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Abstract. Neutrosophic Set Theory (NST) is an extension of Intuitionistic Fuzzy Set Theory (IFST).
While IFST relies on two possibilities for the complete depiction of a set, neutrosophic set theory fa-
miliarizes an additional third possibility, thus providing a more delicate representation. Our research
builds upon a further extension of neutrosophic set theory, known as quadri-partitioned neutrosophic set
theory (QPNST), which brings in a fourth possibility for a more detailed and complete description of
sets. In this study, we define the Riemann Integral Theory (RIT) within the framework of QPNST. This
opens new doors for probing the properties and characteristics of the Riemann integral in this extended
context. One strategic concept that arises in this work is the level cut. In QPNST, the level cut is defined
as a four-tuple (i,j, ¢, [), which represents the different possibilities inherent in the theory. The notion
of the Quadri-Partitioned Neutrosophic Riemann Integral Theory (QPNRIT) is explored numerically in
this study, and the results are systematically presented in tabular form. This numerical approach sheds
light on the integral’s properties and facilitates the understanding of its behavior within the QPNST
framework. This study explores quadripartitioned neutrosophic soft topological spaces, extending neu-
trosophic set theory (NST), which incorporates three membership values: true, false, and indeterminacy.
The study introduces new concepts such as QPNS semi-open, QPNS pre-open, and QPNS %; open sets,
and builds on these to define QPNS closure, exterior, boundary, and interior. A key development is the
definition of a quadripartitioned neutrosophic soft base, which plays a central role in these topological
structures. The paper also explores the concept of a quadripartitioned neutrosophic soft sub-base and
discusses local bases, as well as the first- and second-countability axioms. The study further examines
hereditary properties of these spaces, distinguishing between inherited and non-inherited properties. Key
results include that a quadripartitioned neutrosophic soft subspace of a first-countable space is also first-
countable, and a second-countable subspace of a second-countable space remains second-countable. It
also highlights the relationship between second countability and separability in these spaces, asserting
that a second-countable quadripartitioned neutrosophic soft space is separable, though the converse is
not always true. This work lays the foundation for further research in neutrosophic soft topologies.
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1. Introduction

Zadeh [1] introduced the concept of fuzzy set theory (FST), where a set is characterized
by a membership function. The foundational operations—union, intersection, complement,
and convexity—were established. Additionally, the separation theorem for convex fuzzy sets
was formulated. Zadeh [2] introduced the concept of linguistic variables and their applications
within the context of FST. These variables have found widespread use in various fields, including
medicine, law, psychology, economics, and others. Zadeh [3] generalized the ideas presented
in [2] and introduced the notion of fuzzy variables. Zadeh [4] applied linguistic variables to
approximate reasoning. Zadeh [5] proposed the generalized theory of uncertainty, which enables
a broader perspective on uncertainty.

Ye [6] discussed the concept of simplified neutrosophic sets (SNSs), which are a sub-class of
neutrosophic sets, and explored several aggregation operators. Furthermore, decision-making
techniques were developed. Liu and Luo [7] introduced the notion of multi-attribute group
decision-making (MAGDM). Atanassov [8] introduced intuitionistic fuzzy sets (IFS), an exten-
sion of fuzzy sets, and described the basic operations associated with this theory, as well as
the development of topological operators. Atanassov and Gargov [9] advanced the concept of
interval-valued IFSs, utilizing intervals in their formulation. Smarandache [10, 11] explored
various techniques, including neutrosophic probability and neutrosophic logic. Ye [12] exam-
ined applications of neutrosophic sets in multi-criteria decision-making problems. Techniques
based on weighted distance measures and generalized hybrid weighted average operators, em-
ploying neutrosophic hesitant sets, were discussed in [13, 14], along with their applications in
multiple-attribute decision-making.

Li and Luo [15] introduced the super strong theory, known as soft set theory (SST), and
defined its fundamental operations. Maji et al. [16] applied SST to decision-making problems,
redefining key operations and illustrating their validity with examples. Molodtsov [17] estab-
lished a connection between soft sets and fuzzy sets, leading to the development of a hybrid
theory known as fuzzy soft set theory (FSST). Wang et al. [18] introduced the concept of HFSS
and effectively applied it in multi-criteria decision-making problems. Pei and Miao [19] bridged
soft sets with information theory, discussing their practical applications. John [20-22] explored
various structures based on SST, offering examples and applications across different areas of
mathematics.

Al-Shami et al. [23] proposed a new structure known as Menger space. Al-Shami et al. [24]
investigated the structure of infra soft topological spaces (ISTS) with respect to crisp points.
Al-Shami et al. [25] discussed weak forms of soft separation axioms and fixed points. Al-Shami
et al. [26] defined concepts of connectedness and local connectedness within the context of infra
soft topological spaces, presenting several results related to this strong structure. Al-Shami
[27] discussed quantum mechanics (QM) in the framework of ISTS. Further results on ISTS
and soft topological spaces (STS) were examined in [28, 29]. Ozturk et al. [30] introduced
new operators in Neutrosophic Soft Topological Spaces (NSTS), leading to novel approaches
to several existing results, with numerous examples provided for clarification. Ahmad et al.
[31] discussed Irreversible k-Threshold conversion number for some graph products and neutro-
sophic graphs. Hatamleh et al. [32] studied complex tangent trigonometric approach applied
to g-rung fuzzy set using weighted averaging, geometric operators and its extension. Hatamleh
et al. [33] studied different weighted operators such as generalized averaging and generalized
geometric based on trigonometric P-rung interval-valued approach and in addition to this some
examples were given for clear understanding. Shihadeh et al. [34] discussed algebraic struc-
tures towards different intuitionistic fuzzy ideals and its characterization of an ordered ternary
semigroup. Hatamleh et al. [35, 36] studied operators via weighted averaging and geometric
approach using trigonometric neutrosophic interval-valued set and its extension and character-
ization of interaction aggregating operators setting interval-valued Pythagorean neutrosophic
set. Hatamleh et al. [37] discussed applications of complex interval-valued picture fuzzy soft
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relations. El-Sheikh and Abd El-Latif [38] discussed decompositions of some types of supra
soft sets and soft continuity and cited some excellent examples for clear understanding of the
concept. Abd El-Latif [39] discussed soft supra compactness in supra soft topological spaces.
Abd El-Latif and Hosny [40] discussed the eye-catching concept of soft separation axioms and
provided examples. Abd El-Latif and Hosny discussed some more structures in [41, 42].

1.1. Research Gap

While neutrosophic set theory (NST) extends intuitionistic fuzzy set theory (IFST) by in-
troducing a third possibility for uncertainty representation, the extension to quadri-partitioned
neutrosophic set theory (QPNST), which introduces a fourth possibility, remains underexplored.
Additionally, the application of QPNST to classical mathematical theories, such as the Riemann
Integral, has not been rigorously studied. There is a lack of formal mathematical analysis and
numerical exploration of the properties of the Riemann Integral within the QPNST framework,
particularly with respect to the behavior of the quadri-partitioned neutrosophic Riemann inte-
gral theory (QPNRIT). This research gap hinders a deeper understanding of how higher-order
uncertainty models can be integrated into classical mathematical analysis.

1.2. Motivation

The research on neutrosophic Riemann integration and its properties [43], which delves
into neutrosophic Riemann set theory, provided a foundational understanding of integrating
neutrosophic functions. This exploration highlighted the limitations and potential for further
development in the field. As a result, it motivated the development of the theory of quadri-
partitioned neutrosophic Riemann integrals, which extends the concept by introducing a fourth
partition. This new extension allows for a more comprehensive representation of uncertainty,
offering greater flexibility and accuracy in modeling complex systems with multiple layers of
uncertainty.

1.3. Novelty

The novelty of neutrosophic set theory (NST) lies in its extension of intuitionistic fuzzy
set theory (IFST). While IFST provides two possibilities for a set’s complete representation,
neutrosophic set theory introduces an additional third possibility, allowing for a more refined and
nuanced depiction of sets. Building upon this, our research delves into an even further extension
of NST, called quadri-partitioned neutrosophic set theory (QPNST), which incorporates a fourth
possibility. This additional possibility enhances the level of detail and completeness in the
representation of sets.

In this study, we define the Riemann integral theory (RIT) within the context of QPNST,
offering a novel way to explore the properties and characteristics of the Riemann integral in
this expanded framework. A key concept that emerges in this work is the level cut, which in
the context of QPNST is represented as a four-tuple (i,j, ¢, [), encapsulating the various possi-
bilities inherent in the theory. We also explore the quadri-partitioned neutrosophic Riemann
integral theory (QPNRIT), applying it numerically and presenting the results in tabular form.
This numerical exploration allows us to investigate the behavior of the integral in the QPNST
framework, providing a deeper understanding of its properties and showcasing the potential of
this extended theory for future mathematical and practical applications.

1.4. Importance of The Study

A significant development in our study is the application of the Riemann Integral Theory
(RIT) within the context of QPNST. This extension paves the way for exploring the properties
and characteristics of the Riemann integral in a richer and more nuanced mathematical setting.
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The concept of the level cut, defined as a four-tuple (i,j,&1[), is critical in this work as it
captures the different possibilities within the QPNST framework, offering a unique perspective
for analyzing integral properties.

Through the introduction of the quadri-partitioned neutrosophic Riemann integral theory
(QPNRIT), our study provides numerical insights into the behavior of integrals within this
extended framework. The results are presented systematically in tabular form, enhancing the
understanding of the integrals properties and illustrating how it behaves under different condi-
tions of uncertainty. This numerical approach not only enriches the theoretical foundations of
QPNST but also holds promise for practical applications in fields such as engineering, decision-
making, and data analysis, where complex uncertainties and ambiguities need to be addressed.

1.5. Literature Review

Ozturk et al. [44] explored soft continuous mappings. Gunduz et al. [45] focused on criti-
cal structures within STS, particularly separation axioms. Ozturk [46] expanded the analysis
of additional structures within STS. Mehmood et al. [47] made significant contributions to
Neutrosophic Soft Bounded Topological Spaces (NSBTS) and discussed a comprehensive set of
results related to crisp points. Mehmood et al. [48, 49] presented results on Neutrosophic Soft
Open Sets (NSOSs). Mehmood et al.[50] introduced the concept of Neutrosophic Soft Quasi-
Sets (NSQS), with respect to neutrosophic soft points (NSP). Mehmood et al. [51] provided an
in-depth analysis of NSQS, specifically focusing on soft p-open sets. Kim et al. [52] addressed
several differential problems and illustrated their solutions with examples. Moi et al. [53] in-
vestigated second-order problems within the context of NST, enhancing applicability through
well-chosen examples. Shami et al. [54] introduced supra-soft topologically ordered spaces as an
extension of soft topologically ordered spaces. They discussed key notions like monotone interior
and closure operators, formulated supra-soft separation axioms, and explored the relationships
between these concepts and their parametric supra topologies. They also characterized supra
p-soft Ti-ordered spaces, supra p-soft regularly ordered spaces, and supra-soft normally ordered
spaces. T. M. Al-Shami and Shafei [55] discussed two types of separation axioms in supra-soft
topological spaces and provided the best examples for better understanding of the results.

2. Preliminaries

Definition 1. [/3] Let U be the universal set. Then, a single-valued neutrosophic set (SVNS) N
over the set U is a neutrosophic set over U, but the truth, indeterminacy, and falsity membership
functions are defined as

Tn:U — 0,1, In:U—1[0,1], Fn:U —]0,1],
respectively.

Definition 2. [/3] A neutrosophic set N over the universal set of real numbers R is said to be
a neutrosophic number if it satisfies the following conditions:
1. N is normal, i.e., there exists Xg € R such that:

2. N is convex for the truth membership function Txn(X), i.e.,
TN(/Lxl + (1 — M)Xg) > min (TN(Xl),TN(Xg)), vX1,Xo €R, pe€ [0, 1]

3. N is concave for the indeterminacy and falsity membership functions, In(X) and Fy(X),
respectively:
In(pX1 4 (1= p)X2) > max (In(X1), In(X2)),
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Fn(pX1 + (1 — p)Xz) > max (Fy(X1), Fy(X2)),
for all X;,X5 € R and p € [0,1].
Definition 3. [43] A truth, indeterminacy, and falsity membership function describes an in-

terval neutrosophic set N over the universal set U and is given as Tn(X), In(X), and Fn(X),
respectively. For all X € U, we have:

Tn(X) = [inf Tn(X), sup Tn (X)],
In(X) = [inf Iy (X),sup In(X)],

Fy(X) = [inf Fy(X), sup Fy(X)] € [0,1], VX € U.

Here, we focus on the sub-unitary range [0,1]. Let

7 = ([TF, TY), [IF, 1Y), [FE, FY])

noIn notn

indicate a neutrosophic interval number (INN), where TE TY 1L 1V FL

n ' nrnrtny TR

and Fg denote:

inf T (X), supTy(X), inflgy(X), suplgy(X), infFgy(X), supFg(X),

respectively.

3. Single Valued Quadri-partitioned Neutrosophic Set

This section introduces the Single Valued Quadri-Partitioned Neutrosophic Set (SVQNS),
characterized by membership functions representing absolute truth, relative truth, absolute
falsehood, and relative falsehood. We define the inclusion of one SVQNS within another based
on membership values. The union and intersections are also defined in this study. The Quadri
Single Valued Neutrosophic Number (QSVNN) is also proposed, a unique neutrosophic set on
the real number line R, incorporating truth, indeterminacy, hesitation, and falsity membership
functions. Additionally, we define the cut of a neutrosophic set, providing a framework for
analyzing subsets.

Definition 4. A Single Valued Quadri-Partitioned Neutrosophic Set (SVQNS) A on the uni-
verse of discourse X is characterized by the following membership functions:

o Absolute true membership function: T(x),
o Relative true membership function: ReTs(x),

o Absolute false membership function: Fa(x),

)
e Relative false membership function: ReFs(x).

These functions are subsets of 10,1[, i.e.,
Ta(x): X —]0,1[, ReTa(x):X —]0,1], Fa(z):X —]0,1], ReFa(z):X —]0,1]
with the condition:

0 < supTa(z) + sup ReTs(x) 4 sup Fa(x) + sup ReFa(x) < 4.
Thus, the SVQNS can be represented as:

A= {(z,Ta(x), ReTs(x), ReFa(z), Fa(z)) :x € X}.
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Definition 5. A single valued quadri-partitioned neutrosophic set A is contained in another

single valued quadri-partitioned neutrosophic set B if the following conditions hold for each
XelX:

TA(X) <Tp(X), ReTyA(X)< ReTp(X), Fa(X)>Fp(X), ReF4(X)> ReFp(X).
Equality of two SVQNSs is defined as:

A=B < ACB and B C A.
The complement of A, denoted as A, is given by:

A® = {(X, FA(X), ReFs(X), Ta(X), ReT4 (X)) : X € X} .

Definition 6. Let A and B be two single valued quadri-partitioned neutrosophic sets on the
universe of discourse X, then:

(i) The union of A and B is defined as:
AUB = {X, [max(TA(X), T5(X)), max(ReTa(X), ReT5 (X)),

min(ReF4(X), ReFp(X)), min(F(X), FB(X))} X e X}.

(ii) The intersection of A and B is defined as:
ANB = {X, [min(TA(X), Tp(X)), min(ReTu(X), ReTs(X)),

max(ReF4(X), ReFp (X)), max(Fa(X), FB(X))] X € X}.

Definition 7. A Quadri-Single- Valued-Neutrosophic-Number (Q-SVNN) is denoted as:

N = <(p7Q>7“75)5PN7UN7/1N77'N>

where N is a unique neutrosophic set on R, with its truth-membership function T (X) defined
as:
X—p
ﬁpNa fOijqu,
— —X
Tn(X) = =Xpy, forg=<X =7,

0, otherwise.

The definitions of the indeterminacy-membership, hesitation, and falsity-membership functions
follow a similar structure.

q—X4un(X—p)

e o Jorp =X =g,

In(X) = { EXEN0 - for g <X <,
0, otherwise.

XN forp <X < g,

Hy(X) = 7q—x+:i\]q(r—)()7 forqg =X =<,

0, otherwise.
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g—X+7Nn (X—p)
N forp =X =g,
Fy(X) = EXm=0 0 for g <X <,
0, otherwise.

Respectively, these represent the indeterminacy-membership function In(X), hesitation-membership
function Hy(X), and falsity-membership function Fy(X).

Definition 8. A Quadri-Single- Valued-Neutrosophic Number (Q-SVN number) is defined as:

N = <(p7q77475)5PN7UN7/€N77N>

where N represents a unique neutrosophic set on R. The corresponding membership functions
for truth, indeterminacy, hesitation, and falsity are defined as follows.

Eon, forp=X=gq,
S_XpN7 fOquXjT’,

N(X)=1¢ 571
N, forr 2 X <5,
0, otherwise.

m7 fOTp j X j q,
—TTUN(S— < =<

Tw(X) = — L forq=zxXZ=r,
™, forr < X <s,

0, otherwise.

g—X+rn (X=p)

7 forp =X =g,
—r+rn(s— ~ =
Fr(X) = — 2, forq=2XZ=r,
N, forr 2 X <s,

0, otherwise.

\

Definition 9. The (i,j, ¢, [)-cut of a neutrosophic set N is denoted by N (i,j, €, 1), where (i,j,¢,[) €
[0,1]. Then,

N(i,j,f, [) = {<TN(X),ReTN(X),ReFN(X),FN(X)> : X (S U, TN(X) i i, ReTN(X) j j, ReFN(X) j E, FN(X) =

4. Characterization of Few Results in Quadri-partitioned Neutrosophic
Space

In this section, some properties of single valued quadri-partitioned neutrosophic numbers
and operations of single valued quadri-partitioned neutrosophic numbers are presented. In
addition to this few results are also addressed, which are necessary for the up-coming sections.

Definition 10. (i) A neutrosophic number n is called a closed single valued quadri-partitioned
neutrosophic number if n is a quadri-partitioned neutrosophic number and the truth mem-
bership function and relative truth membership functions are upper semi-continuous, while
the false and relative false membership functions are lower semi-continuous.

(ii) A neutrosophic number nu is called a bounded single valued quadri-partitioned neutrosophic
number if n is a quadri-partitioned neutrosophic number and the truth membership, relative
truth membership, relative false membership, and false membership functions have compact
support.
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(iii) Let m and n be two single valued quadri-partitioned neutrosophic numbers. Then, m and
n are said to be equal, denoted as m = n, if and only if mg;en and Njery- Here, myjen
and Ny denote the (i,j,€,1)-cut of m and n, respectively.

Mt = e

Proposition 1. If i is a closed single-valued quadri-partitioned neutrosophic number, then the
(i,9, & 0)-cut of n, denoted as

- ~L ~ L ~L ~ ~L ~
sy = ([, 78, [7E, 7, (€, 78, (7€, 741

is a closed interval Quadri-Neutrosophic Single Number (QNSN) or Interval Quadri-Neutrosophic
Number (IQNN), where [Af,74] and [, 7] are all closed intervals. Here,
af, il 7 R, Al

denote inf T4 (X), sup Ty (X), inf I (X), sup I 5 (X), inf Fg(X), sup Fg(X), inf Hg(X), and
sup H g (X), respectively.

Proof. If T (X) is upper semi-continuous, and I3 (X) and Fjg(X) are lower semi-continuous,
then the (i,j, €, [)-level set of 7, i.e.,

is a closed set. Then, from Definition 7, 71 is an interval Quadri-Neutrosophic Single Number
(QNSN), and intervals are closed intervals.

Proposition 2. Let m and n be two single-valued quadri-partitioned neutrosophic numbers,
then:

(i) (MOR) e = Mjen © e
(i3) (M) (ij,e0 = Mg, where X # 0 is any real number.
Proof.

1 Since
o= {z, max Z = (X) @ y {min(T(X), Ta(v))}

min Z = (X) ® y {max(13(X), In(y))},
min Z = (X) & y {max(Fa(X), Fa(y))} ,min Z = (X) © y {max(Ha(X), Ha (1)}

And
(mon)3i,),60) ={Z: Trhon(2) = i, Inen(2) = j, Faon(2) = &, Haen(z) = [}.

Let Z € (m ®n)(i,j, &), then there exists at least one X € m and y € n such that
Z =m ®n. Then,

Tron(2) = max {min(Ti (X), Ta(y)} = i
T7(X) =i and Ty(y) =1

Inen(z) = min {max (17 (X), I1(y))} =
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In(X) =) and  In(y) =)
Fron(z) = min {max(Fx(X), Fa(y))} < ¢
Fsp(X) <t and Fy(y) <t
Hpmon(2) = min {max(Hz(X), Ha(y))} 2
Hy(X) 2l and Hp(y) <1

This implies X € m(i,j, ¢, [) and y € n(i,j, ¢, [). Therefore,

2 =Xoyem(ije)onde)

Again, let z* € m(i,j, € 1) © n(i,j, & [). Then there exists at least one X* € m(i,j, ¢, [) and
y* € n(i,j, &) such that

Z*:X*Qy*

Then, we have
Ta(X*) =1 and Ti(y") =i
In(X*) =) and  Ii(y") 2
Fp(X*) <t and Fy(y") < ¢

Hp(X*) =1 and Hi(y") =<1
This implies that
min(T5(X"), Ta(y")) =1, max(In(X5), Ia(y")) 2,
max(Fp (X5), Fa(y")) 2 ¢, max(Hp(X5), Ha(y™)) 21
Then, we have
maxz" = X" O y" {min(Ta(X"), Ta(y"))} = i

= Thon(2") = Thoa(X* 0 y*) =i

Similarly,
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Inen(2") = Lnea(X* 0 y") <
Faon(2") = Faoa(X" 0 y") < ¢
Hinon(2") = Hpea(X* 0 y*) X1

Therefore,

2 Since

ZMngjen =12 | Ta(Q) = 1, In(C) 23, Fa(C) 2 & Ha(Q) 2 1}

Let Z € (Am), then there exists ¢ € m such that

which implies

Thus,

CEMGjeny = 2= AC) € (M)

Again, let Z* € (Am), then there exists (* € m such that

Z" = A¢)

which implies

Then we have

2" =MO)" Ta(C7) = i=TAm)m(AQ)*) = T(Am)m(z") = i

77 = MO Ia(C7) 25 = T(m)mn(MC)7) = T(Am)a(z") =]

2" = MO Fa(h) 2= FOm)m(A(Q)7) = F(Am)m(2") <
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Z*=MQ)" Hw(C") 2= HAm)n(A(Q)") = H(Am)m(2") 21
Therefore,

Z" € (M) e

Proposition 3. Let m and n be two closed quadri-partitioned neutrosophic numbers. Then,
m-+n, m—n, mXn, and X are also closed quadri-partitioned neutrosophic numbers, where
0# A€ R and A is any real number.

Proof. Since Tpepn and T'(Am) are upper semi-continuous, and Iyeq and I(Am) are lower
semi-continuous, it follows that (M © 71) ;e and (A1), along with Faeon, F(Am), Haon,
and H(Am), are closed sets for all (i,j, €, 1).

Proposition 4.

Let m,n be closed quadri-partitioned neutrosophic numbers, then
(M) ey = ([mE +nfmd + 0] [mf +nf,ml + 0] [mf +ng,md + 0l [mf +nf,mi +nlf])

(Mm—=1)@e0 = <[mf3 —nfF mY — nlu] , [mf — nf:,mu - nu] , [mf —nf,mé — n%’] , [m[ﬁ —nf,mY — nzf]>

ogag = { Sl Do k] Do k) Loy >0
(A dm ] [amS am ] Al dmg ], [, dm]) - for A <0

Since (M +7)i5e0 = (1) @ie0 T (M) 4,60

= ([ mi’] [l i [, mi] s [ mt”]) =+ ([, 0] [0 ] [ k] [, ml])

— ([mE + ] €+ ] [ + €l 4 0lf] [ + it + i)
Let me know if you need further modifications!

Proof. Trivial.

Theorem 1.
Let N be a quadri-partitioned neutrosophic set. Then,

(NMjen =1X): TN(X) =i, INX) 2j, FN(X) 2 ¢, HN(X) 2 [}

1. N(i2,j2,82,l2) € N(i1,j1,81, 1)
where i1 <1z, j1 > Jj2, €1 =8, 1 > Ilo.

2. () Ninyin, b, l) = (N) (1,5, 8, 1)
n=1

where i1 < io, j1>Jo, E1 =%, 1>l
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Proof. 1. Let (X) € N(ig,j2, €2, 2), then we have:
TN(X) =2, IN(X)=<j2, FN(X)=<t, HNX)=<I.
Now,
TN(X) = is = i1, IN(X) <j2 <j1, FN(X) =<t <&, HNX)=<bL<h
this implies that
TN(X) =i, INX)=j, FNX)=2t, HNX)=2h

Therefore, X S N(ilajlvfla [1) = N(i27j2)825 [2) g N(ilyjlaelv [].)

[e.e]

2. Let X € () N(inyjn, tn, ) = X € N(in, in, tn, ln).
n=1
Since
lim i, =1, lim j,=j, lim ¢, =¢ Ilim [, =1
n—oo n—0o0 n—oo n—oo
then

TN(X) = lim ip =i, IN(X) = lim jo =i, FN(X) =< lim & =¢, HN(X) < lim [, =1

~ n—oo n—00 n—00

Thus,
TN(X) =i, INX)=j, FNX)=<t HNX)=I

Therefore7 X e (N)Oa)aea [) = N(i17j17E17 [1) - (N)(l,J,E, [)
Again, let X € (N)(i,j, &, 1), then

TN(X) =i, INX)=j, FNX)=<t HNX)=I
Since i, T1, jnli, €. l8 [,] ][ we obtain:

TNX)=ixi,, INX)=j=<j,, FNX)=<t<¢,, HNX) I,
for all n. This implies that

o
X € () Nlinsin: tns ) = (N)(i,5,8,0) € N(ir, i1, b1, 1)

n=1

Thus, we conclude:

() N(insins by b) = (N)(i,5, 8, 1),
n=1

Proposition 5. Let
N(i,j,é,[) = <[li7 Ui]7 [lj7 Ul]7 [lfv UEL [ZU U[D?

where 0 X1 <1,0=<j=1,0=¢=<1,0=<1=1 be a domain of interval quadri-neutrosophic
sets (QNS), and each interval [li, U], [l;, Uj], [le, Ue], [l, UY] is closed.
Suppose N(ij ) is decreasing with respect to (i,j,€,1) and 71 is a closed QNSN. Then { N1}
can induce 1, and
ai,5,80) = N(i,j, & 1)

where n(i,j, ¢, [) and N(i,j, €, 1) denote the (i,j, € [)-cut of n and N, respectively.
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Proof. Let n be a single-valued quadri-partitioned neutrosophic number, and suppose N ¢ )
is decreasing with respect to (i,j, €, [). From Theorem 1, we have

m N(imjnv Em [n) = N(i,j,é,[)

for in Ti,jn 4 j & L &, L L.
Now, from Definitions 2 and 3, it follows that {Nje )} can induce 7. From Definition 4,
we have

{(X:Tr(X) =i, L(X)=j, FX) =t H(X) =1}
= Njen = ([, U, [, Uyl [le, Uel, [, U)

is a closed single-valued quadri-partitioned neutrosophic number.

Proposition 6. If 1 is a closed single-valued quadri-partitioned neutrosophic number, then

n and n

Ulal forinti, ap Ty, @) La  forindi,

In

fig, TRy, fg L Rg for b, LE,

n

~L o ~L - -
ny. T g, nainf] forl, L L

Proof. Since (N)i;e0 = 7(i,j, £, 1) = ([af, ], [n ]L, JU] [ng, ng], [af, af]), then (N)qje is
decreasing with respect to (i,j, €, [). We have:

: AU limak < #F, limal = Al
limak, <@k, limal =aY, lim Ny, 21y, limng, =0y,
limag, < af, limad =af, limak <af, limal =af.
This implies that:
L L U L ~Uy (L ~U] (=L =
(ltim i, , lim 7, [lim 7, lim a0, [lim 2, , lim 7], i o, im L) © (A2, 77, [3F, AL, [AF, ot
Thus, we conclude:
comU o 2U s L o =L i sU 2 U
limak, = ak, limal <aY, lim Ny, = 1y, limng, <0y,

limag = af, limad, <af, limak =al, limal <af.
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5. Characterization of Riemann Integration in terms of Quadri-partitioned
Neutrosophic Structure

This section is devoted to Riemann integral theory based on quadri-partitioned neutrosophic
sets, and all the fundamentals are defined according to this new theory. Some new effects are
given, and this whole scenario has been established by introducing interesting examples.

Definition 11. Let Q be the set of all Quadri-Partitioned Neutrosophic Numbers (QNSN), Qu
be the set of all closed (QNSN), and Qy signify the set of all bounded (QNSN).

(i) fo(x) is a Q-NSVF if fo : X — Q.
(i) fo(x) is a closed Q-NSVF if fo : X — Q.
(iii) fo(x) is a bounded Q-NSVF if fo: X — Qp.

Definition 12. Let fQ(X) be a closed bounded Q-NSVF on a closed interval [a1,b1]. Let

are all quadri-neutrosophic Riemann integrable (QNRI) on [ay,b1]. For all (i,j,%,1), let

[0 750X, [ 4 (x)dx] ]
f”l F5,(X)dx, fbl F4;(X)dX | |
f ka (X)dX, f ka X)dX|,
[f FE()dX, [1 74 (X)dx

Here, [ 75,(), f4,(X)]. [75;X), 7%,(X)], [F5.(X), 74(X)]. and [F5,(X), F4,(X)] denote
the (i3, %, 0)-cut of fo(X), respectively.

Liijen =

(
(

Proposition 7. [56] If g(x) is defined on [a1,b1] and is a bounded function over [a1,bi], then
g(x) is also Lebesgue integrable over |ay, by].

Proposition 8. [56] If g(z) is a bounded function defined on [a1,bi], then g(x) is Riemann
integrable on [a1,b1] if and only if g(z) is continuous on the closed bounded interval [ay, bi].

Proposition 9. [56] If g(x) is Riemann integrable on [a1,b1] and p € R, then pg(X) is also
Riemann integrable on [a1,b1] and

bl bl
/ png(X) dz = M/ 9(X) dz.
al ay

Theorem 2. Let fg(x) be a closed bounded quadri-neutrosophic valued function on the closed
quadri-neutrosophic bounded interval [a1,b1]. If fo(x) € Qrr on the closed quadri-neutrosophic
bounded interval [a1, b1], then the quadri-neutrosophic Riemann integral

bi _

fo(x)dx

a1
is a closed quadri-neutrosophic single number (QNSN). The (i,j, &, [)-cut of

bi

fo(x)dx

al
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s given by:
[ S5 (X0, [ 5,(X)dx | |
- [f 74, (X)X, [ 4, (X) dx],
([ fowir) -
a1 (i3.6.1) [ JEFE(X)dX, [ (X dX},
| [ Fa0ax, [ (X)X |
where [ f fLQ’l fzé] fQE ),fLQ’E( )], and [ fQ[ flé[ | denote the (i,j, €, 1)-
cut of fo(X ), respectwely
Proof. Let
J fégid(}(), f%&iid(){)
- for Td(X), [fo d(X)
Q(Iajaév [) - -7l "QJ
fgijdm, [Tor dx)
Jia ), [igdX)

For ip > i1, j2 < j1, 82 < &1, b < [1, we have:

fgll le )
fLQ{u flétz ’
an ¥[Q:JX)’
fgn QJz ’
fgel fQEQ )
%‘Sf’ %ii‘)?
fg[l fg[ )

o

Then,

—%[2 :

Q(ia,j2, 2, l2) C O(i1,j1, %1, 1)

for 0 < i <X 1, we get:

Thus,

= Qi’ll (X)

= ¥Q1 ‘C(X) .

[fo (X)| = max{[fo, £L(X)], [fo, LX)} = h(X).

Since fo, £(X) and o, £(X) are qudri-neutrosophic Riemann integrable on [a1, b1], [fo, £(X)],
fo, £(X)|, and h(X) are also qudri-neutrosophic Riemann integrable on [ay, by].

From Proposition 9, it follows that h(X) is qudri-neutrosophic Lebesgue integrable on [a1, b1 ].
Now we should apply the quadri-neutrosophic Lebesgue dominated convergence theorem. For

i 111, we have:
by

lim
n—oo

Since fo(X) is a closed QNVF, we have

lim le”( )

n—oo

fgl (X)d(X)

b1
= | 78, (X)d(X).

al

th" ( )
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by Definition 9. Again, for 0 < i} <1, we have:

f61(X) < féi;t (X) = Fo(X).
Then,
7S (X)] = max{[f&; (X1, [[&o(X)1} = 9(X).
By a similar fashion, we can argue:
b1 b1

lim, [ 700400 = | 78, 00400),

n—oo al
Since fo(X) is a closed QNVF, then:

lim féq( )= fgm( )-

n—oo

By a similar process, we have:

lim b Ty (X)d(X) = b 75, (X)d(X),
lim :%MX)d(X): b 4, (X)d(X),
Tim b P (X)d(X) = b 752, (X)d(X),
Tim b Ry (X)) = [ " e (0d(X).

Theorem 3. If fQ(X) 15 a closed bounded QNVF on the closed quadri-neutrosophic bounded

interval [ala bl]; and the functz’ons %LQ:,(X)z %i (X); flgll (X); %j (X); }ée (X)f N%P (X)7 iéI(X% %[(X)
are all continuous on the interval [a1,b1], then we have:

fo(X) € QRT on the closed bounded interval [ay,bi]
Thus, the integral is given by:

b Iy f%i(X)dX, I ;@(xmx
F: Jol 16, (X)X, [ 74 (X)dX
d = |7 % a1 19
( . fal(z) 96) wiey | 76, (X)dX, I T, (X)dX
Jut F&, (X)X [ 78, (X)ax

Proof. From Proposition 8, the functions
fé:l (X)a fgt(x)a fé] (X)a fg] (X)a fék (X)a fzélé (X)a fé[(X)v fg[(X)

are Riemann integrable on [a;, by]. Then, fo(X) is Riemann integrable on [a1, by], and we have

[ [ 7Gx, [ (X ax]
b o FEX) X, [ 7 (X) dX
([ Fetwyas) = |pn2 o T
a it _faf FE(X)dX, [} f(X)dX
| FE(X) X, [ 78 (%) dX |
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Theorem 4. Let fg( ) and go(X) be closed bounded quadri-neutrosophic valued functions on

[ar,b1]. If fo(X) - Go(X) € QRZ, then fo(X) + §o(X) € QRT and fo(X) - jo(X) € QRT.
Moreover, we have

b1 _ b1 _ b1
/ (Fo(X) +do(X)dr = | fo(X)dz + / Go(X) dx

ai

b b by
/ (Fo(X) —Go(X)dz = | fo(X)dz - / Go(X) dx

al

Proof.
Let ho(X) = fo(X) + jo(X), then ho(X) is a closed quadri-neutrosophic valued function.

b1 - bl
< fo(X)dx + / go(X) dw)
a1 a1 (i,),,0)

b b by b _
< Fortax, [ gbeodx [ fauvax, | g‘g,u<X>dX_>

Jal al ai ai

b b b _ b ]
f. £ (X) dX, / (X)X, [ Fhu(X)dX, / G (X) dX
al -

Jal al ai

b _ by b by ;
75 £(X) dX, / (X)X, [ Fyu(X)dxX, / 7 1(X) dX
al -

-Jay al ay
- b1 o b1 ' b1 = b1 ( .

< for(X)dX, / Jo r(X)dX, fou(X)dX, / Jou(X)dX >
-Jay al al ail -

b1 - bl
( FolX)dr+ [ o) dx>
aj ay (i,,8,0)

Hf For(X)dX + [ 5 ((X)dX, [ [h (X)dX + [ G )dXH

b1

by b1 br
{ / P (X)dX + / 3£ (X) dX, Fpa(X) dX + / Fou(X) dX]

ai ai al

b1 bl

7o £(X) dX + / ih o) dX, [ b (X)dX +

LJ a1 al al

(X) axX|
(X) ixX|

rorbr b1 b1 _ b1
[ ibeaxs [Cabeax, [ ibuax+ [y
LJ a1 al al al
by [
gou
ai

b _ ) b1 _
([ (Fol0) + Go(X))ido. [ (FalX) + Go(X))i .

ai ai

b ) b1 .
| o)+ go(0N: o, [ (FalX) + 5o(X) da,

ai ai

by _ b1
| o)+ go( o, [ (FalX) + 50X da,

ai ai
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b b1 _
/ (Fo(X) + Go (X)) de, / (Fo(X) + Go (X))}, dx)

al al

b1 - bl
( fo(X)dx + / go(X) dX)
a1 a1 (i),

Theorem 5. Let %Q(X) be a closed bounded quadri-neutrosophic valued function on the closed
interval [ay, by]. )
If fo(X) € ORI, then A\fo(X) € QRI. Moreover,

b1 - bl -
Mo(X)dz =X [ fo(X)dz
al ai
where X #£ 0 is any real number.

Proof.
For A > 0, let §o(X) = Mo(X). Also, jo(X) is a closed quadri-neutrosophic valued function

(QNVF).
b1
<)\ fo(X) dx)
al (17]7E7[)

< [)\ /a ; F54(X) dX, A abl 4:(X) dx] ,

b1 _ b1 _
[A o (X)X, A [ (X) dx},

al ay
bl bl
N[ T4 ax, A [ (X) ax],
al al

b1 _ b1 _
A [T ax, [ () ax] >

al ai

<[ / b () ax. | b A4(%) dx].
[ / NG (X) dX, / b N (X) dX].
| / R / b A (X) x|
[ / b A6i(X) dX, / b A (X) dx] >

by
< / No(X) dx>
a1 (i),

b1

b1 .
[ NoXyds=x [ Fo(x)da

al ay

Since,

the same holds for A < 0.
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Example 1. If
QX)) =n(X)* on [0,1]

where
i =1{(0,1,2,3);8 x 1071,6 x 107", 4 x 107", 4 x 107 ")

18 a quadri-neutrosophic valued number. Now, we integrate the quadri-neutrosophic valued func-

tion on [0,1] and try to find
1
| Fax)ax

Now, taking the (i,j, €, 1)-cut of the integral, we obtain:

1 1
(/ f(Q(X))dX) = (/ ﬁ(X)2dX> :
0 (17J7E7[) O (i7j7B7[)
This results in:

(L S f o] [ [ - [ -]
[/01 g(l — ?)X2dX’/01 %(5& - 1)X2dX] 7 [/01 g(l — X2 dX7/01 %<5[_ 1)X2dX] >

Bvaluating the integrals:
Q§&jTEua%w—ﬂ[;wawAWBOAQW—ﬂ>

Thus, we obtain:
— 51

ngmzﬁu» /%@Mk:@—u
1,..,
i fée(X)dX:g(l—E), / 4 (5&-1).

~ 1,.,
; F51(X) dX = g(l - 1), /0 f4(X) dX = %(5[ —1).

For parameter ranges:

c0,8x107Y], je[6x10711], te[4x10711], le[4x1071 1]

From the table, it is observed that as the value of o increases, the value of

]' ~

/0 f&i(X) dX
1 ~

/0 f4:(X) aX
1 ~

[ Ha0ix

also increases, whereas the value of

decreases. Ati= 0.8, we obtain:
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i JoTa(0dX [ [ FAX)dX i Jo7&(0aX T Jy (X)aX € Joi5e(0dX [ Jy e (X)dX [
0x 10T 0x 10T 0.66667 x 107 6x 10T 0.33333 x 1077 | 0.33333 x 107 4x 10T 0.33333 x 107 | 0.33333 x 107 4% 10T
1.6667 x 1077 5x 10T 8x 10T 0.16667 x 10~ 5x 1071 6x 10T 0.22222 x 1077 | 0.44444 x 1077 6x 10T 0.22222 x 1077
0.44444 x 107° 6x 10T 0.25 x 1072 | 0.41667 x 1077 9x 107" 0.08333 x 10° | 0.58333 x 10~ 8x 107! 0.11111 x 1077 | 0.66667 x 10"
8 x 10T 0.11111 x 107 | 0.66667 x 10> 8x 10T 0.33333 x 1077 | 0.33333 x 10°° 1% 100 0x 10T 0.66667 x 107 1x1077

Table 1: Solution for different values of i,j, €, [ for Example 1

1 .
/ R, (X) dX
0

gives the same solution. Again, when the value of j increases, the value of

decreased, and the value of

increased. At j = 0.6,

and

give the same solution.
When € increases, the value of

decreases, and the value of

1
6, (X) dX
0

1 ~
[ 0ax

0

increases. Similarly, when | increases, the value of

decreases, and the value of

/0 1 76,(X) dX

/ 1 14,(X) dxX
0

increases. This implies that the approrimate solution in Table 1 provides a quadri-neutrosophic-
valued number. In the following example, we are going to show that how one can use the existing
numerical integration methods to solve the quadri-neutrosophic integral. So, in the following
example, we consider the same quadri-neutrosophic function, but the parameter was taken in
the form of trapezoidal quadri-neutrosophic number.

Example 2. Let us consider the Quadri-Neutrosophic Valued Function (QNVF) given by:

where

QX)) =n(X)* on0,1]

i = ((0,1,2,2);0.8,0.6,0.4,0.4)

s a single-valued triangular quadri-neutrosophic number.
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Now, we integrate the quadri-neutrosophic valued function over the interval [0, 1], aiming to

find:

/O F(Q(X)) ax

Neat, we take the (i,j, ||, )-cut of the integral:

/0 F(Q(X)) dx

(/ Yo ix) »

[ [Jo Fo. L) dX. Jj Fou(x) x|,
Lo Fo, LX) dX, [ ToU(X) dX]
[f()l %Q” L(X)dX, fol %QHU(X) dX] )

(X)

| [ Falx)ax, f; fou(X) ax]

Then, we have:

dX

)

Since each of the integral

1~ 1~
/ o, L(X) dX, / o ld(X) dX,
0 0
1 1
/ Fo, £(X) dX, / o U(X) dX,
0 0
1~ 1~
/ o L(X) dX, / o (X) dX,
0 0
1 1
/ o, L(X) dX, / o d(X) dX
0 0

are Riemann integrable on [0,1]. Then we can use the trapezoidal rule to approximate the

integral:
1
/ 22 dX
0

with the help of the trapezoidal rule.

Let
113
= 7771
p {07472?47}

be the set of all elements at the endpoints of the sub-intervals, and

1-0 1
A== =1
Then,
1 1 1 1 1 3
/0 22 dX ~ %7 [f(o) + 2f <4> + 2f <2> + 2f <4) +f(1)}
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1 1 1 9
= [0+ s+ -+ +1
8( 8 2 8
1
32
Therefore,
1 ~
([ o)
0 i7j7€7[
1
= ( / A(X)? dx)
O 17)787[
i 1 5i 2 1 5i 2 T
lﬁ,fX)dm @(2—fﬂX)dx
5 : 2 1/ 2
fo1 5(1 =) (X)* du, f01 351 = D(X)*dz
5 2 1 2
Jo 51 =0(X)2dz, [y 3(58=1)(X)*da
5 2 1 2
i fO s(1-0(X)?dz, [y 3060-1)(X)*dr |
i 5i 1 2 12-5i 1 2 ]
Zl O(Xl) dz, 1 . ()q() dx
5 : 2 1 2
3(1=3) Jy ()2 de, 55— 1) [y () da
5 2 1 2
3(1-9) ol(X) dr, 5(5¢—1) fo1 (X)* dz
5 2 1 2
L 3(1 -1 fo (X)* du, 3(5[ —-1) fo (X)* dx J
JiOf(X)dX | [fOX)dX [ [fOf(X)dX | [j¥(X)ax | [jOf(X)dX [ [fOV(X)dX | [jof(X)aX [ [fOI(X)dX
0 0x 1077 0x107T 1.03125 x 107° 6x 1077 0.34375 x 10~° | 0.6875 x 107 4x 1071 0.34375 x 10~°
0.4] 0.34375 x 107 | 0.6875 x 10~* 4% 1071 0.34375 x 107° 0.6875 x 10~* 4x 1071 0.171875 x 1075 | 0.859375 x 10~
0.8 ] 0.17185 x 107° | 0.859375 x 10~° 6 x 1071 0.229167 x 10~° | 0.802083 x 10~¢ 6x 107" 0.229167 x 105 | 0.802083 x 10~
0.6 | 0.257813 x 1070 | 0.773438 x 10~° 9x 107! 0.0859375 x 1077 | 0.945313 x 1076 8 x 1071 0.114583 x 1079 | 0.916667 x 105
0.8 | 0.114583 x 100 | 0.916667 x 10~° 8x 107! 0.34375 x 10~° 0.6875 x 10~ % 1x 1071 0x 10T 1.03125 x 107°
1.0 0x107T 1.03125 x 1077 1x 1071 0x107T 1.03125 x 1077 1x107T 0x107T 1.03125 x 107
Table 2: Value of Example 2 by the Quadri-Trapezoidal Rule for Different Values of i, j, €, and [

Where:

For:

Jiofyanl = 1. [t x)da,
[iof)as| =2l -
[ietx
[ ot

i€10,0.8],

ge8ls2lsn

1
d‘ -
Jdz| =3
1
)dm‘ =
0 96

55

55

j €

551 132—551
128> . 1 128
(l—ﬁ,§ﬂ@—1)
(1—¢), ge(56—1)
(1-1), g(50—1)

RN
128
i) da] = 51~ 1)
(1-%), /ﬁg&xymﬁzé%@E—n
(1-1), /FQQXﬁmﬁ:;;a—1y
[0.6,1], te€]0.4,1], [€]0.4,1]
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The following Table 3 provides a detailed comparative analysis of the proposed methods,
contrasting them with the established techniques discussed in [43]. This comparison highlights
the strengths and weaknesses of each approach, offering insights into how the proposed methods
perform relative to the established techniques across various key factors.

Aspect

Published Work (Reference [43])

Proposed Method/Work

1. Foundation

Introduces Neutrosophic Riemann Inte-
gration, focusing on neutrosophic numbers
and functions, extending classical integra-
tion theory.

Based on Quadri-Partitioned Neutro-
sophic Set Theory (QPNST), extending
Neutrosophic Set Theory (NST) and In-
tuitionistic Fuzzy Set Theory (IFST). In-
troduces a fourth component for refined
set representation.

2. Theoretical
Basis

Uses neutrosophic numbers with three
membership values (truth, indeterminacy,
falsity) and («, 3, 7)-level sets.

Extends NST by introducing a fourth
component, forming Quadri-Partitioned
Neutrosophic Set Theory (QPNST), with
Riemann Integral Theory (RIT) adapted
to a four-tuple (i,j, ¢, ) level cut.

3. Conceptual
Innovation

Introduces Neutrosophic Riemann Inte-
gration to manage uncertainty in classical
Riemann integration.

Proposes Quadri-Partitioned Neu-
trosophic Riemann Integral Theory
(QPNRIT), adding a fourth uncertainty
dimension for a more comprehensive
uncertainty model.

4. Integration
Framework

Uses neutrosophic numbers with («a, 3, 7)-
level sets to define Neutrosophic Riemann
Integration.

Incorporates Riemann Integral Theory
(RIT) into Quadri-Partitioned Neutro-
sophic Set Theory (QPNST), allowing for
four uncertainty possibilities (true, false,
indeterminacy, and a new fourth possibil-

ity).

5. Numerical
Approach

Uses numerical methods like the trape-
zoidal rule to compute Neutrosophic Rie-
mann integrals, validating results with ex-
amples.

Applies numerical analysis to Quadri-
Partitioned Neutrosophic Riemann Inte-
grals (QPNRIT), presenting systematic
numerical results in tables to assess the
impact of the fourth possibility.

6. Level Set
Representation

Uses («, 3, v)-level sets to represent truth,
indeterminacy, and falsity in neutrosophic
numbers.

Introduces a four-tuple level cut (i,j, €, 1),
enhancing the representation of uncer-
tainty within QPNST and providing a
more detailed integral calculation frame-
work.

7. Output Rep-
resentation

Displays results in tables and figures to
validate Neutrosophic Riemann Integra-
tion, using the trapezoidal rule for approx-
imation.

Presents  Quadri-Partitioned  Neutro-
sophic Riemann Integral Theory (QP-
NRIT) in tables, showcasing
numerical insights and the fourth possi-
bility’s impact on integration.

results

8. Scope and
Extensiveness

Introduces and numerically validates
Neutrosophic Riemann Integration with
graphical representations.

Extends NST and Riemann integration
into a more sophisticated framework (QP-
NST), exploring a deeper theoretical foun-
dation with advanced numerical tech-
niques.
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Aspect

Published Work (Reference [43])

Proposed Method/Work

9. Application
Focus

The primary application in the published
work is the numerical verification of neu-
trosophic Riemann integration, focusing
on how the trapezoidal rule can be used
to approximate the neutrosophic integral.

The proposed method’s application fo-
cuses on improving the accuracy and
handling of uncertainty in Riemann in-
tegration, with potential applications in
decision-making, engineering, economics,
and artificial intelligence. It also lays the
groundwork for more sophisticated models
and techniques in multi dimensional and
dynamic systems.

10. Foundation

The published work introduces Neutro-
sophic Riemann Integration for the first
time, focusing on neutrosophic numbers
and functions. It builds on the concept of
fuzziness and uncertainty in classical inte-
gration theory.

The proposed method is grounded in
Quadri-Partitioned  Neutrosophic  Set
Theory (QPNST), an extension of Neu-
trosophic Set Theory (NST), which itself
is an extension of Intuitionistic Fuzzy Set
Theory (IFST). It introduces a fourth
possibility (along with true, false, and
indeterminacy) for set representation,
allowing for more refined descriptions of
sets and their behavior.

11. Theoretical
Basis

Integration framed within neutrosophic
numbers with three membership values
(truth, indeterminacy, and falsity), using
(a, B,v)-level sets to represent fuzzy mem-
bership.

Extends NST with a fourth possibility,
defining Quadri-Partitioned Neutrosophic
Set Theory (QPNST). Develops Riemann
Integral Theory (RIT) within QPNST us-
ing a four-tuple (i,j, & [) level cut.

12. Conceptual
Innovation

Introduces neutrosophic Riemann integra-
tion, applying neutrosophic numbers to
handle uncertainty in classical Riemann
integration.

Proposes  Quadri-Partitioned Neutro-
sophic Riemann Integral Theory (QPN-
RIT), extending neutrosophic integration
by incorporating a fourth dimension of
uncertainty for a more comprehensive
uncertainty model.

13. Integration
Framework

Defines Neutrosophic Riemann Integra-
tion using («, 3,7)-level sets and fuzzy
membership functions to represent uncer-
tainty.

Incorporates extended Riemann Integral
Theory (RIT) within QPNST, enhancing
uncertainty modeling with four possibili-
ties (true, false, indeterminacy, and a new
fourth possibility).

14. Numerical | Uses numerical methods like the trape- | Conducts numerical exploration of
Approach zoidal rule to calculate neutrosophic Rie- | Quadri-Partitioned Neutrosophic Rie-
mann integrals, validated with numerical | mann Integrals (QPNRIT). Systematic
examples, tables, and figures. numerical results in tables illustrate
the impact of the fourth possibility on

integral computation.
15. Level Set | Uses (a,f,7)-level sets, where each pa- | Introduces a more refined four-tuple level
Representation | rameter represents different membership | cut (i,j, &, [), providing a more granu-

degrees (truth, indeterminacy, falsity) in
the neutrosophic number.

lar representation of multiple possibilities
within QPNST, enhancing neutrosophic
Riemann integral calculation.
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integration, with the trapezoidal rule used
for approximation.

Aspect Published Work (Reference [43]) Proposed Method/Work
16. Output | Presents numerical results in tables and | Presents Quadri-Partitioned Neutro-
Representation | figures to validate neutrosophic Riemann | sophic Riemann Integral Theory (QPN-

RIT) results in tables, offering advanced
integral representations to analyze the
impact of the fourth possibility on
integration.

17. Scope and
Extensiveness

Focuses on basic introduction and numeri-
cal validation of neutrosophic Riemann in-
tegration, including examples and graphi-
cal representations.

Extends neutrosophic set theory within
Riemann integration to a more complex
framework (QPNST), deepening theoreti-
cal foundations and numerical techniques
for broader applications.

18. Application
Focus

Primarily applies to numerical verification
of neutrosophic Riemann integration, em-
phasizing the trapezoidal rule for approx-
imation.

Enhances accuracy and uncertainty han-
dling in Riemann integration with poten-
tial applications in decision-making, engi-
neering, economics, and Al, forming the
basis for sophisticated multidimensional
and dynamic system models.

Table 3: Comparison between Published Work and Proposed

Method

7. Operations on Quadri-Partitioned Neutrosophic Soft Sets

Neutrosophic set theory (NST), a generality of vague set theory (VST), is regarded as the

most appealing theory since it considers the three possible membership values: true, false, and
indeterminacy. The principles are all quite obvious, but the third one is particularly fascinating
since it addresses uncertainty, which arises in all aspects of daily life. One can make the situation
more certain and free of error if the indeterminacy membership is refined. This can be done
by splitting the indeterminacy into five pieces that is possible values. These are relative true,
relative false, contradiction, unknown (undefined) and ignorance. This section is devoted to the
most basic operations of union, intersection, difference, and absolute null, absolute HPNNNs.
Theorems and examples are given for better understanding the situation.

Definition 13. Let Q2 be the set of parameters and X be the key set. Let P(X) represent the
power set of X. Then, a Quadri-Partitioned Neutrosophic Set Structure (QPNSS) (F, Q) over
X is a mapping

F:Q— P(X)

where F is the function of QPNSS (F,Q). Symbolically,
(F,02) = [ (6 (2 ATy BTy ReFi )0y AbF gy 1 € X)) 10 €0

' RGFF(G)(
functions are referred to as:

)7 )7 and AbFF(e)(x) belong to the interval [0,1]. These

° AbTF(Q)(x) : Absolute true-membership function,
° ReTF(@)(z) : Relative true-membership function,

° RGFF(G)@) : Relative false-membership function,

o AbFF(e)(x) : Absolute false-membership function of F(6).
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Since the supremum of each function is 1 and the infimum of each function is 0, the following
inequality holds automatically:

0 < AbT'5g)(z) + ReT gy (@) + BEFf(9) (@) + ADF )2y < 4

Definition 14. Let (F,Q) be a Quadri-Partitioned Neutrosophic Soft Set (QPNSS) over the
key set X. Then, the complement of (F,Q) is denoted by (F,Q)¢ and is defined as follows:

(F,0)° = [ (6, {2, AbFp gy s ReFr g0y BTy AbTjgy 0y @ € X)) 16 € Q)

Furthermore, the double complement satisfies:

((F, Q)C)C — (F, Q).

Definition 15. Let (F,Q) and (C;’,NQ) be two Quadri-Partitioned Neutrosophic Soft Sets (QP-
NSSs) over the key set X. Then, (F,) C (G, Q) if

AbT~

F(6)(x) = AT

0@y BeTrg) ) = Belgg)w),

ReF F0)(2) - ReFG(G

for all 0 € Q and for allz € X.
If (F,Q) C (G,9Q) and (F,Q) 2 (G, ), then

)y AFRe) @) = AbFG(g) (0

(F,Q) = (G,9).

Definition 16. Let (F,Q) and (Gi, Q) be two QPNSSs over key set X such that (F,Q) # (G, Q).
Then their union is denoted by (F,Q)J(G,Q) = (H,Q) and is defined as:

where,
RBTE[( )(iﬂ) = Imax [ReT ( ) ReT m):|,

)

Definition 17. Let (F,Q),(G,Q) be two QPNSSs over key set X such that (F,Q) # (G, Q),
then their intersection is denoted by

(F,Q)N (G, Q) = (H,9)
and is defined as
(H,Q) = [(9 (2, ATy )0 ReT 1060 ) REF 0y ) ADF 19y 0y @ € X>) 0c Q}
where,
ReT )0y = min [ReTF(Q)(x),ReT@(Q)(m)} ,
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Definition 18. Let (F,Q),(G,Q) be two QPNSSs over key set X such that (F,Q) # (G, Q),
then their difference is given by

and is defined as

such that

Definition 19. Let {(F;, Q) :i € I} be a family of QPNSSs over the key set X. Then,
UE Q) n((F,9)
i€l el

s given by

Definition 20. A quadripartitioned neutrosophic soft set (F,Q) over key set X is said to be a
null QPNSS if
AbT gy ey = 0, ReTpgypy =0, VO € QVre X,

ReFF(@)(m) =1, AbFﬁ'(,g)(m) =1, VOeQVrelX.
It is signified as 0(X, ).

Definition 21. A quadripartitioned neutrosophic soft set (F,Q) over key set X is an absolute
QPNSS if
AT gy = 1 ReTpgyy =1, Y0 eQVrelX,
RBFF‘(Q)(QU) =0, AbFﬁv(@)(m) =0, VOeQVrelX.
Clearly,
0(X,Q)°=1(X,Q), 1(X,Q)°=0(X,Q).

Definition 22. The family of all quadripartitioned neutrosophic soft sets over X is designated
as QPNSS(X). Then, xg{ri,ra,13,74) 18 called a QPNS point for every point x € X, 0 € €,
and is defined as follows:

(r1,72,73,74), if 0 =0 and Y = x,
zg(ri,re,73,74)00 /() = {(0 0.0.1) S L0 o) Lo

Definition 23. Let (F, Q) be a quadripartitioned neutrosophic soft set over key set X. Then,
xg(ri,ro,r3,r4) € QPNSS(F,Q) if

n 2 ATy T2 2 BTy 787 ReFpg)p), 74 = AbFpgg)).
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Theorem 6. Let (F,Q), (G,Q), and (H,Q) be quadripartitioned neutrosophic soft sets over
key set X. Then, the following properties hold:

(i) (F,Q) U [(G,Q) U (H,Q)] = [(F,Q) U (G, Q)] U~ (H,Q).
(i) (F,Q) N [(G,Q) Ne (H,Q)] = [(F, Q) N (G, Q)] N (H,9Q).
(iii) (F,Q) U~ [(G,Q) N (H,Q)] = [(F,Q) Us (G, Q)] N [(F,9Q) Un (H,9)]
(iv) (F,9Q) N [(G,Q) U (H,Q)] = [(F,Q) N (G, Q)] UL [(F,Q) N (H, Q)]
(v) (F,Q)U. 0(X,Q) = (F,Q).
(vi) (F,Q)N.0(X,Q)=0(X,Q).
(vii) (F,Q) U~ 1(X,Q) = 1(X,Q).

(viii) (F,Q) N 1(X,Q) = (F,Q).
Proof. Obvious.

Theorem 7. Let (F,Q) and (G, Q) be QPNSSs over key set X. Then, the following De Morgan’s
laws hold:

(i) [(F,Q) U (G, Q)¢ = (F,Q)° N (G, Q).
(i) [(F,Q)Ne (G, )] = (F,Q)° U (G, Q).
Proof. Obvious.

Theorem 8. Let (F,Q) and (G, Q) be QPNSSs over key set X. Then, the following De Morgan’s
laws hold:

(i) [(F7 Q) Ve (é7 Q)]C = (F, Q)¢ A~ (év Q)°.
(i) [(F,Q)Ne (G, Q)] = (F,Q)° U (G, Q).

Proof. 1. V(61,602) € Q x Q,Vx € X

(F, Q) V (G, Q) = { (ac, max [AbTﬁ(e)(zy Ang(g)(x)] ,

max [RGTF(G)(Q:)7 ReTg(g)(I)] s
min [ReFﬁ’(G)(m)’ ReFG(O)(w)] 5

[(F,Q) Vv (G, Q) = {(x, min [AbF £ (), AbF (o) ()]

min [RGFF(G)(;B) y Rng(g)(x)] s
max [ReTﬁ‘(G)(w) y ReTG((;)(x)] s
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max [AbTF(G)(x)7 Ang(g)(x)]) }

Now,
(G, ) = { {2, AbF )01 ReF )0y ReT 9y a0 ADT 0y ) }
Thus,
(F, Q)¢ A (é, 0)° = { <a}, min [AbFF(G)(x)’ Ang(g)(x)] ,
min [RGFF(Q)(QZ) y Rng(g)(x)] s
max [ReTF(H)(z) y ReTg(g)(w)} 5
Therefore,

2. V(61,02) e A x QVr e X

(F,Q) A (G,Q) = {(w,min [T 50y2) Ta6) ()]

min [ReT 7)), ReT () ()]
max [RGFF(Q)(:L«)? ReFG(g)(;B)} ,

[(F, ) A (G, Q)] = {(1’7 max [ADF 7y, AbFG6) ()]

min [ReT g g) ), ReT (o))

min [ADT 7)) ADT o)) ) }

Now,

Thus,
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max [ReFF(G)(m‘)’ ReFG(a)(JE)] )
min [ReTﬁv(Q)(w)v ReTG(Q)@)] ’

Therefore,

8. A New Approach to Operations on Quadripartitioned Neutrosophic Soft
Topological Space

The notion of QPNSTS is presented in this section. The terms QPNS semi-open, QPNS pre-
open, and QPNS xb-open sets are defined. One of these intriguing QPNS generalized open sets,
referred to as the QPNS pre-open set, is selected, and certain fundamentals are then produced
based on this description. These consist of the QPNS closure, QPNS exterior, QPNS boundary,
and QPNS interior.

Definition 24. Let QNSS’(X,Q) be the family of all QPNSSs and T C QPNSS(X,Q), then
T is a quadri-partitioned neutrosophic soft topology (QPNST) on X if

(1) Oy Lx)o) €7,
(i) The union of any number of QPNSSs in T belongs to T,

(iii) The intersection of a finite number of QPNSSs in T belongs to T.

Then, (X,1,9Q) is said to be a QPNSTS over X.

Definition 25. (X, 7,Q) is a QPNSTS over X. A QPNSS (F,Q)~ s a QPNS neighborhood of
a QPNS point :c?‘ ) € (F,Q), if there is a QPNS open set (G,S) such that )

B T1,72,73,74 (r1,r2,73,74)
(G, Q).
Definition 26. Let (X, 71,Q) and (X, 72,Q) be two QPNSBTSs. Then, (X,71,72,Q) is a QP-
NSBTS.

If (X,711,7,9) is a QPNSBTS, a QPNSS subset (F,Q) is open in (X, 71,72,9) if there

exists a QPNSS open set (G, Q) belonging to T, and a QPNSS open set (H, Q) belonging to T
such that

(F,Q) = (G,Q) U (H,Q).

Example 3. Let X = {x1, 72,23} and Q = {01,602}, 11 = {0(x,0), 1(x,0); (F,Q),(G,Q)} and

= {O(X,Q)Nu1(X,Q)7~(ﬁ79)7~(j7 Q)}y ~
where (F,Q), (G,Q), (H,Q), and (I,Q2) being QPNSSs are as follows:
(F, Q) — 91 = <.T17 127 %7 %7 %)7 ('1"27 %7 %7 %7 %)7 <1§3,

2 = <$1’ 10° 107 10° ﬁ>7 <332a 10° 10° 10°

2 4 6 l)
12’1971871 )
10°

ﬁ>7<x3vﬁaﬁa ﬁ>
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Theorem 9. Let (X, 71,72,Q) be a QPNSBTS. Then 1 N1y is a QPNSBTS on X

Proof. The first and third requirements are clear, and we move forward as follows for the
second condition.

Let {(F},Q);i € I} € 71 N7, then (F;, Q) € 71 and (F;,Q) € 7.

As 71 and 15 are QPNSBTSs on X, then |J;(F}, Q) € 71 and |J;(F}, Q) € 7.
So, Uz(FHQ) €11 MNTo.

Definition 27. Let (X, 11, 72,Q) be a QPNSBTS over X, and let (i’,Q) be a QPNSS. Then
(i) (’i,Q) is QPNS semi-open if
(T,9) C NScl(NSint(T,Q))
(ii) (’i,Q) is QPNS pre-open (p-open) if

(Y,Q) C NSint(NScl(T,Q))

(i) ('i,Q) is QPNS xb-open if

(T,Q) C NScl(NSint(T,Q)) UNSint(NSel(T, Q)
(iv) (i‘,Q) is QPNS xb-close if
(Y,9) 2 NScl(NSint(T,Q)) N NSint(NSel(T, Q)

Definition 28. Let (X, 7,9Q) be a quadripartitioned neutrosophic soft topological space over X
and (F,Q) € QPNSS(X,Q). Then, the collection

(F,Q) = {(F,Q)N(G,Q):(G,Q) e foriecl}
is called a quadripartitioned neutrosophic soft subspace topology on (F Q), and (1(F, Q)

, ), 7(F, ,T(F,Q),Q)
is called a quadripartitioned neutrosophic soft topological subspace of (X, T,§2).
In order for the above definition to be consistent, we must prove that (7(F, 0),7(F,0),9)
1s actually a quadripartitioned neutrosophic soft topology for (F )

Theorem 10. Let (X, 7,Q) be a quadripartitioned neutrosophic soft topological space over X
and (F,Q) € QPNSS(X,Q). Then, the collection

(F,Q) = {(F,Q)n(G,Q) :(G,Q) e}

is a quadripartitioned neutrosophic soft topology on (F, Q), and (X(F, Q),T(F,Q),Q) s a
quadripartitioned neutrosophic soft topological space of (X, T,Q)
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Proof. (1) Since 0(F,Q),1(F,Q) € (X,7,9), so by definition:

0(F,Q)

1(F,Q)

N(F,Q) =0(F,Q),
N(F,Q) = (F,Q).
Q) € T(F,Q). )

L , ) :1 € I} be a quadripartitioned neutrosophic soft sub-collection of 7(F, §2).
Then (H;,Q) € 7(F, Q) for all i € I, so by definition, this implies that:

(Hi, Q) = (F, Q)N (G4,Q) for some (G4,Q) € .

Taking the union, we obtain:

U2 = ((7.9) 0 (G.0)

el el

= (F,Q)N (U(@ﬁ)) .

el

Since (éz, Q) € 7 for all i € I and 7 is a quadripartitioned neutrosophic soft topological space,
we conclude that:

Thus,

implying that Uiq(ﬁi, Q) € 7(F, Q). ) i
(3) Now, let (H1,Q), (H2,9Q),...,(Hp, Q) € 7(F,Q). Then, for all i =1,2,...,n, we have:

(H;, Q) = (F, Q)N (G;,Q) for some (Gy,Q) € 7.

Taking the intersection, we obtain:

= (F,Q)N (ﬁ(@-,g)> .

=1

Since (C;’Z, Q)erforalli=1,2,...,n and 7 is a quadripartitioned neutrosophic soft topology,
we conclude that:

(éi, Q) ET.

=y

Therefore,

implying that (I, (H;, Q) € 7(F, Q).
Thus, ) } ) )
T(F, Q) = {(F,Q)N(G,Q) : (G,Q) e}

is a quadripartitioned neutrosophic soft topology on (}3’, Q).
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Definition 29. Let (X, 71,7'2,9)~ be a QPNSBTS over X and (i‘,Q) be a QPNS. Then the
interior of (T,9), designated by (T,Q)°, is the union of all QPNS s-open sets of (Y,Q). Clearly,
(Y,Q)° is the largest QPNS s-08 that is contained in (YT, Q).

Definition 30. Let (XLTl,TQ,Q) be a QPNSBTS, and let (i‘,Q) be a QPNS. The frontier of

“, , denoted as Fr ", , 15 a point 17, POINT LI (1y 1o ra ra) 1S WM the
T,Q), d d as Fr((T,$ QPNS A A1 ra,r3,ra) h

- (r1,m2,r3,74) "
frontier of (T, Q) if every QPNS s-open set containing T1\ (., ry ryr,) CONtains at least one point

of (Y,9Q) and at least one QPNS point of ('i",Q)c
Definition 31. If (X, 71,7'2,(2) is a QPNSBTS and ('i,Q) is a QPNS, then the exterior of
(Y,Q), denoted by Ext((Y,)), is a QPNS point x1?T17T27T37T4>.

A QPNS point xl(m -
(T, Q)¢, meaning there exists a QPNS s-open set (g,) such that

T sy € (3:9) € (1, 9)°.

Definition 32. If (X, 11,7, Q) and ((Y), &1, T2, Q) are QPNSBTSs, and ({,0): (X,71,72,9Q) —
(<~) 51,82,Q) is a QPNS mapping, then if the image ({,¢)(T,Q) of each QPNS s-closed set
(Y,Q) over X is a QPNS s-closed set in (Y), the mapping ({, ) is said to be a QPNS s-closed
mapping.

Theorem 11. Let (X, 71,72,Q) be a QPNSBTS over X and (i,Q) be a QPNS subset. Then,
('i“,Q) is a QPNS s-open set if and only if (i‘, Q) = (i‘,Q)o

 is in the exterior of (Y,Q) if and only if it is in the interior of

Proof. Let (i’ Q) be a HQPNS ~s-open set. Then, the largest QPNS s-open set that is
contained within (T, ) is equal to (T Q). Hence, (T,Q) = (T,Q)°. )
_ Conversely, it is known that (T,Q) is a QPNS s-open set, and if (T Q) = (T,Q)O, then
(T,9) is a QPNS p-open set.

Theorem 12. Let (X, 11, 72,Q) be a QPNSBTS over X, and let (F, Q), (é, Q) be QPNS subsets.
Then,

2. (0qx),0)° =0uxy)  and  (Lx,0)” = 1x.9);
3. (F,Q) C(G,9) = (F,Q)° C (G,Q)°,
4 (NG = (.90 (G,
5. (F,9)°0 (G0 € [(F,)u(G,0)]
Proof. Let (X, 11,72,8) be a QPNSBTS over X, and let (F,Q), (G,Q) be QPNS subsets
Then,

1. If (F,Q)° = (G, Q), then (G,Q) € 7 if and only if (G,Q) = (F,Q)°. Thus, [(F,Q)Or -
(F, Q).
2. Since O((x),0) and 1((x) o) are always QPNS s-open sets, we have
(Owx.2)” = 0xy ) and - (Lx.)” = Tx).)-

3. It is known that (F,Q)° C (F,Q) C (G,Q) and (G,Q)° C (G,Q). Since (G,Q)° is the
largest QPNS s-open set contained in (G, €2), 1t follows that

(F,Q)° C (G, Q)°.
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4. Since (F,Q)N(G,Q) C (F,Q) and (F,Q) N (G, Q) C (G,Q), we have

Therefore,

Conversely, since (F,Q)° C (F,Q) and (G,Q)° C (G,9), we obtain

(F,Q)°N(G,Q)° C (F,Q)n(G,Q).

Since [(F, Q)N (G, Q)} " is the largest QPNS s-open set contained in (F,Q) N (G,Q), it follows
that

o

(F,Q)°N(G,Q)° C [(F, 0) N (G, Q)
Thus,

Thus,

Theorem 13. Let (X,71,72,() be a QPNSBTS over X, and let (F,Q) be a QPNS subset.
Then, (F,Q) is a QPNS p-closer set if and only if

(F,Q) = (F,Q).

Proof.
Let (F,Q) be a QPNS p-closer set. Then,

which implies

Conversely, let

this implies . B )
(F,Q)0(F,0)" = (F,Q)
Q

= (F,Q)" = (F,Q)
which implies that (F,€) is a QPNS p-closer set.

Theorem 14. Let (X, 71,72,Q) be a QPNSBTS over X, and let (F, Q) and (G,Q) be QPNS
subsets. Then:

(i) (F,Q) = (F,Q),
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(i) Oz 0p = Oz d luxa) = Lz

(iii) (F,) C((G,Q)) = (F,Q) C (G, ),

(w) (F,Q)U(G,Q) = (F,QU(G,Q),

(v) (F,Q)N(G,Q) C (F, Q)N (G,Q).

Proof. Let (X, 11, 72,Q) be a QPNSBTS over X, and let (F, Q) and (G, Q) be QPNS subsets.
Then:

(i) If (F,Q) = (G,Q), then (G,Q) is a QPNS s-CS. Hence, if (G,Q) and (G,Q) are equal,
then:

(F,Q) = (F,Q)

(ii) Since 0% .0 and 1( 3 o) are always QPNS s-CS, by the above result (1), we get:

Oz =O0uxay and lixa) =1z

(iif) Since (F,Q) C (F,Q) and (G, Q) C (G, Q), it follows that:

(F,Q) C (G,Q) C (G,Q).

Since (F, Q) is the smallest QPNS p-CS covering (F, ), we obtain:

(F,Q) C (G,9Q).

(iv) Since (F,Q) C (F,Q) U (G,Q) and (G,Q) C (F,Q) U (G,Q), we have:

(F,Q) C (F,Q)U(G,Q)
and
(G,Q) C (F,Q)U(G,Q)
Thus,
(F,Q) U (G,Q) C (F,Q)U(G,Q)
Conversely, since (F,Q) C (F,Q) and (G,Q) C (G, Q), we have

Since (F,Q)U(G,Q) is the smallest QPNS p-closed set enclosing (F,Q) U (G,Q), we
obtain:

Hence,

(v) Since (O(<)~(’Q>)> N (G, Q) (F,Q)N(G,Q) and (F,Q)N(G,Q) is the smallest QPNS p-

closed set enclosing (F,Q) N (G, Q), we conclude:

(F,Q) N (G, Q) C (F,Q)N (G, Q).
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9. Characterization of few more results in terms of basis concerning P-open
sets

Definition 33. Let (X, TQPNSS,Q) be a quadripartitioned neutrosophic soft topological space
over X, and let BN59 be a sub-family of TQPNSS,

BNSS s said to be a quadripartitioned neutrosophic soft base (or p-open base or basis) for
the quadripartitioned neutrosophic soft topology TRTNSS if for any non-empty quadripartitioned
neutrosophic soft set (é, Q) € T9PNSS there exists By € BNS such that:

(G,Q) = J{B:BeB}.

In other words, BVN55 is said to be a base for the quadripartitioned neutrosophic soft topology if
for every Ty, 1, 1y ra) € (G,€Q), there exists B € B such that:

T(ryrorsma) € B C (é, ).

Moreover, if (é, Q) € TRPNSS " then there must exist some base element B € BN satisfy-
mg: ~
r4) € B C (G, Q)

L(ry,r2,r3,

Definition 34. Let (X,797N95 Q) be a quadripartitioned neutrosophic soft topological space
over X, and let SV55 be a sub-family of TQPNSS,

SN95 s said to be a quadripartitioned neutrosophic soft sub-base (or p-open sub-base or sub-
basis) for the quadripartitioned neutrosophic soft topology T2TNSS on X if finite intersections of
the members of SV form a base for the quadripartitioned neutrosophic soft topology T@FNSS
on X.

That is, the union of the members of generates all the members of TRFPNSS  The
elements of SNV are referred to as sub-basic quadripartitioned neutrosophic soft p-open sets.

If, for any non-empty quadripartitioned neutrosophic soft set (@, Q) € TOPNSS “there exists
By C BNSS such that:

SNSS

(G,9) = {B:BeB},

then BNSS is said to be a base for the quadripartitioned neutrosophic soft topology. In other
words, BNSS is a base for the quadripartitioned neutrosophic soft topology if, for every point
T(ryrarars) € (G,Q), there exists B € BNSS such that:

x(T‘1,T‘2,T’3,T‘4) G B g (é7 Q)
Definition 35. Let (X, TQPNSS,Q) be a quadripartitioned neutrosophic soft topological space
over X.

A family B* of quadripartitioned neutrosophic soft p-open subsets of X is said to be a

quadripartitioned neutrosophic soft local base at x¢ ) in the neutrosophic soft topology on

X if (r1,r2,r3,74
if:
: 0
(i) For any B € Bxﬁrwz,rgm), we have x(, ..\ € B.
(i) For any (G,Q) € 79PNSS with y‘(g;,l ) € B C (G,Q), there exists B € Bm? :
DO ELE: 3] 71572573574
such that:

Yottt € B € (G Q).

Definition 36. Let (X, 79°N95 Q) be a quadripartitioned neutrosophic soft topological space
over X. The space X satisfies the first axiom of quadripartitioned neutrosophic soft countability
if X has a quadripartitioned neutrosophic soft countable local base at each x?n,rz,rs,m) €eX. A
quadripartitioned neutrosophic soft space X satisfying this condition is called a first quadripar-
titioned neutrosophic soft countable space.
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Definition 37. Let (X, TQPNSS,Q) be a quadripartitioned neutrosophic soft topological space
over X. The space X satisfies the second axiom of quadripartitioned neutrosophic soft count-
ability if there exists a quadripartitioned neutrosophic soft countable base for TRPNSS on X

A quadripartitioned neutrosophic soft space X satisfying this condition is called a second
quadripartitioned neutrosophic soft countable space.

A second quadripartitioned neutrosophic soft countable space is also called a quadriparti-
tioned neutrosophic soft completely separable space.

Definition 38. Let (X, TQPNSS,Q) be a quadripartitioned neutrosophic soft topological space
over X. A property PRTNSS of X is said to be hereditary if the property is possessed by every
subspace of X.

For example, quadripartitioned neutrosophic soft first countability and quadripartitioned neu-
trosophic soft second countability are hereditary properties. However, quadripartitioned neutro-
sophic soft p-closed sets and quadripartitioned neutrosophic soft p-open sets are not hereditary
properties.

Definition 39. Let (X, TQPNSS,Q) be a quadripartitioned neutrosophic soft topological space
over X. This space is said to be quadripartitioned neutrosophic soft separable if and only if X
contains a quadripartitioned neutrosophic soft countable dense subset.

That is, there exists a quadripartitioned neutrosophic soft countable subset (lzz, Q) of X such
that

(k,Q) = X.

Theorem 15. Let (X,TQPNSS,Q) be a quadripartitioned neutrosophic soft topological space
over X, and let BLTNSS be a quadripartitioned neutrosophic soft basis for T@FNSS

Then, the topology TQPNSS s given by the collection of all quadripartitioned neutrosophic
soft unions of elements of BRPNSS  that is,

FQPNSS _ {U B, | By € BOPNSS [ s an index set} .
a€el

Proof. This is easily seen from the definition of quadripartitioned neutrosophic soft basis.

Theorem 16. Let (X,797N55 Q) be a quadripartitioned neutrosophic soft topological space
over X. A sub-collection BRPNSS of TQPNSS 1S a basis for TQPNSS i and only if, for each
quadripartitioned neutrosophic soft p-open set (G,Q) € TRPNSS and for each quadripartitioned
neutrosophic soft point x?m,rz,rs,m) € (G,Q), there exists a basis element Bx?v-l,v-z,rg,u) c BRPNSS
such that

0

(r1,r2,7m3,74)

€ B, C (G,0).
(r1,m2,73,74)

Proof. Let (X,79PNSS ) be a quadripartitioned neutrosophic soft topological space,
and let BRPNSS bhe a collection of quadripartitioned neutrosophic soft p-open sets. Sup-
pose that BRPNSY forms a basis for the quadripartitioned neutrosophic soft topology 7@FNSS,
Then, for every quadripartitioned neutrosophic soft p-open set (é, Q) € T@PNSS and for ev-

ery quadripartitioned neutrosophic soft point x?ﬁ rorara) © (G, 2), there exists a basis element
B € BOPNSS guch that
(r1,72,73,74)
P .
Ly rara,rs) © By c (G, Q).

(r1,r2,73,m4)

Given that (X,79PN99 ) be a quadripartitioned neutrosophic soft topological space and
BQPNSS is a collection of quadripartitioned neutrosophic soft p-open sets. Let BRPNSS he
a base for a quadripartitioned neutrosophic soft topology 7@FN99  then by definition every
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quadripartitioned neutrosophic soft p-open set (é ,Q) is the union of some members of BEPNSS,
i.e.,
(G, =B
el
where B; € BQIND NSS foralli € I. Let x?ﬁmzmmm) be an arbitrary quadripartitioned neutrosophic
soft point of (G,€). We are to prove that there exists a quadripartitioned neutrosophic soft

basis element B, o containing x((’ ) such that
(r1,79,73,74) 71,72,73,T4

B o C(G,Q).

X
(r1,m2,m3,74)

Since ¢ e (G,Q) but (G,Q) = Uicr Bi, it follows that

(r1,m2,73,r4)
0 )
L(r1,ra,r3,74) € U Bi,
i€l

which implies that x? € B; for some i € I.

) (r1,r2,r3,74) .
Let T o rara) € B; for i = Ty v g ra)? then

! € B,o QLJ&,ieI.

(7'177'2»7'377'4) (r1,72,73,74)
Since B; C |J B; for all ¢, it implies that

$0 ) € B

(r1,m2,m3,r4

c|JBi, iel

20
(r1,r2,r3,74)

This further implies that 3
0 € Bo C (G,0),

xr
(r1r2,m3,m4) Llryro,rgra) —

where x((’ € BYPNSS,

T1,72,73,74)

Conversely, suppose for each quadripartitioned neutrosophic soft point z?

B (r1,r2,r3,74)
quadripartitioned neutrosophic soft p-open set (G,2), there exists a quadripartitioned neu-

trosophic soft set x? € BYPNSS guch that
(r1,72,73,74)

of a

z? ) € By C (G,9).

(r1,r2,73,74 .
We are to prove that BRPN9Y ig a quadripartitioned neutrosophic soft basis for the quadriparti-
tioned neutrosophic soft topology T@PNSS _ For this, we will prove that every quadripartitioned
neutrosophic soft p-open set (G, ) can be written as a union of some members of BPNSS,
Since z? Bye C (G, 9Q), it follows that

S
(T17T2,7‘3,7‘4) m(rl,r2,r3,r4)

T4) S lg 0

X b
(r1,m2,73, I(””,T&M)

and
B o C(G,Q).

T
(r1,72,73,74)

Thus, we have

U{'x?ﬁ,myﬁa,m)} c U B - U (é, Q)

. _ Tlrprargra) — . -
x(r1;T2vT3»T4)€(G’Q) x(r1,rzvr3vr4)e(G’Q)

This implies that

G,Q)C B
( ’ )_ 0 U . Tlryrorzry)
m(r1vT2vT3vT4)e(G’Q)
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and
U Bo C (G,Q).
0 5 6 (r1,m2,73,74)
x(?"l«Tz»Tsvu)E(G’ )
Therefore,
G,Q) = B, :
( ’ ) 0 U 5 Tlry,ro,ra.ry)
I(T1,T2’T37T4)€(G’Q)
Since each Bo € BRPNSS it follows that (G,Q) is the union of some members

(r1,r2,73,74)
of BRPNSS  Since (G,Q) is an arbitrary quadripartitioned neutrosophic soft p-open set, we
conclude that every quadripartitioned neutrosophic soft p-open set is the union of some members
of BQPN SS .
Thus, BYPN5S is a quadripartitioned neutrosophic soft basis for the quadripartitioned neu-
trosophic soft topology 7@FNSS,

Theorem 17. Let (X,79PN55 Q) be a quadripartitioned neutrosophic soft topological space
over X. A sub-collection BRPNSS of 1@PNSS s ¢ base for TQPNSS if and only if:

(i) Every quadripartitioned neutrosophic soft point of X is in some B € BQPNSS,

(ii) Feor By, By € BOPNSS gpg $?T17T27T37T4) € By N By, there is a B € BPNSS such that
x € BC B1NBs.

(r1,m2,73,74)

Proof. Let BRPNSS he a base for 7QPNSS,

1. Let a:‘?n rors ) be an arbitrary quadripartitioned neutrosophic soft point of X.

2. Since X is a quadripartitioned neutrosophic soft p-open set, there exists

B € BQPNSS
T

(r1,72,73:74)

such that
.’L‘a € Bxe C X.

(r1,m2,73,r4)

(r1,m2,73,74)

3. This implies that:

g 0
U{x(rl’”’mv“) | L(r1,r2,r3,m4) € X} CX.

4. Furthermore, since B e is a base element, we get:
(r1,m2,73,74)

C X.

20
(r1,72,73,74)

5. Therefore,
X = B .
0 U x?7'1»7'277'377'4)
x(r T9,T3,T. )GX
1,72,73:74
This shows that each quadripartitioned neutrosophic soft point of X belongs to some B €
BOPNSS. 2. Let By, By € BO"N%¥ and 2, € BN B
Since B; and Bj are quadripartitioned neutrosophic p-open sets, it follows that By N By is
also a quadripartitioned neutrosophic p-open set. Therefore, there exists B € BQPNSS guch
that

0 ) € BC BiN By.

T
(r1,r2,m3,74

Conversely, suppose that (1) and (2) hold. We now prove that a sub-collection BLTN9 of
TQPNSS forms a base for 7QPNSS,
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To establish this, we show that the sub-collection BYTNSS of 7QPNSS gatisfies the three
conditions of quadripartitioned neutrosophic soft topology. We proceed as follows:

- The quadripartitioned neutrosophic soft null set 0(x ), being the union of a quadri-
partitioned neutrosophic soft null collection of quadripartitioned neutrosophic soft subsets in
BQPNSS felongs to 79PNSS | - Since X is quadripartitioned neutrosophic soft p-open, for any

z! e X

(ri,r2,7m3,r4)

the condition (1) provides a

By € BOPNSS
(r1,72,73,74)
such that
0
C X.
F(rirarara) < Bx??"lw27r3,r4) cX
- This implies:
U B, C X.
(r1,72,73,74)

0
x X
(r1,7m2,73,74) €

- Since X C |J,0 cx Bae C X, it follows that:

T
(r1,72,73,74) (r1,72,73,74)

X = U B o

= .
0 (r1,72,73,74)
T X

(r.ra.rg.ma) €

This implies that

X = U Bye .
(r1,72,73,74)

0
x X
(T1W2W3W4)E

This shows that X, being the union of members of BLPNSS ig in 7QPNSS,

Next, we proceed with the second condition as follows: The union of any number of members
of TQPNSS heing the union of members of BLPNSS g in 1@PNSS,

Now, we proceed with the third condition as follows: Let

(G, D1, (G ,Q)2, (G ,Q)s3,(G ,Q)g € 7YV,
By the definition of 79PN59 we have
(G’Qh:UBTl’ (G’Q)2:UBT27 (G>Q)3:UB7"3, (G’Q)4:UB7"4

for some o,y ranging over a sub-collection of BLPNSS,
Therefore,

(G, 210 (G, 22N (G, Q3N (G, =|J(Br, N By, N By, N By,).

By condition (2), for any a:?m rarsira) € By N Bsy, there exists
B, c BOPNSS
(r1,72,73,74)
such that
B C By, N By, N By, N By,.

T
(r1,m2,73,74)

0
C U :
U{x(ﬁ,m,?‘s,m)} o Bx??"1ﬂ"2ﬂ"3n"4)

NB,

This implies that

0
T B,
(T1772,T3ﬂ“4)e “
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Since
U B C By, N B,, N B,, N B,,,

T
(r1,72,73,74)

0
T(ry,ra,ra,ry) €(BryNBryNBryNBry)

it follows that
B,, N B, N B,y N By, C U B.o C By, N By, N By, N B,,.

xX
(r1,72,m3,74)

6
x(Tl’T%TS’M)EBaﬁBW

Thus, we conclude that

Bm M Br2 N BT3 N BT4 = U ng?ﬁ r9,73,74) '

)
$(T1;T2W3»T4)€B(¥0B’Y

Substituting this value in equation (i), we obtain:

(G210 (G, 22N (G, Q3N (G, =|J(Br, N By, N By, N By,).

Since
B, NB,,NB,,NB,, = U By o
T g rg) EBr1NBryNBryNBry
we conclude that
(G, 1N (G, 02N (G, 03N (G, = U B .
(r1,m2,73:74)

0
Tlry,rg.rg.rs) €Br NBryNBrsNBry

This shows that
(G 79)1 N (G ’Q)Qm (G 79)3m (G ’9)4

is the union of members of BRPNSS which implies it is in 7@FN9S,

Similarly, we can prove that the intersection of any finite number of members of
in 7@PNSS " Since all the conditions of quadripartitioned neutrosophic soft topology are satisfied,
we conclude that 7@PNSS is a quadripartitioned neutrosophic soft topology on X.

Consequently, BRPNSS ig a quadripartitioned neutrosophic soft base for 7@FNS9,

BQPNSS is

Theorem 18. Let (X, TQPNSS,Q) be a quadripartitioned neutrosophic soft topological space

over X. A quadripartitioned neutrosophic soft point :1:?7,1 rorara) in a quadripartitioned neutro-

sophic soft topological space is a quadripartitioned neutrosophic soft limit point of (F, Q) CX
if and only if every member of any quadripartitioned neutrosophic soft local base BI? :
T1,72:73,74

0

at ¢ .
(r1,r2,73,74)

(r1,r2,7m3,74

Proof.
Let (X,79PNS5 Q) be a quadripartitioned neutrosophic soft topological space over X, and
let (F,Q) C X. Let 2 € X be a quadripartitioned neutrosophic soft limit point of

(r1,m2,73,r4)

(F,Q). Let Bo be a local base at z? . We need to prove that:

(r1,r2.r3,74) (r1,r2,73,74)

(B —a? )N(EF,Q)#0 VB € B,

— X
r1,72,73,T
(r1,r2,73,74) (r1,ra,r3,74)

) contains a point of (F,Q) different from x

Since x? is a quadripartitioned neutrosophic soft limit point of (F, ), we have:

T1,72,73,74)

(G,Q) — ! YN(F,Q)#0 Y(G,Q) e 79PN,

(r1,m2,73,r4)

By the definition of a quadripartitioned neutrosophic soft local base, we know that:
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(G,9) € B,o — (G,Q) € TOPNSS,

(r1,72,73,74)

Thus, since z? e (G, Q), it follows that:

(r1,m2,73,r4)

(G,Q) =2, s N(F, Q) £ 0.

Since B o consists of members of 79PN we conclude:
(r1,72,73,74)
0 .
(B — x(n,rz,ra,m)) N(F,Q) #0 VBe Bx?” s’

Conversely, suppose that for some quadripartitioned neutrosophic soft topology 7@FN55 on
X, we have:

0 .
(B — x(m,rz,rg,m)) N(F,Q) #£0 VBEe B"B?rl )’
Let (G,Q) € 79PNSS be an arbitrary set such that a:?n rorars) € (G,9Q). By the definition
of a quadripartitioned neutrosophic soft local base, there exists B € B _o such that:

(r1,m2,73,74)
B C (G,Q).

Consequently, we have:

(G Q) = 2y, g ry) N (F,Q) # 0.

Thus, x?ﬁ rorsra) is a quadripartitioned neutrosophic soft limit point of (F’, Q), completing

the proof.

Theorem 19. Let TlQPNSS and 7'2QPNSS be two quadripartitioned neutrosophic soft topologies
over X generated by the quadripartitioned neutrosophic soft bases BlQPNSS and BSQPNSS, re-
spectively. Then TlQpNSS - TQQPNSS if and only if for each ¢ ) € QPNSS(X,Q) and

(ri,r2,m3,74

for each (Bl,QE € B?PN:gS containing x?n,rz,rs,m)’ there exists (Ba, ) € B;QPNSS such that
9 S (BQ,Q) - (Bl,Q)

L(r1,ra,r3,ma)

Proof. Suppose that TlQpNSS - TQQPNSS

B?PNSS such that .CC?

r1,72,

and x?ﬁﬂ‘%r&m) € QPNSS(X,Q% (B1,Q) S

rara) € (Bl, ). Since B?PNSS is a quadripartitioned neutrosophic

soft basis for quadripartitioned neutrosophic soft topology TlQpNSS over X, then B?PNSS -

7_1QPNSS.

Thus, z? € (B1,Q) € BQQPNSS C TlQPNSS, ie., xf

. QPNSS
(r1,r2,r3,r4) (r1,rarsra) © (B1,Q) € 1, .
QPNSS

Since B;QPNSS is a quadripartitioned neutrosophic soft basis for 7, , there exists (B’g, Q) €
BQQPNSS such that a;? € (By,Q) C (B1,9Q).

T1,72,73,74)
Conversely, assume that the hypothesis holds. Let (F,Q) € TlQPNSS. Since BlQPNSS is
a quadripartitioned neutrosophic soft basis for quadripartitioned neutrosophic soft topology

TIQPNSS, then for ¥ e (F,Q), there exists (Bl, Q) e B?PNSS such that z?

: N (r1,r2,73,74) (r1,72,73,74)
(B1,Q) C (F,Q). ) ) . )
By hypothesis, there exists (B, ) € BSQPNSS such that (B2,) C (B;1,) C (F,Q). This

implies (By, Q) C (F,Q), which means (F,Q) € TZQPNSS. Thus, we conclude that TlQpNSS C

7_2QPNSS‘

Theorem 20. Let (X,TQPNSS,E) be a quadripartitioned neutrosophic soft topological space
over (F,Q),(K,Q) € QPNSS(X,Q).
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(i) If BRPNSS s o quadripartitioned neutrosophic soft base for T9PNSS | then
B(F, E)9"N5% = {(B,Q)n (F,Q) : (B,Q) € BN}

is a quadripartitioned neutrosophic soft base for the quadripartitioned neutrosophic soft

QPNSS
sub-topology TF.B)

(i) If (G,9Q) is a quadripartitioned neutrosophic soft p-closed set in T@PNSS ond (F,Q) is a

(F,E)
quadripartitioned neutrosophic soft p-closed set in Tg:Pé\;SS then (F, Q) is a quadriparti-
tioned neutrosophic soft p-closed set in T&Pgss
(iii) Let (F,Q) C (K,Q). If (G,Q) € 79PNS5 then (G, Q) N (F,Q) is the quadripartitioned

' , ) QPNSS
neutrosophic soft closure in (X(F,E) T(F E) $2).

Proof. 1. Since BYPNSS ig o quadripartitioned neutrosophic soft base for 7@FPNSS  for
arbitrary (U, Q) € 79PN95 we have:

(U,Q) = U (B,9).

(B’Q)eBQPNSS
Thus,
vonE9=|J BYnEQ.
(B’Q)eBQPNSS

Since (U, Q)N (F,Q) € T%Pgss, it follows that

U (BonEQ) e ™
(B’Q)eBQPNSS ’

Since an arbitrary member of T%Pé\;ss can be expressed as the union of members of B(QFPIJEV)S 5.
it follows that nggss is a quadripartitioned neutrosophic soft base for T(%Pgs s

2. We first show that if (G, Q) is a quadripartitioned neutrosophic soft p-closed set in

(%Pé\;ss then there exists a p-closed set (V,Q) C (K,Q) i.e., (V,Q) ¢ 79PNSS such that

(G,Q) = (V,Q)n(F,Q).

Let (G,Q) be p-closed in T@PNSS - Then (Gi, Q)¢ is a quadripartitioned neutrosophic soft

(F.E)
p-open set in T&Pgss e., (GZ, Q)¢ can be written as

(G, Q)¢ = (U,Q) N (F,Q),

where (U, Q) € 7QPNSS,
Thus, } 3 3 3 3
(G, Q)°)° = (F,Qn (U, N (F,Q)° = (U,2)°N(F,Q).

Here, (U, Q)¢ is p-closed in 7@PNS5 So it acts as (V,Q) C ( ,§2). Conversely, suppose
that 3 ) .
(G, Q) = (V, Q)N (F,Q),

where (F,Q) C (K,Q) and (V,Q) is p-closed in T&P]]EV)SS. Clearly, (V,Q)¢ € 7@PNSS 5o that

(V,Q)° N (F,Q) e 1OPNSS (R B).



A. Shihadeh et al. / Eur. J. Pure Appl. Math, 18 (2) (2025), 5839 44 of 54

Now,
(V. )N (F,9Q) = ((K,Q)\ (V,92) N (F,Q)

= (K, Q) n (F, )\ (V,Q)n (F,Q)) = (F,2)\ (G,9).
This implies that (F )\ (@, Q) is a quadripartitioned neutrosophic soft set in (F ,Q), ie

(G,9) is a neutrosophic soft p-closed set in T&ngs

((Gi,9Q) | (Gi,Q) is closed and (Gy, Q) 2 (G, Q)}

is the quadripartitioned neutrosophic soft closure of (G, Q) and so (G, Q) is a quadripartitioned
neutrosophic soft p-closed set. Now,

(G, N (F,Q) = [{(Gi, ) | (Gi,Q) is closed and (G;,9) 2 (G, Q)} N (F, Q)

=[G, )N (F, Q).

Since each (Gj, Q) is p-closed, then each (G;, Q) N (F, Q) is p-closed in TngSS Now,

(G,Q) C(G;,Q) and (G,Q) C (F,Q).

So,
(G, Q)N (F,Q) C (G, Q)N (F,Q) = (G,Q) C (G, Q)N (F,Q)
Therefore,
(G, )N = (G, DN(F, Q) | (Gi, QN(F, Q) is p-closed and (G, QN(F, Q) 2 (Gs, Q)}.

Thus, (G,Q) N (F,Q) is a quadripartitioned neutrosophic soft closure of (G, Q) in T(C%Pé\;SS

Theorem 21. Let (X(F, E),79PNSS Q) be a quadripartitioned neutrosophic soft subspace of
a quadripartitioned neutrosophic soft topological space (X, 79PN E) over X. If (F, Q) is
a quadripartitioned neutrosophic soft p-open set in (X,7QPN9S E) if and only if (F1,Q) is a
quadripartitioned neutrosophic soft p-open set in (X, T@PNSS, Q).

Proof. Suppose that (F , Q) is a quadripartitioned neutrosophic soft p-open set in (X, 7QPNSS |
such that a quadripartitioned neutrosophic soft subset (Fj,Q2) of (F,Q) is a p-open set in

QPNSS
(X(F E)’ ( E) Q)

Then (F1,Q) € 7'(%]73;\;55 and so (F1,Q) = (U,Q) N (F,Q) for some (U, Q) € 1@PNSS,

But (F1,Q) is a quadripartitioned neutrosophic soft p-open set in (X, 79PN55 E) as (U, Q)
and (F ,§2) are both quadripartitioned neutrosophic soft p-open sets in (X, TQPNSS, E).

Conversely, assume that (F 1,€) is a quadripartitioned neutrosophic soft p-open set in
(X, 7@PNSS | B when (F, Q) is a quadripartitioned neutrosophic soft p-open set in (X, 7QPN95 E)
and (F1,Q) C (F,Q).

Then (151, Q) € T9PNSS But (Fl, Q)ﬂ(ﬁ, Q) = (F1, ), and so (Fl, Q) is a quadripartitioned
neutrosophic soft set in (X, 7@V ).

Therefore, the first part is proved.
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Theorem 22. Let (X(f( B TQPNSS O be a quadripartitioned neutrosophic soft subspace of a

quadripartitioned neutrosophic soft topological space (X, 79PN E) over X.
If (K,Q) is a quadripartitioned neutrosophic soft p-closed set in (X, TOPNSS B then a
quadripartitioned neutrosophic soft set (K1,Q) C (K,Q) is a quadripartitioned neutrosophic
. QPNSS
soft p-closed set in (X(K,E)’ T&.B) , Q)

if and only if (K1, Q) is a quadripartitioned neutrosophic soft p-closed set in (X, 79PNSS ).

Proof. Suppose that (I? ,2) is a quadripartitioned neutrosophic soft p-closed set in (X, 7QPNSS R
such that a quadripartitioned neutrosophic soft subset (K7, ) or (K, ) is a quadripartitioned

. . QPNSS
neutrosophic soft p-closed set in (X (RE) T(kE) )

Since (K7, ) is p-closed in (X(f( B) T(Ci?PEN)SSv Q), it follows that
(}§T17 f)) = ({}} {2) a (]2?,())

for some (V,Q), which is a quadripartitioned neutrosophic soft p-closed set in (X, 79PNSS ).

But (K1, ) is also a quadripartitioned neutrosophic soft p-closed set in (X, 79PN55 E) be-
cause both (f/, Q) and (K' ,Q) are quadripartitioned neutrosophic soft p-closed sets in (X, 79PNSS E),

Conversely, assume that (F 1,Q) is a quadripartitioned neutrosophic soft p-open set in
(X, 7@PNSS B where (K, Q) is a quadripartitioned neutrosophic soft p-closed set in (X, 7@FNS5 | )
and (K1,Q) C (K, Q).

Then

(K1, Q)N (K, Q) = (K1,Q)

which implies that (f( 1, ) is a quadripartitioned neutrosophic soft p-closed set in (X( R.B): T(%Pg) Ss Q)
Hence, the first part is proved. 7

Theorem 23. Fvery quadripartitioned neutrosophic soft second countable space is always quadri-
partitioned Neutrosophic soft first countable space.

Proof. Let (X, 79PN95 Q) be a quadripartitioned neutrosophic soft topological space over
X which satisfies the second axiom of quadripartitioned neutrosophic soft countability. That
is, (X,7@PNS5 Q) is quadripartitioned neutrosophic soft second countable. To prove that
(X, 79PNSS Q) is quadripartitioned neutrosophic soft first countable, we proceed as follows.
By hypothesis, there exists a quadripartitioned neutrosophic soft countable base BLPNSS for
the quadripartitioned neutrosophic soft topology 79PN on X. The countability of BRPNSS
implies that BYPNSS can be expressed as

BOPNSS — (B, :n eN}.

2] .
Let Ty rorgira) © X be arbitrary. Define the set
PNSS . 0
Lo ={B, € B¢ L rrara) € Bnt-
(r1,m2,73,74)
(i) Since Lx? : is a quadripartitioned neutrosophic soft subset of the countable set
T1,72,73,74
BYRPNSS it follows that Lz? : is also countable.
T1,72,73,74
(ii) Since members of BPNSS are 1@PNSS_gpen sets, the members of Lx? , are also
T1,72,73,T4
contained in Tgpnss, i.€.,
L. o C TQPNSS.

T =
(r1,72,73,74)

(iii) Any (G,Q) € Lo

T
(r1,72,73,74)

implies that z? € (G, Q).

(r1,m2,73,74)
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(iv) Let (G,Q) € 7@PNSS be arbitrary such that :c(rl rorsra) € € (G,Q). Then, by the definition
of a quadripartitioned neutrosophic soft base, there exists some B, € Bgpnss such that

p -
L) rorgra) € Br (G, Q).
Since B, € BOPNSS and contains 2 it follows that B, € L_e
(r1,r2,73,74)” Tlry rorgory)
Thus, Lo forms a quadripartitioned neutrosophic soft countable local base at

Eryrg.rg.mg)
x?ﬁ rorara) © X. Hence, by definition, (X,79PN59 Q) is quadripartitioned neutrosophic soft
first countable.

Theorem 24. Let (X,TQPNSS,Q) be a quadripartitioned neutrosophic soft topological space
over X such that it is quadripartitioned neutrosophic soft first countable, and let (Y, JOPN55 Q)
be a quadripartitioned neutrosophic soft subspace of (X,7@PNSS Q). Then (Y, JOPN Q) is
quadripartitioned neutrosophic soft first countable.

Proof. Let y(r ahah ) € Y be arbitrary, then y(r, vty € Y as Y C X. Since X is quadri-
3 3
partitioned neutrosophlc soft first countable it guarantees that there exists a quadripartitioned

neutrosophic soft countable local base at :c(rl rorara) © X and hence, in particular, there exists

a quadripartitioned neutrosophic soft countable local base BLTNSS at y(T Pty
1072273274

Members of BPNSS can be enumerated as By, Bo, Bs, By, Bs, . . ., that is,
BOFPNSS — (B :neN}.

Evidently, y € X. Since y(e;, vttty € B, for all n € N, we write
1272

(7"1 TT3TY) T3y

Bi={YnB,:nev/N} (1)

Since y?;,l €Y and y( ) € B, for all n € N, it follows that

! ! !
T5T5,TY) TSy

0,/ R GBn foralln € N (2)

y(r177'277'377'4)

Since B,, € BYPNSS for all n € N, we have B, € 79PNS5 which implies that

Y NB, € JYNSS,

Theorem 25. Let (X,TQPNSS,Q) be a quadripartitioned neutrosophic soft topological space
over X such that it is quadripartitioned neutrosophic soft second countable, and let (Y, JOTNSS Q)
be a quadripartitioned neutrosophic soft subspace of (X,79TNSS Q). Then (Y, TN Q) is
quadripartitioned neutrosophic soft second countable.

Proof. Let (Y, 79PNS5 Q) be a quadripartitioned neutrosophic soft subspace of (X, 7@FN95 ),
a quadripartitioned neutrosophic soft topological space over X which is quadripartitioned neu-
trosophic soft second countable. This implies that there exists a quadripartitioned neutrosophic
soft countable base BRPNSS for rQPNSS If we prove that (Y, 72PN95 Q) is quadripartitioned
neutrosophic soft countable, the result will automatically follow.

Since BRPNSY is quadripartitioned neutrosophic soft countable, it follows that
N, which implies that BLPNSS can be expressed as

BQPNSS ~

BOPNSS — (B :n e N}.

Define
Bi={YnNB,:neN} (i.
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Evidently, By ~ N under the quadripartitioned neutrosophic soft map Y N B,, — n. Therefore,
B is quadripartitioned neutrosophic soft countable.

(ii) B is a quadripartitioned neutrosophic soft family of all -quadripartitioned
neutrosophic soft p-open sets. Since B, € BQPNSS implies B, € 79FPNS5 it follows that
B C 79PNSS implying that Y N B,, € JOPNSS,

(iii) For any y?;, o € (G,Q) € JOPNSS there exists B,NY € By such that 3’

N 172
B, NnY C (G,Q).
To prove this, let (G,Q) € JPNSS such that y(r vl )
PNSS . 3, !
(]9'1/7, Q) € 79 ’ such that (G,Q) = (H,Q) NY. Since y(rprﬂéw
Yirt gy € (G 8D)-

By the definition of the quadripartitioned neutrosophic soft base, any y?; ) € Y be-

longing to JQPNSS implies that there exists B, € BLPN99 such that y( Lt € B, C (H Q).

T 7‘2 7"3 '
From the above, it follows that Bj is a quadripartitioned neutrosophlc soft countable base for
the quadripartitioned neutrosophic soft topology J9V9% on Y. Consequently, (Y, 79PN Q)

is quadripartitioned neutrosophic soft second countable.

JQPNSS

S
7T:l37r£1) (Tl 7T27T37T4)

€ (G,9Q). Then there exists
€ ([:I,Q) NY, we have

Theorem 26. Let (X, TQPNSS,Q) be a quadripartitioned neutrosophic soft topological space
over X such that it is a quadripartitioned neutrosophic soft second countable space. Then it
also has the characteristics of another quadripartitioned neutrosophic soft space known as a
quadripartitioned neutrosophic soft separable space. Interestingly, the converse is not always
true.

Proof. Let (X, T@PNSS ) be a quadripartitioned neutrosophic soft topological space over
X such that it is a quadripartitioned neutrosophic soft second countable space. Since X is
a quadripartitioned neutrosophic soft second countable space, there exists a quadripartitioned
neutrosophic soft countable base Bgopngs for the quadripartitioned neutrosophic soft topology
ToPNss- Members of BYPNSS may be enumerated as By, Bg, Bs, By, ...

Choose any quadripartitioned neutrosophic soft point x(rl rorara) from each B; and take %)
as a collection of all these quadripartitioned neutrosophic soft points:

D = {al, py iy | Vi € N}, (1)

That is to say,
T(y rorans) € Bi € BYTNS Wi e N, (2)

(Tl T2,

Evidently, N ~ 9) under the quadripartitioned neutrosophic soft map i — x( therefore
) is enumerable. Clearly, ) C X.

We claim that ) = X. Suppose not. Then X —92) # 0:

X -9 #£0. (3)
Let yz:,l 1oty € X — 9 be arbitrary. Since ) is quadripartitioned neutrosophic soft p-closed,

T35y

T1,72,73,74)’

X —9) is quadripartitioned neutrosophic soft p-open. That is,
€ X —9 ¢ 7OPNSS, (4)

0/
i rgrtry)
By the definition of the quadripartitioned neutrosophic soft base, there exists By, € BQPNSS
such that

0/

CX-9. (5)

Y(rt !,

But x? € 9 according to (1) and (2), contradicting (4). Thus, our assumption

r1,12,73 ,T4)n0

X - @ # () was incorrect. Consequently,
X-9=0=X=9. (6)
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Thus, we have proved that there exists ) C X such that X = 9) and 9) is quadripartitioned neu-
trosophic soft enumerable. By definition, this proves that X is quadripartitioned neutrosophic
soft separable. Let us now discuss the converse. Suppose X be an infinite quadripartitioned
neutrosophic soft set. Let 7@FPN95 be a family consisting of O(x,0) and all those quadriparti-
tioned neutrosophic soft subsets ) of X such that 2)¢ is quadripartitioned neutrosophic soft
finite. Then 79PN55 is a quadripartitioned neutrosophic soft topology.

We claim that 7QPNSS i quadripartitioned neutrosophic soft separable. Since X is an infi-
nite quadripartitioned neutrosophic soft set, there exists ) C X such that g) is quadripartitioned
neutrosophic soft enumerable.

To prove that X = ), we note that 2) C X, and hence all the quadripartitioned neutrosophic
soft closure points of 2) will reside in X, which implies that ) C X.

If (C~¥, Q) € 7OPNSS then (é, Q)¢ is quadripartitioned neutrosophic soft p-closed. Thus,
(G,Q) € 79PNSS implies that (G, Q)¢ is quadripartitioned neutrosophic soft finite and quadri-
partitioned neutrosophic soft p-closed. This means that all the quadripartitioned neutrosophic
soft p-closed subsets of X are finite quadripartitioned neutrosophic subsets of X and X itself.

Thus, the only infinite quadripartitioned neutrosophic soft p-closed subset of X is X, which
contains 2). Therefore, X = ). Since ) is the smallest quadripartitioned neutrosophic soft
p-closed set containing ) and X is the only such set, we conclude that:

X =9

To prove that (X, 7@7N99 Q) is not quadripartitioned neutrosophic soft second countable,
suppose the contrary. Then X is quadripartitioned neutrosophic soft second countable, so
there exists a quadripartitioned neutrosophic soft countable base BTN for the quadripar-
titioned neutrosophic soft topology on X. The members of BLPNSS may be enumerated as
By,B5,B3,By,....

0
Let L(r1,ra,r3,m4)

€ X be arbitrary but fixed. Define:

BSQPNSS _ {Br € BQPNSS | xO ) c B'r} (1)

(ri,r2,m3,74

Y =B | B, € B} (2)

From (2), it is clear that 2? is common in all the members of B,

QPNSS
(r1,r2,73,74) 0

and hence:

0
L(ry,ra,rs,74) €.
We claim that:

Q.’) = {x?rl,rg,rg,,nl)} (3)
Let y‘(y ) € X be arbitrary such that:

Tyl
6 4
xT .
(risrirara) 7 Yl rhortrd)
6
(ri,r2,m3,74
,ie.,

Since {z
+QPNSS

)} is a quadripartitioned neutrosophic soft finite set, its complement is in

0 ¢ - _QPNSS
{x(rl,rz,m,m)} €T :

Clearly, y(e;, NETRTANS {x?m rours r4)}c' By the definition of the quadripartitioned neutro-
127273274 ) ) )
sophic soft base, there exists B € BYPNSS gych that:

()

0’ 0 c

C .

Yortrgrtr) € By ST}
rl,r2,r3,r4)
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This implies that:
o’ QPNSS
Y ettty & Bo :
From (2), this means:

/

0
Yyt & D-
Thus, we have shown that:

! 0/
i) € X Y £

7]
Yy ry ot

This proves (3), and consequently:

)¢ is quadripartitioned neutrosophic soft countable. (4)

Since X is quadripartitioned neutrosophic soft uncountable and ) is a quadripartitioned
neutrosophic soft singleton set, we get:

V=X —({B. | B. € BE"™V}y = J{B¢ | B, € B§™V*5} (5).
Since B, € BSQPNSS, it follows that B, € BRPNSS go.
Bg)PNSS C BQPNSS C 7_QPNSS_

Thus, B, € 79PN implies that B¢ is a quadripartitioned neutrosophic soft finite set. Being
a quadripartitioned neutrosophic soft countable union of finite quadripartitioned neutrosophic
soft sets, | J{B¢ | B, € Bé? PNSSY is quadripartitioned neutrosophic soft countable, which means:

¢ is quadripartitioned neutrosophic soft countable, in accordance with (5).

This contradicts (4). Hence, our supposition was wrong, and we conclude that:

(X, 79PN95 Q) is not quadripartitioned neutrosophic soft second countable.

10. Advantages of Quadri-Partitioned Neutrosophic Set Theory

(i) More Complex and Comprehensive Framework: By adding a fourth partition,
QPNST provides a more detailed structure for handling sets, capturing more possibilities
and allowing for a more comprehensive exploration of complex systems. This expanded
framework is particularly useful in situations where traditional fuzzy logic or intuitionistic
sets may fall short.

(ii) Improved Mathematical Tools: The introduction of Quadri-Partitioned Neutrosophic
Riemann Integral Theory (QPNRIT) offers new insights into the Riemann integral, an
essential concept in analysis. By extending the theory into the QPNST context, this
work opens new avenues for the study of integration and its properties under uncertainty,
helping to reveal behaviors and characteristics not previously observable.

(iii) Level Cut (Four-Tuple Representation): The definition of the level cut as a four-
tuple (i,j,,[) captures the multiple possibilities inherent in QPNST. This enables more
precise modeling and analysis, reflecting the different dimensions of truth, indeterminacy,
and falsity in set membership more clearly. This richer structure supports more accurate
decision-making and problem-solving in uncertain contexts.
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(iv) Numerical Study and Practical Insights: The numerical study conducted within the
QPNST framework provides a concrete understanding of the behavior of the Riemann
integral in this extended context. Organizing the findings in tabular form makes it easier
for researchers and practitioners to grasp the implications and applications of the new
theory.

11. Limitations of Quadri-Partitioned Neutrosophic Set Theory

(i) Increased Complexity: While the added complexity of QPNST allows for more detailed
and accurate representations of uncertainty, it also makes the theory more challenging to
apply. Researchers may find it difficult to work with the four-part structure, especially in
cases where the additional partitions add little value in practical applications.

(ii) Computational Challenges: With the introduction of additional partitions and the
need to calculate more complex level cuts, the computational effort required to implement
QPNST and QPNRIT could be significantly higher. This might limit its use in large-scale
or real-time applications where computational efficiency is critical.

(iii) Interpretation and Practical Implementation: The four-dimensional nature of the
model may pose interpretative challenges. While it provides a richer model for uncer-
tainty, translating the abstract concepts into real-world decision-making processes can be
difficult. Practitioners may struggle to interpret the results or apply the theory in prac-
tical situations, especially in industries not traditionally familiar with higher-order logic
Systems.

(iv) Limited Existing Tools and Resources: The extension of Riemann integral theory
into the QPNST context is a relatively new development, and as such, there may be
limited resources, tools, and research available to fully support its application. This could
slow down its adoption and the development of practical applications based on QPNRIT.

(v) Need for Further Theoretical Validation: Although the framework holds promise,
the full range of theoretical properties of QPNST and QPNRIT needs to be further ex-
plored. Many questions regarding the consistency, stability, and broader applicability of
these theories remain unanswered, requiring further research and validation.

12. Conclusion and Future Work

Finally, by adding a third option for set representation, Neutrosophic Set Theory (NST)
expands on Intuitionistic Fuzzy Set Theory (IFST) and improves the theory’s ability to han-
dle uncertainty. By introducing Quadri-Partitioned Neutrosophic Set Theory (QPNST), which
adds a fourth alternative and offers a more complex and all-encompassing framework for set
representation, this work significantly develops NST. Within this framework, we define the
Riemann Integral Theory (RIT), opening new avenues for exploring the properties and charac-
teristics of the Riemann integral in an extended context. A central concept in this work is the
level cut, defined as a four-tuple (i,j, €, [), which captures the multiple possibilities inherent in
QPNST. Furthermore, we conduct a numerical study of the Quadri-Partitioned Neutrosophic
Riemann Integral Theory (QPNRIT) and provide the findings in an organized tabular man-
ner. This numerical study enhances our comprehension of the integral’s behavior within the
QPNST framework and offers insightful information about its characteristics. This study ex-
plores quadripartitioned neutrosophic soft topological spaces, extending neutrosophic set theory
(NST), which incorporates three membership values: true, false, and indeterminacy. The study
introduces new concepts such as QPNS semi-open, QPNS pre-open, and QPNS *; open sets, and
builds on these to define QPNS closure, exterior, boundary, and interior. A key development is
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the definition of a quadripartitioned neutrosophic soft base, which plays a central role in these
topological structures. The paper also explores the concept of a quadripartitioned neutrosophic
soft sub-base and discusses local bases, as well as the first- and second-countability axioms. The
study further examines hereditary properties of these spaces, distinguishing between inherited
and non-inherited properties. Key results include that a quadripartitioned neutrosophic soft
subspace of a first-countable space is also first-countable, and a second countable subspace of
a second-countable space remains second-countable. It also highlights the relationship between
second countability and separability in these spaces, asserting that a second-countable quadri-
partitioned neutrosophic soft space is separable, though the converse is not always true. This
work lays the foundation for further research in neutrosophic soft topologies. With the possibil-
ity of incorporating it into other sophisticated theoretical frameworks, future studies will seek to
broaden the use of Quadri-Partitioned Neutrosophic Set Theory (QPNST) in a variety of math-
ematical fields. Investigating a generalized Riemann Integral Theory (RIT) employing QPNST
in more intricate contexts, like multi-dimensional spaces and dynamic systems, is one exciting
avenue. In order to increase computational accuracy and efficiency, more effort will be done to
enhance numerical methods for computing Quadri-Partitioned Neutrosophic Riemann Integrals
(QPNRIT). The creation of decision-making models that incorporate QPNST will be another
crucial topic. These models could provide more reliable frameworks for dealing with uncertainty
in real-world applications including artificial intelligence, engineering, and economics. Further-
more, it is crucial to conduct additional research on the theoretical characteristics of QPNST,
such as its algebraic and topological features. These studies could provide deeper insights into
the behavior of neutrosophic sets in various contexts, enriching the overall understanding of this
extended theory.
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