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1. Introduction

A field of calculus known as quantum calculus, or g-calculus, was founded by Jack-
son [1] to replace the conventional derivative with a difference operator. The quantum
theory of calculus and symmetric calculus has been applied in various fields of science
including number theory [2], orthogonal polynomials [3], geometric function theory [4,5],
differential subordination [6], Daehee polynomials [7], zeta type functions [8], Bessel
functions [9], univalent functions [5], fractional calculus [10-12] and generalized special
functions [13]. In addition, the quantum theory of calculus connects, among other mathe-
matical fields, mathematics and physics and draw the interest of numerous researchers from
the literature [9,14,15]. Consequently, numerous advances in the area of g-hypergeometric
functions and polynomials in the field of partitions and integral transforms have been
accomplished by the relevant theory [16-19]. Moreover, the domains of vector spaces, par-
ticle physics, Lie theory, nonlinear electric circuit theory and heat conductions employ the
g-hypergeometric functions as an illustration of their respective subjects (see, e.g., [20,21]
and references therein). The g-derivative of a function ¢, for 0 < g < 1, is defined by [1]

(Dyg)(t) = 4’(2 :;”)(f),r #0. (1)

The complex number T € C, the natural number j € N and the factorial of the natural
number have g-analogues provided by [2]
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(ly = T Uy = T and [yt = (i = 1, Rt and 0l =1, @)

respectively. Conversely, the shifted factorials have obtained g-analogues specified as [2]
j-1 ,
(ti9); = [1(1-77"), (T:9)o = 1and (v;q), = lim; o (T39);. 3)
i=0

The two methods for defining the g-analogues of the exponential function of a real number
are introduced in terms of (2) and (3) as [22]

® -1 Tl
E(0)=Y0"7 o = (1)) TER, @)
]’:0 [ ]q'
and .
Sl ) 1 _
(@)=Y o= ot < gl ®)

On the other hand, the definite and improper integrals are, respectively, assigned g-
analogues given as [2]

[Meder = a-a) T v(d7)e (6)

0 i>0

and

/Omllﬂ(v)dw = (-9 L a'w(q). 7)

icZ
On the basis of the g-exponential functions (4) and (5), the gamma function has two
g-analogues defined as

1
1—

Iy(6) = /0 Y E (91— q)y)dgy (8)
and e
T (6) = k(w; ) /OMH’) Y ey (—(1—q)7)dg, 9)
where ‘ '
k(w; 5) _ w(5—1 (_q/w'q)oo(_w' q)oo (10)

(=a°/w;q) o (~2g' %),
However, we turn to [9,15,23] and the sources given therein for definitions and preliminary
information about differentiation and integration by parts.

In this paper, Sections 1 and 2 go over the foundations of the g-calculus theory and
the abstract structure of Boehmians. Certain g-convolution products are presented and
g-convolution theorems are established in Section 3. The g-delta sequences are derived in
Section 4 in order to examine many important assumptions for creating the spaces I and B
of g-generalized functions. An inversion formula and other generic properties along with a
specific extension of §; ; are derived in Section 5.

2. The Class of Boehmian Spaces
Assume that S forms a subspace of a linear space L. Then, for any pair of elements
fel(L, i) and w; € (S, 1), the products { and t are assigned such that

(l) wi,wy €S = witwy € S, witwy = wrtws. (11)
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(ii) 0 € L, wy, wy € S = (9 i w1> L, =04 (witws). (12)

(iii)01,0, € L,wy € S, € R = (8; +02) % w1 = 01 % wy + 6 4 wl,r(()l iw1> = (10)) % w1 (13)

Let A(0,) be a family of sequences contained in S. Then, if A(0,c00) meets the two
characteristics Ay and Ay, it is considered a family of delta sequences (approximating
identities) provided that

A1 :For6y,0, € L,(6,) € Aand 6, i&n =0, ] 0y, wehave 6; = 0,,Vn € N. (14)

Ay ¢ (wn), (8n) € A = (wntdy) € A. (15)

If A= {(6x), (wn), (6n) € L, (wn) € A, Vn € N}, then ((6,,), (wy)) is a pair of quotients of
sequences in A iff
q

On * wm = Oy iwn,
for all natural numbers n and m. The pairs ((6,), (wn)) and ((gn), (6x)) satisfying (11)-(15)
are equivalent pairs of quotients according to the notation ~ iff

q q
On * 6m = Qm * Wy,

for all natural numbers 1 and m. In this regard, ~ forms an equivalent relation on the set A
and therefore 60,/ w;, constitutes an equivalence class called the Boehmian. The resulting
space of such Boehmians is denoted by B.

In order to obtain the comprehensive narrative of Boehmians, please consult [12,24-27].

3. g-Convolution Theorem

In the framework of g-calculus, the current part presents convolution theorems and
suggests new g-analogues of the g-gamma integral operator.

Let 6 € [0,00) and k € N. Then, the gamma integral operator is defined for a function
@ under specific exponential growth conditions as follows [28]:

(G8)(6) = L /'°° 6(t)tc e dr (16)
SkT (k) Jo

when the integral converges. The g-analogue is assigned to the gamma operator G in a
context of quantum calculus theory in the form [29]

K e gk
Grq(6;0) = (S"D.,(lc)/o 8(7)T" e (ZT)dqt (17)

Hereafter, to enable further inspection that differs from that given in (16) and (17), we
provide g-analogues for the the assigned gamma integral transform as follows.

Definition 1. Let 0 be a function of certain exponential growth conditions. Then, we define the
first-kind g-analogue of the gamma integral transform in terms of the q-analogue (4) and the
g-gamma function (8) in the form

k¥ 00 k
8kq(0;0) = (1—‘7)5qu(k)/0 9(T)Tk_lEq<q§T>qu/ (18)
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where 6 € [0,00). Instead, for § € [0, 00), we present a second-type g-analogue for the gamma
integral transform in terms of the q-analogue (5) and the g-gamma function (8) as

k¥ o0 —qk
8kq(6;6) = (1_‘7>5qu(k>/0 9(T)Tk_1eq<?5T>qu~ (19)

Indeed, the operators g , and gy, are positive and linear, and satisfy the relations gy ,
and g, — Grasqg — 1.

In [6], Gréchenig and Zimmermann established a Schwartz space of slow growth test
functions and proved an analogue of Hardy’s theorem. Hereafter, we study our obtained g-
analogues on certain new function spaces of generalized functions. Therefore, by following
[30], we introduce the following definitions.

Definition 2. By D;(0, o), we indicate those functions of compact supports on (0, c0) such that
for k € N the following holds:

D, (0, 00) = {9: sup ’DSG((’,‘)‘ <oo}. (20)
0<g<oo
Definition 3. By S;(0, o), we indicate the space of those g-differentiable functions 0 such that
sup |&*DEO(E) ’ < oo 1)
0<¢<o0

for real numbers a, B € R.

It is clear that D,(0,00) C S;(0,c0) and, hence, in the duality sense, S;(O,oo) C
D;(O,oo), where S;(O, o0) is the space of g-tempered (slow growth) distributions while

D;(O, o) rePresents the space of g-distributions of compact supports; we refer to [9] for
further details.
For seeking concrete analysis, we introduce the following definitions.

Definition 4. Denote by L the g-convolution product between the functions 6, and 0, provided the
integral equation

£:5,(0,00) x Dy(0,00) — S,(0,00)
q Y -1 -1
(91 1 92> (€) = / ACEON 22)
0
exists for € € (0,00) and 61,60, € 54(0,0).

We are now going to provide certain specific g-convolution product that aligns with

. . 9
the previous g-convolution x*.

Definition 5. Let 6 € S;(0,00) and 6, € D;(0, o). Then, we define a q-convolution product t
between 0, and 0, as
t:54(0,00) X Dg(0,00) — 54(0,00)

(6116,)(€) = /Ooo 1o, (%)GZ(t)dqt. (23)

With the help of the aforementioned integral Equations (22) and (23), we obtain the
g-convolution theorem for gy ; in the following manner. Discussing the g-analogue g ; is
quite similar. Hence, details have been avoided.
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Theorem 1. Let 61 € S4(0,00) and 6 € Dg(0,00). Then, the q-convolution theorem of g, is
given by

kg (91 i92> (e) = (gk,q91+92) (e)

Proof. Using the hypothesis of the present theorem and the definition of i given by (22),

we write
o (o1 K g (—kag
s (61*92) © =g ()@ E (4
—kq¢
equ / </ t161< >92( )d, t)gk 1Eq< 6‘7 > dé. (24)
Therefore, using the change in variables % = w, performing basic calculations, we obtain
A 9 1 k—1 kqwt
sa(0140:)(e) = = / / (710 ()0 (1) dyt*1E, dgw
€ I“q €

= eklf{:(k)/o tklez(t)(/o Bl(w)wk1Eq(_ngUt>dqw)dqt.

Therefore, taking into account the definition of t gives

o 9 © k- A €
8kq (91*92> (6) = /0 tk 192(l‘)gk’q91(¥)dqf

= (gk,q91+92) (€)-

Therefore, all we need to finish our demonstration is to demonstrate that, for any 6; €
S4(0,00) and 6, € D;(0,0), we have

0,16, € Sq(O, OO) (25)

Let B,« € (0,00). Then, by the induced topology on S,(0, c0), we write

Db (/O‘” =16, (1)6, (i)dqt> ‘

/KC - ’tk Loy (t )‘ e”‘DfGl(%)’dqt

< 11611ls, (00 KC(Ow)‘tk_lez(t)‘dqt

e”‘Dg(Glﬂ)z)(e)qu(Ow) =

IN

< Alballs, o

K C (0,00) is a compact set and A is a positive real number. In reality, the last inequality is
derived from the boundedness condition of 6, and our knowledge that 6; € S;(0, o).
This ends the proof. [

4. g-Boehmians of Rapid Decay

The axioms for furnishing the g-Boehmian spaces formed from rapidly decaying
spaces of test functions are covered in this section. By using the sets (5;(0,0),1) and
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(Dq (0, 00), i) as well as the subset A, (0, 00) of D;(0, o0) of delta sequences (J,,), let us now
build the space B, where the delta sequences satisfy the following identities [30]:

(1)/ x)dgx = 1,(ii)[6,(x)| <M (M > 0), ({ii)suppdy C (an, bu), (26)

provided a,, by, — 0asn — oo.
The associativity axiom can be proved as follows.

Theorem 2. Let f € 5,(0,00) and 61,6, € Dy(0, 00). Then, the associativity axiom is given by

(rr(rke) )0 = (1o o)

Proof. Let f € 5,(0,00) and 61,6, € D;(0, c0). With the benefit of Definition 5 we write

(f-qr (91 i 92)> (€) = /0°° tkflf(g) <91 i 92> (t)d,t.

Therefore, by utilizing Definition 4, the preceding integral equation can be written as

(rr(ete) o= [T () ( [Ty e (v )omdy)ar @)

1
Now, assuming L z implies dyz = —d4t. Therefore, by employing the definitions of the

convolution products and pursuing straightforward computations, we obtain

(rr(te) )@ = [Teatw([on(s )1 (5) ot
[ ey ( [T ot () g

€
00 _ 00 _ ?
= [ ey [ a@d | L dg |

= /O(X)Gz(y)yk’1 /Ooof

N m

01 (z)zkildqz dgy.

Thus, we have obtained

(rr(erke) o = [ eatwn (100 (£) o e8)

This ends the proof. O

Theorem 3. Let f, f1, fo € Sq(O,oo),'y cRand 9 € Dq(O, o). Then, the following hold true.

(D ((fi+ f2)10)(e) = (f1t0)(e) + (f210)(e)-
(ii) y(ft6)(e) = (vf10)(e).
(iii) If fo — f asn — oo then f, 10 — f10asn — oo in S4(0,00).
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Proof. The proofs for (i) and (ii) may be easily obtained from using basic integral calculus.
From (5), the proof of (iii) can also be established yielding

" DY (f,10 —f'l'G)(e)‘ -

eDE((fu — F)10)(e)|
e"DF (/Ow F1(fy — f) (f)e(t)dqt> ‘
/ab t=1]e* D (£, —f)(%) ‘G(t)dqt,

where the supports of 0 are contained in a compact interval [, b]. Thus, it follows

IN

e“DE(fut0 — F10)(€)| < Allfa — flls,000) = O
as n — oo. This concludes the theorem'’s proof. [
Theorem 4. Let f € S4(0,00) and (6,) € Ay(0,00). Then, f16, — f asn — oo in 54(0,c0).

Proof. Let e € (0,00) and B, « € R. Then, by making use of (6), we obtain

apB( [T k-14(€ B

€"Dg (/0 t f<t>9n(t)dqt f(€)> ’

anB( [T k-14(€ B o

e*Df (/0 P () on0dgt = 1) | 9n(t)dqt)‘,

Thus, the previous equation can rewritten as

eDE(f10, — f)(e)| =

[e)

Db (fto, - o) < |

0

€ _
e”‘Df(f(;) —f(e))Htk 16n(t)'dqt. (29)
Hence, from (29) and the compact support of the delta sequences (6, ), we establish that

[ epE(£(5) @) - ente o
< M(by —ay) =0,

IN

e“DE (Ft6,— f)(e)|

as n — oo, for some positive constant M.
This ends the proof. O

The Boehmian space B with (Sq (0,00), 'I'), (Dq (0,00), i) Dy (0, 00) is therefore generated.
The two g-Boehmians ¢/, and g, /€, can be added in B by the equation

(q)n/én) + (gn/gn) = (([7111'571 +gn+5n)/ (571 isn) . (30)

The g-Boehmian ¢, /J, can be multiplied in B by v € R as v(¢./0x) = (vY¢n)/0n,
whereas the expansion of t and D* to B are expressed as

(9n/0n)t(gn/en) = (ontgn)/ <(5n isn) and D*(@n/én) = (D%@n)/én,a € (0,00).

The product t can be extended to BtS5,(0, ) as

(@n/0n)tw = (@utw)/dy, where @, w € S4(0,00), (¢n/6n) € B. (31)
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Let (Bn) € B. Then, B, LN B in B, if there can be found a delta sequence (6, ) such that, for
(Bntdy) and (B1dr) € S4(0,00) (n,k € N),

nh_r}l;() Bntdx = Btoy in S4(0,00) for every k € N. (32)

An alternative way of expressing (32) is as follows: B, KN Basn — co & there are @,
¢ € S4(0,00) and () € A;(0,00), By = (@ui/0k), B = (¢r/d) and to every k € N we
have lim;, e ¢k = @k in S4(0, 00).

The other type convergence is that 8, A B (asn — o) if there can be found a
(0n) € Ag(0,00) such that (B, — B)1d, € S4(0,00) (Vn € N) and limy, ye0(Bn — B)1n = 0
in 54(0, ).

Defining the space H with (Sq(O, ), i) , (Dq(O, ), i) and Aq(O, o) is quite analo-
gous. Hence, we avoid repeating the same analogues.

In H, two Boehmians added, applying 1 are respectively introduced as

((Pn/(sn)+(gn/5n) = <(Pni5n +gni(5n>/(5ni€n>

and

q q q
((Pn/(sn)*(gn/sn) = <(Pn*gn)/<5n*£n)-
Multiplying a Boehmian in H by a € R is explained as a(¢,,/3,) = (¢¢y)/n. The D* in H
is explained as D* (¢, /6,) = (D*¢u)/0n, & € (0,00). Toall (¢,,/6,) € Hand w € S4(0,0),
{ can be extended to Bt5,(0,0) by (¢n/0n) fw= (q)n i w) /6n. Bn LN B in H, if there can

be found a delta sequence (6, ) such that, for (ﬁn 15k> and <ﬁ d 5k> € 54(0,00),n,k €N,

we have lim;, 0 1 i o =P i J in §4(0,00) for every k € N. Or it can be expressed in
H as follows: B, LN B(asn — ) <= @,k ¢ € S5(0,00) and (&) € A, Bn = @ui/ 0k,
B = @i/ 0 and to every k € N we have limy, o ¢,k = ¢ in S4(0,00). By, L\ B (asn — o0)
<= there can be found a (J;) € A;(0, c0) such that (8, — B) ién € 54(0,00) (Vn € N) and
1imy e0(Bn — B) # 6, = 0/in S,(0, ).

Hence, we assert that the g-gamma integral of the Boehmian f,, /6, can be given as

gAle,q(fﬂ/5ﬂ) = (gk,qfn) / 6n (33)

which falls in the space H, as g, fu € S4(0, ). Definition (33) is well defined in the sense

that, if f,/0, = gn/€n € B, then f, iem = Qm : 0. Applying (33) and the convolution
theorem ( Theorem 1), we obtain

(gk,qf”) tem = (gk,qgm) t6p.
Thus, it follows that
(gk,qfn> /On ~ (Qk,qgn) /€n

in H. That is,
(gk"?f”) /on = (gk,qgn> /€n.

By this, our assertion is fulfilled.
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The space S;(0, c0) can be identified as a subspace of B through the following mapping

I :54(0,00) — B
Ig(f) = (f16n)/n

where (J,) € A4(0, 00), whereas its identification as a subspace of the g-Boehmian space H
is given by the mapping

(34)

() = (£he ) ren %)
where (€,,) € A4(0, ).

5. Generalized g-Gamma Operator

The following theorems summarize several features of the extension g,lg . of g 4- They
discuss linearity, continuity with respect to the § and A;- convergence, isomorphic property,
and some inversion formula for the gllz transform.

Although the following theorem is straightforward yet crucial, we provide its detailed
proof.

Theorem 5. Let Ig and Iy have their usual meaning given in (34) and (35), respectively. Then,
we have

15 (8kq) = &1y (In1).

Proof. Let f € 5;(0,00) and (6,,) € Ay(0, 00); then, by Equation (34) and the convolution
theorem, we derive

15 (80 ) (F) = I8 (2kaf ) = (8kaft6n) /u:

Therefore, Equation (35) and the convolution theorem yield

es{r20))
- (i)

= &, (Iu)(f)-

15 (&g ) ()

This ends the proof. O

Theorem 6. The mapping gllz q is sequentially continuous from B into H, in the sense of Ag-
convergence.

Proof. To prove the theorem, we prove that if A; — limy e By = P in B then A; —
limy 0§ B = &7 B in H. Let Ay — limy—,c0 fn = B in B; then, there is (6x) € 44(0, o)
such that

Ay — Tim (B — B) %8, = 01in 5,(0,00). (36)

n—oo

Continuity of the gamma integral operator suggests writing

. A~ q 1 5 G
Ag— lim g7, ((,Bn — B) * 5n> =Ng— }ggo((gi,qﬁn - gfé,qﬁ) +5n) = 0.

n—o0

Thus, we obtain that A; — limy, e g,’g qﬁn = g,ﬁ . Bin H.
This finishes the proof. [
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Theorem 7.
(i)  The mapping g,lé,q is a linear mapping on H.

(i)  The mapping gA,f . defines an isomorphism from the q-Boehmian space H onto the q-Boehmian
space B.
(iii) The mapping g}é . is continuous with respect to & and Ag- convergences.

(iv) The mapping g,ﬁ g coincides with the classical gy ,.

Proof. Since comparable proofs for Parts (i) through (iii) are already published in the
literature, see [12,20,24]. So, we prove Part (iv). Let o € S4(0, o) and <(7 i §n> /6, be its

representation in B, where (J,) € A;(0,00) (Vn € N). In order to demonstrate the final
portion of the theory, it is evident that (J,,) is independent of the representative for every
n € N. Thus, using the convolution theorem, we obtain

ol (c%00) /0) = g (46, 160 = (8908,) /8 = (8000 1/ )

Consequently, the g-Boehmian (gqumsn) /6n forms a representation to g ,0 in the classical
space S;(0, ).
This ends proof. O

Next, we present an inversion formula of g,’g P follows.

Definition 6. Let (g,ﬁ q(pn> /6n € H. Then, in H, we define the inverse integral operator of g/ g of
the g-Boehmian (gAZ q(pn) /0n as

Ig((gkﬁgon) /5”) = - (gA]:,; (gk,q(l’n))/én
: (Pn/(sn € B,

for each (6,) € Ay(0,00).

Theorem 8. Let (gk,q¢n) /n € Hand ¢ € S4(0,00). Then, we have

IE(((gkﬂ‘P”) /‘Sn)""P) = (pu/dn) % ¢ (37)

and

R q .
gllz,q <(§0n/5n) * §0> = ((gk,qq)n) /571)'['4).
Proof. Assume (gk,q q)n) /0 € H. For every ¢ € 5,(0,00), we have

12 (((8a90) 780)10) = 12 (((8a90) 1) 78) = 15(((Seq0n)0) /31). (39

We reach the proof of the first part by using the convolution theorem. The proof of the
second part is nearly identical. We leave out specifics.
This ends the proof. O

We declare without proof the following result.
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Theorem 9. Let f and B* be in B and p and p* be in H; then, we have
o q . . . .. . q
()8 (B16°) =ghypte’, (i) ote") = 50 %"
The proof of the theorem has been removed since it is easy to establish.

Theorem 10. Let (gk,qpn) /Gn be a g-Boehmian in H, ({n) € Ag(0,00) and o € S4(0,00). Then,
we have

o (00780 1) = (GeqpasEn) taand 5 (GegpasEa) 1) = (pu/E) P 39

Proof. Assume §i,0n/Cn € H, (Gn) € Ag(0,00) and & € S;4(0, 00). Then, by the convolution
theorem and (33), we have

§l€,q<(Pn/€n) j“") = gi,q(<9n1“> /Cn)
= 8kq (Pn ia‘) /&n
= (gk,qpn'm) /Cn
((gk,qpn) /gn)'l'""

Also, by Definition 5, the convolution theorem and the extension of the operation i suggest

writing
1(((fugon) /20) 1) = 15((fgpate) /20)
= Ig <gk,q (Pn ; vc) /€n>
= Ig <§k,q <Pn ; 04) /§n>
= (Pn 1 a) /Cn

= (on/En) Fa.

Hence, the proof is ended. O

6. Conclusions

This article introduces and discusses two g-analogues of the gamma operator, focusing
on various finite products of different types of g-Bessel functions. This paper discusses
definitions and properties of g-analogues of the gamma integral operator and its extension
to classes of generalized distributions. Several convolution theorems are established and
proven, including g-convolution products, symmetric g-delta sequences and g-quotients
of sequences. The g-equivalence classes of generalized distributions, or g-Boehmians, are
achieved through the application of the convolution theorems. Thus, the g-gamma opera-
tors are performed to correspond with the classical integral operator and are thus extended
to the generalized spaces. Furthermore, it is demonstrated that, when equipped with the
generalized spaces, the generalized g-gamma integral is linear, sequentially continuous
and continuous with respect to some involved convergence.
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