e2, {ﬁv (?725 &;fE = {(617{%7 ﬁ )7 (e2, {33’ 731})} Define fuzzy
soft topologies 7g, 75 : E — |0, 1]U-E) as follows: Ve € E,

1, if mge{® E}, 1, if mpge{® E},
Te(mE) = %, if mg = gg, Te*(mE) = %7 if mg = fE,
0, otherwise, 0, otherwise.

Thus, the identity fuzzy soft function ¢y : (U,7g) — (U, 7}) is fuzzy soft pre-
continuous, but it is neither fuzzy soft a-continuous nor fuzzy soft semi-continuous.

—_~

Theorem 7. Let (U,7g) and (V, 75) be an FSTSs and ¢y, : (U, E) — (V, F') be a fuzzy

soft function. The following statements are equivalent for every gp € (V,F), e € E,
(k=1(e)) € F,and r € L.

(i) @y is fuzzy soft B-continuous.

(ii) I-(e, Cr (e, Ir (e, 0, (gB), 1), 7). ) E 0, (9B), if 77 (95) > 7.

(i) I, (e, Cr (e, I (e, 97 (98), 7). ), 1) £ 97 (Coe (ks 912,7)).

(1) 95 (I (k 913,7)) C Cr(e, Ire, Crle, 67 (9), 1), 7)),

Proof. (i) = (ii) Let gp € (V,/\F/') with 77(¢g%) > r. Then by Definition 11,

(¢5' (98)° = w5 (95) T Cr(e, Ix(e, Crle, 05 (g), 1), 1), 1) = (Ir(e, Cr(e, In(e, 0 (98), 1), 7), 1)
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Thus, I, (e, Cr(e, I (e, ¢, (98): 1), 7),7) € ¢, (9B).
(ii) = (iii) Obvious.

(iii) = (iv) Since (I (e, Cr (e, I+ (e, cp;l(gg),r), r),r)) = C(e, I (e, Cr (e, goqzl(g%), T),T),T)
and (¢, (Cre (k,gp,1)))¢ = @' (Ir+ (k. gy, 7)). Then,

(707;1(]7'* (kth’ T)) E 07(67 _[7-(67 CT(€7 90121(93)7 T)7T))T)7

—_——

for each gp € (V, F).
(iv) = (i) Let gp € (V,/xF/) with 7(gg) > r. Then by (iv) and gp = I~ (k,gB,7),
L

. Cr(e, I (e, Cr(e, go;l(gB),r),r),r). Thus, ¢y is fuzzy soft B-continuous.

Py (9B)

The following theorem is similarly proved as in Theorem 7.

—_~—

Theorem 8. Let (U, 7g) and (V,7}) be an FSTSs and ¢y, : (U, E) — (V, F) be a fuzzy

—_~—

soft function. The following statements are equivalent for every gp € (V,F), e € E,
(k=1(e)) € F,and r € L.

(i) @y is fuzzy soft J-continuous.

(i) I+ (e, Crle, 05 (98),7), ) E Crle, In(e, 0 (gm), 7). 1), 1 74 (g5) > 7.
(i) (e, Cr (e, 93 (91),7), ) € Cr(es Ir(e, 93 (Coe (b, 93,7)), 1), 7)

(iv) Ir(e, Crle, 0y (I (k, g5, 7)), 7). 7) E Cr(e, In(e, 0 (98), 7). 7).

P e g

Proposition 5. Let (U, 7x), (V,75), and (W, vg) be an FSTSs and ¢, : (U, E) — (V, F),

—_—

P (V,F) — (W, H) be two fuzzy soft functions. Then, the composition Py © Py 18
fuzzy soft d-continuous (resp., B-continuous) if ¢y is fuzzy soft é-continuous (resp., S-
continuous) and . is fuzzy soft continuous.

Proof. Obvious.

4. Some weaker forms of fuzzy soft continuity

Here, as a weaker form of fuzzy soft continuity [20], the concepts of fuzzy soft almost
(weakly) continuous functions are introduced and some properties are obtained. Further-
more, we show that fuzzy soft continuity = fuzzy soft almost continuity = fuzzy soft
weakly continuity, but the converse may not be true. Finally, we introduce the notion of
continuity in a very general setting called fuzzy soft (£, M, N, O)-continuous functions.
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Definition 12. Let (U, 7g) and (V, 7};) be an FSTSs. A fuzzy soft function ¢y, : (U, E) —
(V, F) is said to be fuzzy soft almost (resp., weakly) continuous if for each e,, € P,(U) and

each gp € (V, F) with 7% (gp) > r containing ¢y (ey, ), there is f4 € (U, E) with 7.(fa) > r
containing e, such that ¢y (fa) C I« (k,Cr(k,gB,7),7) (resp., ¢y(fa) E Cr(k,gB,7)).

P e g

Theorem 9. Let (U, 7g) and (V,7}) be an FSTSs and ¢y, : (U, E) — (V, F) be a fuzzy

soft function. Suppose that one of the following holds for every gp € (V. F), e € E,
(k=1(e)) € F,and r € I,:

(1) If T]:;(gB) > r, 9017_[;1(93) E I’T‘(ea 90121(]-7'* (ka CT* (kv 9B, T), T))? T)'
(ii) Cr (e, (Core (K, L (R, g, 1), 7)), 1) E 0y (g) i 75 (95) > 7
Then, ¢, is fuzzy soft almost continuous.

Proof (i) = (ii) Let gB € (V, F) with 7 (g%) > r. From (1) it follows
o (95) E Ir(e, o (I (k. Cre(ky g, 7) 7)), )—I (05 (Cre(k, I+ (K, g, 1), 7)), 1) =
Lol (Cr (kz Ly (b,g5.1). 7)) = (Cr(evy (O (b Lo g 7).7). )"
Hence Cr (e, (C’ (k, Ir=(k,gB,7),7)), 1) T 0, Y(gp). Similarly, we get (ii) = (i).

Suppose that (i) holds. Let e,, € B(U) and gp € (V, F) with 7(gp) > r containing
(e, ). Then, by (i), ey, €1 (e, Py YL (k,Cor(k,gB,7),7)),7), and so there is f4 € (U, E)

with 7.(f4) > r containing e,,, such that f4 C 901;1(17* (k,Cr<(k,gB,7),7)). Hence, vy (fa)
C I+ (k,Cr<(k,gB,7),7). Then, ¢y is fuzzy soft almost continuous.

Lemma 2. Every fuzzy soft continuous function [20] is fuzzy soft almost continuous.

Proof. Tt follows from Definitions 5 and 12.

Remark 8. In general, the converse of Lemma 2 is not true, as shown by Example 12.

Example 12. Let U = {uj,u2}, E = {e1,ea2}, and define gg, fp € ( U, E) as follows:
9 = {(617{047 ﬁ ), (627 {%7 8% )/}x?/fE = {(617{%7 % )7 <627 {537 731} } Define fuzzy
soft topologies 7, 7}, : E — [0, 1](U7E) as follows: Ve € F,

1, if mge{® E}, 1, if mge{d E},
Te(mp) =< %, if mg=gg, o(mp) =<1, if mge{fp 98}
0, otherwise, 0, otherwise.

Thus, the identity fuzzy soft function ¢y : (U,7g) — (U, 7}) is fuzzy soft almost
continuous, but it is not fuzzy soft continuous.
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Theorem 10. Let (U,7g) and (V,7}) be an FSTSs and ¢y : (U, E) — (V,F) be a

—_—

fuzzy soft function. Suppose that one of the following holds for every gp € (V, F), e € E,
(k=1(e)) € F,and r € I:

(i) SDQZI(QB) C IT(67¢1;1(CT*(k7gB7T))7T) if 7']:(93) >
(i) Cr(es o (I (kg 7))7) E 0 (g8) i 7i(g) = 7

Then, ¢, is fuzzy soft weakly continuous.

P

Proof. (i) = (ii) Let gp € (V, F') with 77 (¢9%) > . From (i), it follows

(pq;l(ch) E IT(e’ 90;1(07'* (kag%a T)),T)

= I, (e, @Jl((IT*(k,gByr))c)vr)
= IT(€, ((P,ZI(IT* (k7 9B, T)))Cv 7“)
— (Cles (T (k, 91,), )

Hence, C; (e, (I (, g, 7)),7) C 3 (g5). Similarly, we get (ii) = (i).

e e

Suppose that (i) holds. Let e,, € P;(U) and gp € (V,F) with 7;/(gp) > r contain-

—_—

ing oy (ew). Then, by (i), eu, &l (e 05 (Cr (ks g, 1)), 7), and so there is fa € (U, B)
with 7.(fa) > r containing e,, such that fy C @Jl(C’T*(k:,gB,r)). Thus, ¢y(fa) C
Cr+(k,gp,r). Hence, ¢y is fuzzy soft weakly continuous.

Lemma 3. Every fuzzy soft almost continuous function is fuzzy soft weakly continuous.

Proof. 1t follows from Definition 12.

Remark 9. In general, the converse of Lemma 3 is not true, as shown by Example 13.

—_—

Example 13. Let U = {uj,us,us}, E = {e1,e2}, and define gg, fr € (U, E) as follows:
9JE = {(617{%7 8%7 % )7 (62’ {%a %7 % )}v fE= {(61’ %’ %7 % )’ (627{%7 %7 %})}

—

Define fuzzy soft topologies 7g, 75 : E — [0, 1]WE) as follows: Ve € E,

1, if mpge{® E}, 1, if mpge{® E},
Te(mE) = %7 if mg = JgE, Te*(mE) = %) if mg = fEa
0, otherwise, 0, otherwise.

Thus, the identity fuzzy soft function ¢y : (U,7g) — (U, 7p) is fuzzy soft weakly
continuous, but it is not fuzzy soft almost continuous.
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Remark 10. From the previous results, we have: fuzzy soft continuity = fuzzy soft
almost continuity = fuzzy soft weakly continuity.

In [38], the difference between f4 and gp is a fuzzy soft set defined as follows:

(faTlgB)(e) = { Fa(e) A (gB(€)>g: if fﬁ)(teh)efw?ife)’ Ve € E.

—_~ e/~ —_~—

Let £ and M : E x (U,E) x I, — (U,E) be operators on (U, E), and N’ and O

—_—— —_——

:F x (V,F) x I, — (V, F) be operators on (V, F).

Definition 13. Let (U, 7g) and (V,75) be an FSTSs. ¢y, : (TJ,\_/E) — (T/,\_/F) is said to be
a fuzzy soft (£, M, N, O)-continuous function if

Lle, o3 (O(k, g5, 1)), 7] TT Mle, o5 (W (k, g, 7)), 7] = @

e

for each gp € (V, F) with 7)(9p) >, e € E, and (k =(e)) € F.

In (2014), Aygiinoglu et al. [20] introduced the concept of fuzzy soft continuous func-

P

tions: Te(npqzl(gB)) > 77(9B), for each gp € (V,F), e € E, and (k = ¢(e)) € F. We can
see that Definition 4.2 generalizes the concept of fuzzy soft continuous functions when we
choose £ = identity operator, M = interior operator, N' = identity operator, and O =
identity operator.

A historical justification of Definition 13:

(1) In Section 3, we introduced the concept of fuzzy soft d-continuous functions:

IT(e7 CT(e? ‘10;1(93)7 T‘), T) C CT(ea IT(e7 901;1(93)7 ’I”), T)a for each gB € (V7 F) with T]:(gB) >
r. Here, £ = interior closure operator, M = closure interior operator, N’ = identity
operator, and O = identity operator.

(2) In Section 3, we introduced the concept of fuzzy soft [-continuous functions:

Qoq;l(gB) C 07(6,17(6,07—(6,(,0,;1<QB),7"),7'),T), for each gB € (‘/7 F) with T;:(QB) > T
Here, £ = identity operator, M = closure interior closure operator, N' = identity opera-
tor, and O = identity operator.

(3) In Section 3, we introduced the concept of fuzzy soft semi-continuous functions:
go;l(gB) C Cr(e, IT(e,goll(gB),r),r), for each gp € (V,F) with 7/(9p) > r. Here, £ =
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identity operator, M = closure interior operator, N’ = identity operator, and O = identity
operator.

(4) In Section 3, we introduced the concept of fuzzy soft pre-continuous functions:

@1;1(93) C IT(e,C’T(e,gDIZI(gB),r),T), for each gp € (V,F) with 77(gg) > r. Here, L =
identity operator, M = interior closure operator, N’ = identity operator, and O = identity
operator.

(5) In Section 3, we introduced the concept of fuzzy soft a-continuous functions:

cp;l(gB) C I.(e,Cr(e, I (e, (p;l(gg),r), r),r), for each gp € (V, F) with 7 (gp) > r. Here,
L = identity operator, M = interior closure interior operator, N' = identity operator, and
O = identity operator.

(6) In Section 4, we introduced the concept of fuzzy soft almost continuous functions:

30;1(93) C IT(e,gp;l(IT*(k,CT*(k,gB,r),r)),r), for each gp € (V,F) with 7(gB) > r.
Here, £ = identity operator, M = interior operator, N’ = interior closure operator, and
O = identity operator.

(7) In Section 4, we introduced the concept of fuzzy soft weakly continuous functions:
0, (98) € Ir(e, 0, (Cre(k, gp, 7)), 7), for cach gp € (V,F) with 7%(g5) > r. Here, £
= identity operator, M = interior operator, N' = closure operator, and @ = identity
operator.

5. Conclusion and future work

In this paper, some new types of a fuzzy soft open set called an r-fuzzy soft d-open
(semi-open) set have been introduced in an FSTSs based on the paper by Aygiinoglu
et al. [20]. In addition, the concepts of fuzzy soft d-closure (J-interior) operators have
been introduced and some properties of them have been investigated. Furthermore, the
concept of r-fuzzy soft d-connected sets has been defined and studied with the help of
fuzzy soft d-closure operators. Thereafter, the concepts of fuzzy soft J-continuous (semi-
continuous and pre-continuous) functions have been introduced and the relations of these
functions with each other have been specified with the help of some illustrative examples.
Moreover, a decomposition of fuzzy soft semi-continuity and a decomposition of fuzzy soft
a-continuity have been obtained.

In the end, as a weaker form of fuzzy soft continuity [20], the concepts of fuzzy soft
almost (weakly) continuous functions have been introduced and some properties have been
obtained. Also, we have shown that fuzzy soft continuity = fuzzy soft almost continuity
= fuzzy soft weakly continuity. Moreover, we have explored the notion of continuity in
a very general setting namely fuzzy soft (£, M, N, O)-continuous functions. It is also we
have the following results:
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e Fuzzy soft (idy, I, idy,idy)-continuous function is a fuzzy soft continuous function
[20].

e Fuzzy soft (I-(C),Cr(1I;),idy,idy )-continuous function is a fuzzy soft -continuous
function.

e Fuzzy soft (idy, Cr (1 (C)), idy,idy )-continuous function is a fuzzy soft S-continuous
function.

e Fuzzy soft (idy, C-(1;),idy,idy )-continuous function is a fuzzy soft semi-continuous
function.

e Fuzzy soft (idy, I;(C;),idy,idy)-continuous function is a fuzzy soft pre-continuous
function.

o Fuzzy soft (idy, I, (C- (1)), idy, idy))-continuous function is a fuzzy soft a-continuous
function.

e Fuzzy soft (idy, I, I+(Cr+), idy )-continuous function is a fuzzy soft almost contin-
uous function.

e Fuzzy soft (idy, I, Cr+,idy )-continuous function is a fuzzy soft weakly continuous
function.

In upcoming papers, we will use r-fuzzy soft §-open sets to define and study some new
higher separation axioms and to introduce the concept of §-compact spaces in an FSTSs
based on the paper by Aygiinoglu et al. [20] Also, introducing these novel notions given
here in the frame of fuzzy soft ideals as defined in [34, 35, 37].
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