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Abstract: Bi-univalent functions associated with the leaf-like domain within the open unit disk are
investigated and a new subclass is introduced and studied in the research presented here. This is
achieved by applying the subordination principle for analytic functions in conjunction with g-calculus.
The class is proved to be not empty. By proving its existence, generalizations can be given to other
sets of functions. In addition, coefficient bounds are examined with a particular focus on |a;| and
|az| coefficients, and Fekete-Szegd inequalities are estimated for the functions in this new class. To
support the conclusions, previous works are cited for confirmation.
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1. Introduction, Definitions, and Motivation

Let ¢(C) be an analytic function defined in the open unit disk U = {¢ € C: || < 1}.
We can classify this function as a member of a specific class A if it can be represented as:

PO =0+ Y anll. M)
n=2

Furthermore, the class S consists of normalized analytic and univalent functions that
satisfy the following normalization conditions:

¢’(0)=1 and ¥(0)=0. (2)

An analytic function 7 that satisfies 77(z) < 1 and #(0) = 0 within the domain UJ
is called a Schwarz function. When considering two functions ¢; and i, from A, ¢ is
referred to as subordinate to ¢, denoted by ;1 < 1, if a Schwarz function 7 exists such
that ¢ (C) = ¢o(n(¢)) forall ¢ € U.

The class P is associated with Carathodory functions, as characterized by Miller [1].
These functions satisfy:

®(0)=1 and Re{p(Q)} >0, VCeU.

A Taylor series expansion offers an exact representation for any polynomial function
¢(Q) in the family P:
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9(Q) =1+ ) ¢ul", (CET). (3)
n=1
According to the Carathodory’s Lemma (as referenced in [2]), it is established that
|on| <2, forall n>1. 4)

In essence, ¢ € P if, and only if,
P(0) <1+ -9, (Ce).

As the foundation upon which many important subclasses of analytic functions are
built, the class P is crucial to the study of analytic functions.

For any function 1 in the subfamily of normalized analytic and univalent S, there
exists an inverse function denoted as ! and defined by

;& <ro(b); C e U>,

I

(=0 (), E=(el(E) (70(11)) >
where
PI(E) = 5(1 — & 4 E2(—az +2a3) — £3(ay + 543 — Sazay) + - - ) (5)
A function {({) € S is said to be bi-univalent if the inverse function 1 (&) € S. The
subclass of S denoted by X contains all bi-univalent functions in UJ.
A table illustrating certain functions within class X and their inverse functions is

provided in Table 1.

Table 1. List of some of the functions in class X along with their inverses.

The Function The Corresponding Inverse
P1(0) = 157 Y '(E) = ¢

$a(0) = G5 ;' (£) = —log(1— &)
P3(g) = %log(%) P31(E) = e E(ef — 1)

Analytic functions and their subclasses have been the subject of extensive research in
the field of complex analysis, especially from the geometric function theory point of view.
The class S* is one of these subclasses that has attracted a lot of interest. Here is how the
class of starlike functions is defined:

S*:{gbeS and Re{cl;‘b(,((:;:)}>0, (CEU)}.

The class §* comprises functions ¢ that not only belong to S but also satisfy the
cy'(€)
$(C)

additional condition that the real part of the derivative ratio
all ¢ in the unit disk.

The study of §* and its properties is fundamental. Scholars work to comprehend the
geometric and analytic characteristics of functions in this class, investigating mappings,
singularities, and other properties. Through exploring the challenges of S*, researchers
hope to gain a better understanding of the structure and behavior of analytic functions,
which will enhance their knowledge of complex analysis and its uses.

In 1992, Ma and Minda [3] introduced the set S*(Q)) by employing the concept of
subordination, outlined as follows:

is strictly positive for
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W' (Q)
$*(Q) = eA: ——5<Q(0) .
(@) {w oL@

Here, Q) represents an analytic function with Re{Q(¢)} > 0 ({ € U) and is normalized
according to conditions (2). Table 2 shows how different authors approached the problem
of defining additional subclasses of starlike functions by choosing particular expressions
for Q).

Table 2. Some subclasses of starlike functions defined by subordination.

Author/s Q(0) Year Reference
Sokél and Stankiewicz v1+¢ 1996 [4]
Raina and Sokél C+V1+22 2015 [5]
Priya and Sharma (+ V142 2018 [6]
Rath et al. 1/(1-10) 2022 [7]
Mahmoud et al. e 2019 [8]
Ullah et al. 1+ tanh ¢ 2021 [9]
Shi et al. 1+sin( 2022 [10]

In 2015, Raina and Sokél [5] examined a new family of starlike functions that are
subordinate to the analytic function Q({) = { + v/1 + %. These functions are associated
with a shell-shaped region. The authors established coefficient inequalities for this family
of functions [5].

Taking inspiration from their work, Priya and Sharma [6] introduced a particular class
of functions that are subordinate to the function Q(¢) = ¢ + v/1+ 2, which is related
to a leaf-like domain. Additionally, they presented another class of functions that are
subordinate to Q(¢) = ¢+ 1+ (3, which is also associated with the leaf-like domain.
This is illustrated in Figure 1.

Figure 1. Leaf-shaped region, displays the image of Q(U), where Q(¢) = ¢+ V1 + 3.

Quantum calculus, or g-difference calculus, does not use the idea of a derivative as the
limit of a ratio as the increment tends to zero. Instead, it relies on the q-difference operator,
which is crucial for our discussion. This calculus expands the traditional concepts of
mathematical analysis by introducing the parameter q € (0,1). For a detailed exploration
of this topic, readers are advised to check the comprehensive treatise by Gasper and
Rahman [11], which offers in-depth explanations and practical applications of g-difference
calculus in a variety of disciplines, including number theory, physics, and combinatorics.

A g-analytic function is a specific type of analytic function that relies on a parameter
called 4. This parameter can either be a complex number or a formal variable. The
definition of this function falls within the scope of g-calculus, a generalization of calculus
that incorporates the concepts of the g-binomial coefficient and the g-derivative [12].
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Definition 1 ([13]). The g-bracket represented by [k|g is defined explicitly for (0 < g < 1) as follows:

_gk .
= , ifkeC\{0}
n—1
klg = " g+ +gt+1=Y ¢ , fk=neN
7=0
1 , if g— 0%, keC\{0}
k , if ¢g—1-, ke C\{0}

with the useful identity [n +1]g — [n]g = ¢".
Table 3 displays the initial terms of the sequence [n]q, 1 € N, along with its overarch-
ing formula.

Table 3. For n € N, the first few terms of [n]q are.

[nlq
n=1 1lg=1
n=3 Blg=1+q+¢
n=4 [4]q:1+q+q2+q3
neN Mlq=1+q+@+@+ - +q"!

Definition 2 ([13,14]). The g-difference operator, or g-derivative, of a function \p is defined for
0<g<1lby:
Y (&)= (ga) ifC#0,

c—qc
Ig(C) = V' (0), if (=0,
V' (0), if ¢g—17, C#0.

Remark 1. Forp € A of the form (1), it can easily be seen that:

aqb(c) = ag{c+ Y «xnc"} — 14 ) g™, (CEW)
n=2 n=2
and for v~ of the form (5), we have
(V1)) =1-Rlga &+l Qa3 —ag) 24+, (E€U).

Because of its numerous applications in physics, quantum mechanics and mathematics,
particularly in the field of geometric function theory, researchers are still drawn to the study
of g-calculus. A significant aspect of g-calculus is the operator dq, which is important for
the analysis of different classes of analytic functions. In 1990, Ismail et al. [15] made a
significant breakthrough by introducing the concept of g-extension for starlike functions in
the unit disk. This breakthrough opened the door for further investigations in geometric
function theory. For example, in [16], Srivastava and his colleagues explored g-starlike
functions in conic domains and conducted studies on the upper bounds of the Fekete—
Szego functional. Recently, Srivastava provided a comprehensive survey that explains the
mathematical foundations and practical applications of fractional g-derivative operators,
within the context of geometric function theory [17]. For those interested in delving deeper
into g-calculus and its implications in this field, an abundance of research is at one’s
disposal, starting with classical publications [18,19], continuing with studies like [20-23],
and considering very recent research outcomes on the topic like [24-32].
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Definition 3 ([15]). A function \p € A of the form (1) is said to belong to the class Sa if it satisfies
the condition given by

‘C(agxp(c))

0 <(1-¢97' (Ceu. (6)

—(1-¢)7"

Remark 2. As a result, it is evident from the previous inequality that as g approaches 1, the
inequality simplifies to:

w—(1-97'| -9 qe©)

The closed disk above represents only the right-half plane, and the class 85 of g-starlike
functions transforms into the known class S*.

Similarly, the relationship in Equation (6) can be expressed as follows (see [21]) using
the idea of subordination:

d
Cl‘ﬁ(wc()c)<(1+a)(1—qc)1, 0<q<1). @)

Applying the principles mentioned earlier and employing the concept of subordination
by utilizing g-calculus, we establish a novel subclass of analytic functions that are associated
with a particular leaf-like domain.

Definition 4. A function \p € S is said to belong to the class S*(g; Q)(Q)) if it satisfies the
condition given by
g9 (¢)

Q) < Q(0), (cel, (8)

__(+gc s (1+q)C Y’
o0 = e P ()

Alsoboh and Oros [13] conducted a study on a particular category of bi-univalent
functions related to the leaf-like domain within the open unit disk using g-calculus.

where

Remark 3. The unit disk is mapped onto a leaf-shaped region via the analytic and univalent
function Q)(C). With regard to the real axis, it is symmetric. The function Q(C) satisfies
Q(0) = 9gQ(0) = 1 and has a positive real part, see Table 4.

Table 4. Figure illustrating the leaf-shaped region Q(U), which is bounded and symmetric with
respect to the real axis. The figure was generated using GeoGebra Classic 6. For more details, see [13].

-

(a) Depicts the image of Q(U) withq — 1~ (b) Displays the image of () with ¢ = 0.89
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Table 4. Cont.

-1

1

-1

(e) The image of Q(U) with ¢ = 0.23 (f) The image of Q(UJ) as q — 0.

The main goal of this work is to investigate the properties of bi-univalent functions
associated with the leaf-like domain in UJ. In the section that follows, the definition of the
investigated class and examples to assist with achieving this goal will be given. In Section 3,
coefficient estimates are obtained for the new class and the Fekete-Szego functional is
evaluated in Section 4. Corollaries that correspond to the examples provided, generated by
the theorems proved in the previous sections, are stated in Sections 3 and 4.

2. Definition and Example

We will use the g-calculus theory and the previously mentioned subordination prin-
ciple among analytic functions to give an exact mathematical description of the newly
defined class X+ (q; Q(C)) of bi-univalent functions related to a leaf-like domain.

Definition 5. A bi-univalent function \ of the type (1) belongs to the class g+ (g; QU(C)) if it
fulfills the following subordinations:

() = Cal;(‘”;)@ L0, Ceu), ©)

and
-1

¥(&) = w <) (Eel), (10)
where

0+ s 1+9¢

“(Qz+<1—g>c+¢”(z+<l—q>c>' D

with Q(0) = 1.

Example 1. Ifg — 17, then Zg5+(g; Q(Q)) is reduced to g+ ({ + /1 + (3) defined by

{4; ex: CIZJ(/E)C) <{+V1+3, (ce u)} (12)
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and

{¢62:W<a+3/1+53, (aeu)}. (13)

Remark 4. We want to emphasize that the class L.s+ (g; (X(C)) is not empty. In particular, consider
the functions defined by:

¢
V(0 = oz 18] < 049, (14)
It is easy to see that \. € S and, moreover, b, € X with its inverse:
WIUE) = —5 18] < 049, (15)
* 1+ 98¢

By utilizing the notations provided in Equations (9) and (10), we can easily demonstrate
through a straightforward calculation that:

1
. 1
Y, (&) = T +q08) |9 < 0.49.

Also, for all ¢ € U, ®(—0C) = ¥(8¢), which implies that P(U) = ¥ (U).

We employ the GeoGebra Classic 6 to generate the visual representations of the
boundary dUJ using the functions ® and (), as illustrated in Table 5. This is applicable to
various scenarios where the conditions |#| < 0.44, x > 0, and q € (0,1) are satisfied. It is
worth noting that () is a univalent function within UJ. As a consequence, the relationships
P(¢) < O(C) and ¥(C) < Q(¢) are valid. These relationships can be justified by the facts
that ®(0) = ¥(0) = Q(0) =1, ®(U) C Q(Y), and ¥(U) C Q(UY). Please refer to Table 5
for further clarification.

Table 5. The image of ®(¢') (red color) and Q(e') (black color) with several values of q, ¥ and
6 € [0,2m).

(a) The image of ®(¢'?) (red color) and Q) (')
(black color) withq — 17, ¢ = 0.49 and
6 €[0,2m).

(b) The image of ®(e'?) (red color) and Q(e?)
(black color) with ¢ — 1~ and ¢ = 0.34.

LN
05 w.s 2

(c) The image of ®(e) (red color) and Q(e™?) (d) The image of ®(e') (red color) and Q) (e?)
(black color) withq — 1~ and ¢ = —0.3. (black color) with ¢ = 0.86 and & = 0.49.
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Table 5. Cont.

| -1
(e) The image of ® (™) (red color) and (')
(black color) with ¢ = 0.86, 8 = 0.3 and
6 € [0,2m).

(f) The image of ®(e') (red color) and Q(e?)
(black color) with ¢ = 0.86 and & = 0.49.

~P

1
/
~
_WQ 05 ./ 1, 1T~_-05 0 0.5
e \/ e
1

(g) The image of ®(e®) (red color) and Q(e??)
(black color) with ¢ = 0.31, ¢ = 0.49 and
6 € [0,2m).

(h) The image of ®(e') (red color) and Q) (e?)
(black color) ¢ = 0.17 and ¢ = 0.44.

Up to this moment, there has been a scarcity of academic study on the numerous
parameters that influence the functional classification of a leaf-like domain. The funda-
mental purpose of this work is to examine the initial Taylor-Maclaurin coefficients of
functions 1, as given by Equation (1), which are significant for the class (g Q(())
related to a leaf-like domain. Furthermore, we seek to study the estimated value of the
Fekete-Szego functional.

3. The Bounds of the Coefficients within the Zq(x, 2(¢)) Class

Initially, the estimates for the coefficients of the class Xg+(q; Q)(()), as defined in
Definition 5, are provided.

Theorem 1. Let \p € X of the type (1) belong to the class X+ (g; Q2(C)). Then,

(1+9)

lag| < ———F—,
29/(3q-1)
and

(1+g?* 1

62 ' ig

laz| <

Proof. If ¢ € S*(q,Q2({)). As per Definition 5, the presence of certain analytic functions
11 and 77, can be established, satisfying the conditions 77 (0) = #2(0) = 0, and |71({)| < 1,
12(&)] < 1forall, & € U. Setting

_1+m(Q)

_ 2.,
_17m%__1+&€+6€+> (T el),

¢1(0)

~—

and

(P2<E.) = m :1+]1E,+]2£2+"‘ ,(E.EU)/
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then @1, ¢2 € P. From the above relations, we obtain

¢1(g) —1

771(5) = ({?1(6) 1

(e,

and

(&) = e2(b) ~1 30

From (9) and (10), it follows that

L m@-1 tn@-1)
Qe = 153010 + 40— 91 W (Tom® =) W

:1+1Z‘7£1g+1+‘7(@— (3;‘7)@)&%---, (e

4

_ Oie®-D (-1
QD = T 500e) + g1~ ga(@) T V” (TTon® i) -

1
=1+ Tpe+

4
Also,
$oqp (0
IZ(IZ()) =1+ (1+q0)ml + (1+q2lx) a3+, (19)
and e
goqp"(C
V) 1 (1 gpmg + (1 g2)gx) (263 —as)e®+---. (20)
p=1(2)
By comparing the pertinent coefficients in (19) and (20), we arrive at the following:
1+
q = — 00, 1)
1+
—q02 = — U, (22)
1+ 3—
9(1+q)az — ga3 = 4q<€2_ ( 417)5%), (23)
and . (34
_l’_ —
9(1+29)03 — g1+ q)ag = — 1 (]2 - ! ]%)- (24)
It follows from (21) and (22) that
(1=—5 and =3, (25)
and
20 _ (497 7p 2\ o (1492 /p, o 2, 2 3¢ 5
2070y = 1 (51 +]1)0‘2 = ap (51 +]1) = fH+i= (1+q)2“2- (26)

Adding (23) and (24), performing some calculations, we obtain

1+g

2973 = e [(52 +72) + 3 ; ) (f% ‘H%)} .
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Substituting the value of (¢ + ;%) from (26), we obtain
2 3—q )] o _l+g
2 — = 14 .
Pl gl = st
Moreover, 2
o (1+9)
Applying (4) for the coefficients ¢, and j,, we obtain
0] < (1 +4)
~ 29/ 1)
By subtracting (24) from (23), and using E% = 3, we obtain
1
a3 — 06% = qu(fz —]2). (28)

class X g+ (q;

Proof. If X5 (g;

Then, in view of (26), Equation (28) becomes

(1+¢)?

1
— 2 2
© =g (€1+]1>+8—q(€2—]2).

Thus, applying (4), we conclude that

(1"‘4)2
a3 < ——— .
| 3| - 16q2 4q

The proof of the theorem has been successfully concluded.

1

1
o] < — and lag] < 5>

V2

4. The Fekete-Szego Functional

O

Corollary 1. If\ is an element of ¥ defined by (1) and belongs to the class L5+ (¢ + 1+ &),
then we can state the following:

Both Fekete and Szego published their work in 1933, establishing a precise limit for

where

q(39—1)
% -l < |18,
2
s ..
2|Vl 1—ul > |12
1—pu)(1+49)>?
Yy = L=+

q(3g—1)

Theorem 2. Let ) be an element of ¥. defined by (1) and belonging to the class X.g+(g;
u € R. Then, we have

Q(Q)) is given by (1), from (27) and (28), we have

the functional a3 — a3 [33]. This limit, known as the classical Fekete-Szegt inequality, was
derived using real values of y (0 < u < 1). Itis a challenging task to establish precise
boundaries for a given function within a compact family of functions ¢ € A, for a real
parameter u. In this context, the Fekete-Szeg6 inequality for functions belonging to the
Q(()) is examined, considering the findings of Zaprawa [34].

Q(Q)) and
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References

1—u)(1+q)? 1
a3 — pas :(55172}(2)3!(7—117))(62 +72) + 87](52 —J2)
1
2877[(37@1) + 1)l + V() =Dl
where Yooy — A=W+ a7
. q(3g—1)
Then, we conclude that
i/ Yl <1,
‘ag - ;m%‘ <

1Yl V()| = 1.

Which completes the proof of Theorem 2. [

Corollary 2. Let \p be an element of ¥ defined by (1) and belonging to the class g+ (¢ + /1 + 3)
and y € R. Then, we have

31—, 11— pul > 3.

5. Conclusions

In this study, we have conducted an investigation on coefficient problems related
to recently defined subclasses of bi-univalent functions in J given in Definition 5. The
investigated subclasses are £+ (q; () and s (¢ + v/1 + (3). We have computed the
Taylor-Maclaurin coefficients |a;| and |a3|, along with estimates for the Fekete-Szego
functional problem, for functions belonging to each of these bi-univalent function classes.

In future research, the exploration of upper bounds for the Zaclman conjecture and the
investigation of the Hankel determinants of orders two and three within the aforementioned
subclasses show potential for new avenues of research and exploration.
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