: fractal and fractional

(8

Article

On the Fixed Point Theorem for Large Contraction Mappings
with Applications to Delay Fractional Differential Equations

Mouataz Billah Mesmouli *19, Elvan Akin 2(%, Loredana Florentina Iambor 3*, Osman Tung 4

and Taher S. Hassan 156

check for
updates

Citation: Mesmouli, M.B.; Akin, E.;
Tambor, L.E; Tung, O.; Hassan, T.S. On
the Fixed Point Theorem for Large
Contraction Mappings with
Applications to Delay Fractional
Differential Equations. Fractal Fract.
2024, 8,703. https://doi.org/
10.3390/ fractalfract8120703

Academic Editor: Maria A. Navascués

Received: 24 October 2024
Revised: 21 November 2024
Accepted: 24 November 2024
Published: 28 November 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, College of Science, University of Ha'il, Ha'il 2440, Saudi Arabia;
t.hassan@uoh.edu.sa

Department of Mathematics and Statistics, Missouri University of Science and Technology,

Rolla, MO 65401, USA; akine@mst.edu

Department of Mathematics and Computer Science, University of Oradea, 410087 Oradea, Romania
Department of Computer Programing, Baskale Vocational School, Van Yuzuncu Yil University Campus,
Van 65080, Turkey; osmantunc@yyu.edu.tr

Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt

Jadara University Research Center, Jadara University, Irbid 21110, Jordan

*  Correspondence: m.mesmouli@uoh.edu.sa (M.B.M.); iambor.loredana@uoradea.ro (L.EL)

Abstract: This paper explores a new class of mappings and presents several fixed-point results for
these mappings. We define these mappings by combining well-known mappings in the literature,
specifically the large contraction mapping and Chatterjea’s mapping. This combination allows us
to achieve significant fixed-point results in complete metric spaces, both in a continuous and a non-
continuous sense. Additionally, we provide an explicit example to validate our findings. Furthermore,
we discuss a general model for fractional differential equations using the Caputo derivative. Finally,
we outline the benefits of our study and suggest potential areas for future research.
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1. Introduction

The Banach fixed-point theorem [1], commonly known as the contraction mapping
theorem in mathematics, plays a crucial role in studying metric spaces. It guarantees the
presence and distinctiveness of fixed points for certain self-maps of metric spaces, and
additionally provides a practical method for determining these fixed points. In science
and engineering, fractional differential equations have experienced significant growth in
recent decades due to their extensive range of applications [2—4]. The basis of the theory
of fractional differential equations lies in the existence of solutions, prompting numerous
researchers to employ fixed point theory as a valuable approach for proving the existence
and uniqueness of solutions [5-13].

In 1972, Chatterjea [14] obtained a fixed point result that is a generalization of the
Khanan fixed point (See [15,16]). Several mathematicians have generalized and extended
Chatterjea’s Theorem and Banach’s Theorem of fixed points; for example, the authors in [17]
presented necessary and sufficient conditions to establish the existence and uniqueness
of fixed points of Chatterjea’s maps in b-metric space. The authors in [18] introduced
the notion of cyclic weakly Chatterjea-type contraction. In [19], the authors formulated
Chatterjea contractions using graphs in metric spaces endowed with a graph. The fixed
point results for large-Kannan mappings which are a combination of Kannan and large
contraction mappings, have been introduced in [20]. Some other papers in this field are
presented in [21-25].
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Burton [26,27] noted that Banach’s theorem gains greater significance when subjected
to specific alterations in practical contexts. Consequently, he rephrased it in the sense
of large contraction mapping. For this purpose, we have written this paper to combine
Chatterjea’s mapping with large contraction mapping to extract a new fixed point theorem
for a new mapping.

The rest of this paper is divided as follows: Section 2 presents some preliminary results
to help the analysis. In Section 3, we give our main results with an illustrative example. An
application of our study to fractional differential equations is given in Section 4. Finally, we
end this paper with a conclusion.

2. Preliminaries

This section presents a set of previous results on which our subsequent work is based.

Theorem 1 ([1]). Consider the complete metric space (Q,p) and a contraction mapping
S: Q=0 ie,

p(Su, Sv) < Ap(u,v),
forall u,v € Q, where A € (0,1). Then, there is a unique fixed point vy in Q) for the map S. In
addition, for each ug € Q), the sequence of iterates {S"ug }, converges to vy.

Theorem 2 ([14]). Consider the complete metric space (Q), p) and an application S : Q3 — Q). If
we consider the existence of A € {O, %) such that

p(Su, Sv) < Alp(u, Sv) + p(v, Su)], 1)

forall u,v € Q), then we assure the existence of a unique fixed point wy in Q) for the map S. In
addition, for each uy € Q), the sequence of iterates {S"ug}, converges to wy.

Definition 1 ([26]). Consider a metric space (Q),p) and let S : QO — Q) be an application on
Q. We say that the application S is a large contraction, if for u,v € Q, with u # v, we have
p(Su, Sv) < p(u,v), and if for all € > 0, there exists ¢ < 1 such that

[u,v € Q, p(u,v) > ¢l = p(Su,Sv) < ¢p(u,v).

Note that every contraction application is a large contraction. The following example
in [26] shows that, in general, the converse is not true.

Example 1. Let (Q,p) = (R,|.|) and let S : R — R, defined by Su = u — u3. Then for
u1,upy € R, by using the Mean Value Theorem, we obtain

|Suy — Sup| = ‘ul —u? —uz—l—ug‘ < ‘1 —3c2’|u1 — up|,

where ¢ € (min{uy, up }, max{uy, uz}).

Subsequently, it becomes apparent from the inequality mentioned above that there is a ¢ which
is small enough, such that for any uy, up € [—¢,g] (uy # up), we have |Suy — Sup| < |ug — uz|.
Additionally, it was proved in [26] that for a given € > 0, if |uq — uy| > ¢, then

2

€
\Sul —Suz‘ < ‘1— Z |u1 —u2|.

M*Ms

. = 1, we deduce that S is not a contraction

Moreover, since SO = 0 and limuﬁo’

application on [—¢, ¢|.
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Theorem 3 ([26]). Consider a complete metric space (), p) and let the application S : Q) — ),
which is a large contraction. If there exists uy € (2 and a constant L > 0, such that

p(uo, S"ug) < Lforalln > 1, (2)
then the application S has a unique fixed point in Q).

In [20], the authors noted the following:

(i) If (Q,p) is a compact metric space, then condition (2) can be neglected. Indeed,
Edelstein’s theorem guarantees the existence and uniqueness of the fixed point in this
particular case.

(i) If (Q,p) is a complete metric space that is bounded, then condition (2) is satisfied,
since p(ug, S"ug) < ¢(Q2), where ¢(Q) is the diameter of Q).

3. Main Results

Motivated by [15,20,26], we introduce large-Chatterjea mappings in metric spaces in
two senses.

Definition 2. Consider the metric space (Q), p) and let the application S : Q) — Q). We say that
S is a large-Chatterjea contraction application (with continuous manner), if for u,v € Q, with
u # v, we have p(Su, Sv) < p(u,v), and if for all ¢ > 0, there exists ¢ < 3 such that

[,ve O, p(u,v) > el = p(Su,Sv) <glp(u,Sv) + p(v, Su)].

It is worth noting that the condition p(Su, Sv) < p(u,v), (u # v) does not give the
existence of the fixed point. To perceive this, it is sufficient to acquire (), p) = (R, |-|) and
Su=+vu>+1.

The following lemma reveals that the set of contraction mappings encompasses an
infinite subset of Chatterjea mappings.

Lemma 1. Consider the metric space (Q, p). If we assume S : Q3 — Q) satisfies

p(Su,Sv) <ap(u,v), ac€ [O, ;),
then the application S is a Chatterjea mapping with a constant of contraction equal to 2.
Proof. Let u,v € Q). Then, by assumption, we have
p(Su, Sv) < ap(u,v),

where the constant « is within the interval [O, %) . However, when the triangle inequality is
applied, we have
p(u,v) < p(u,Sv) + p(Sv, Su) + p(Su, ).

After multiplying the inequality by « as mentioned earlier, we can conclude the following
p(Su, Sv) < wap(u,v) < a(p(u,Sv) + p(Sv, Su) + p(Su,v)),
which implies that

p(Su, Sv) < 7 f .

(p(1,50) + p(v, Su)).
Since & € [0, %), then £ € {0, %) Consequently, S is a Chatterjea mapping. [

By the above lemma, we also conclude that if S : 3 — () is a large contraction
application on Q) with ¢ € [0, %) , then S is a large-Chatterjea contraction mapping on Q).
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In the following, we will present the first result of fixed point theorem concerning
large-Chatterjea contraction applications in the continuous sense.

Theorem 4. Consider the complete metric space (Q), p) and let the application S : QO — Q be a
large-Chatterjea contraction mapping (with continuous manner). Then, the application S possesses
a unique fixed point in ().

Proof. Given g € Q,if thereexistsm € N, such that S™(ug) = S"(up), then S(S™up) = S™uy,
and $™u is a fixed point of S.

Now, assume that S"ug # S"+lug for every n € N. Since the application S is large-
Chatterjea contraction (with continuous manner), then

p(S”Huo, S”u()) < p(S”uO, S”fluo) < ... < p(Sug,up).

This shows that {, = p(5""lug, S"uy) is a strictly decreasing sequence; therefore,

>
ngn;l_oo Cn =7 > 0.1f v > 0, then for every n € N, we have

0 (S”Huo, S”uo) > 1.

Consequently, there exists ¢ < % such that

p(S”HuO, S”*zuo) = p(S(S"uo),S<S”+1uo))
c [p (Snuo, 5n+2u0) +p (S”Huo, S”Huoﬂ
_ gp(snuo, Sn+2u0)

c [P (Snuol Sn+1u0) +p (SnJrluO’ Sn+2u0>} )

IN

IN

This implies that

(1-¢)p (SnHMOIS"HLfo) <¢p (S”uo, S"Huo).
Thus, we conclude that

p(sn-i-lu(), Sn+2u0) <

A
'b
—~
95
=
=
<
V%)
3
J’_
e
N

IN
/‘\ /—\'—‘

>_\

tﬁ

Su ,S%u
1—¢ c P 0 o
(1_> p(uo, Sug). ©)
Since ¢ < %, then k = = < 1. So, by using (3), it follows that
Tim p(S”uo sy ) —0, 4)

and this gives us a contradiction; so, y = 0.
Next, we will show that {u, }, defined by u,, = $"uy is a Cauchy sequence in Q). For
this purpose, we assume the opposite, meaning we assume that {u, }, is not a Cauchy
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sequence. Then, there exist a real number € > 0 and subsequences (Ny) , (1), and (my) of
integers such that
my > ng > Ny, N — oo,

and

e < p(tmy, tny)- 5)

Since S is large-Chatterjea mapping, there exists ¢ < % such that

o (tmy, )
[p(umk,l, Sunkfl) +p (unk,l, Sumkfl)]

[p(umk_l’ u”k) + p(u”k_l’ umk)}

[p(”mk—lf umk) + p(umk’ ””k) + p(u”k_l’ ”nk) +p (””kr “mk)];

IN
" n N D

IN

then, by using (5), we have

€

IN

(1t )

¢
= 1—2¢ [0 (me—1, ) + 0 (tn—1,1tn,) ]
Letting k — oo, from (4), it follows that

i (i) =l (s 11y ) =0

Hence, lim p(u My s unk) = 0, which is a contradiction. Thus, {1, }, is a Cauchy sequence

in the complete metric space (); then, there exists w € () such that 11m Uy = lgn S"up = w.
n—oo

By the continuity of the application S, we deduce that S(w) = w, Wthh shows that w is a
fixed point of the application S.

Now, to prove the uniqueness, we suppose that there is another fixed point, denoted
by w’, for the application S such that w # w’. Thus, p(w, w') > ¢, for some gy > 0. By the
definition that the application S is a large-Chatterjea, there exists ¢y < % such that

plw ') = p(S(w),S(w'))
< colp(w, S(w)) +p(w, S(w))]
2€0P(wf ).

Since 1 — 2gy > 0, we deduce that p(w, w’) = 0, and this is a contradiction. Therefore,
wemust havew = w’. O

Corollary 1. Consider the complete metric space (), p) and the application S : Q) — Q) such that
for some integer my > 1, S™0 is a large-Chatterjea mapping (with continuous manner). Then, the
application S possesses a unique fixed point in Q).

Proof. By using Theorem 4, we assure the existence of wy € (2 such that S"0wy = wy, then
S(S™0wy) = S™wy = Swy.

This gives $™0(Swy) = Swy, which proves that Swy is a fixed point for the applica-
tion 5™,

Second, by Theorem 4, the application S possesses a unique fixed point wy which
satisfies Swy = wo; so, if wy is another fixed point of the application S, then w; is a fixed
point for the application . Consequently, wy = w1y, which finishes the proof. [
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Example 2. Consider the application S : [0,1] — R, given by S(u) = —u* and set

1 1
Q= {(ul,uz) € [0,1%: |ug + ua* + §|u1 —up)? < 2}.
Iflxll, U, € Q), then

lug| = uq < uqg — (—u%) = |uy — S(up)| and u3 +u3 < uy + up.

Hence,

S(un) = S(w)| = |—ut+u

< |u1—u2|‘(u1+u2)(u%+u%)‘
< (] + 2| (s + 1) (16 + 13|
< (Jur = S(u2)| + [uz — S(uy)|) |uy + ua)?
— |ug — un|?
< <1llzz|)[|M1—5(M2)|+M2—5(M1)|]-

Therefore, for a given (sufficiently small) € > 0, if uy, uy € Q) satisfy that [u; — us| > ¢,
we obtain

e
(1) = S(02)] < s = S(am)| + = SCu)} (255 ).

To conclude that the application S is a large-Chatterjea, it suffices to take ¢(e) = 1_282, which
finishes the proof.

Now, we turn our attention to study the uniqueness fixed point for the large-Chatterjea
applications in which the continuity is not necessary.

Definition 3. Consider the metric space (Q, p) and let the application S : Q) — Q). We say that
S is a large-Chatterjea contraction application (with noncontinuous manner), if for u,v € Q, such
that u # v, we have

1
p(Su, Sv) < E[p(u, Sv) +p(v, Su)], (6)
and if for all e > 0, there exists ¢ < % such that we have
[,ve O, p(u,v) > el = p(Su,Sv) <glp(u, Sv) + p(v, Su)]. (7)

The following application given in [21] proves that an application satisfying that
p(Su, Sv) < 3(p(u, Su) + p(v, Sv)) may fail to have fixed points. By the same example, we
can see that the mappings satisfying the inequality p(Su, Sv) < 1(p(u, Sv) + p(v, Su)) may
have no fixed points.

Example 3. Consider theset Q = {1+ 1,n=1,2,..} and py : Q x Q — [0, +c0), a metric
given by
o 0, ifu=no,
po(u,0) = { u+v, ifu#o.
Thus, (), po) is a complete metric space. Moreover, let the application S : (Q, po) — (Q, po) be

defined by S(1+ L) =1+ ;1. Then, S satisfies the inequality po(Su, Sv) < 3 (po(u, Sv) + po(v, Su)) for
u # v, but S has no fixed points.
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Theorem 5. Consider the complete metric space (Q), p) and let the application S : (Q,p) — (Q,p)
be a large-Chatterjea (with noncontinuous manner). Then, the application S possesses a unique
fixed point.

Proof. First, we begin by proving the uniqueness. If the application S possesses two fixed
points uy,uy € Q, u1 # up, then
p(u,uz) = p(Su1, Suz)
1
< Sloln, Sua) + pliua, Su)]

1
= 5lo(ur,u2) +p(uz, u1)]
= p(uq,uz),
which is a contradiction.

Second, we will prove the existence in the following steps:
Step 1:Given 1 € Q) and consider the sequence {uy }, by u, = S"ug for all integers n € N.
If there exists my € N that satisfies S™0uy = S™0F1y,, then S™0uy is a fixed point for the
application S.

Next, suppose that u, = S"uy # S$"*luy = u,.q for n € N. We will show that the
sequence &, = p(Uy, Uy+1) is strictly decreasing.

o(n, tyy1) = p(S”uO,S”HuO):p(S(S””uo),S(S”uO))

< % {p (S”_luo, S”+1uo) + p(S"uy, S”uo)}

= %{p (S”fluo, S"uo) +p<5”uo, S”“uoﬂ.

So, we conclude that p(uy, 1, +1) < p(uy—1, un), which proves thate,, = p(u,_1,u,)isa
strictly decreasing sequence. Therefore, there exists g > 0 such that ln}r o(tn, Uy1) = €o-
n o]

Step 2: Now, assume that ey > 0; because the sequence ¢, = 0(Un, tyyq) is decreasing, we
obtain ey < p(up, uy41) for n € N. Then, by assumption there exists 0 < g < % such that

p(un, i) = p(S"uo, S"+1u0> = p(S (S”_luo),S(S”uo))
co {p (S”_1u0,5”+1u0) + p(S"uy, S”uo)}

= ¢ {p (S”fluo, S"uo) +p<5”u0, S””uoﬂ,

IN

which gives

P(un/ Mn+1) < 1 €0 P(un—ll un)'

—60
By induction, it follows that

n
p(tn, Unt1) < <1E° ) p(uo, u1).
o

. l co . . 90 no_
Afterwards, since 0 < o < 5, then = o < 1. This proves that . hn}roo( - GO) 0
and implies lirr}r p(un, uy+1) = 0, which is the opposite information to ¢y > 0. Conse-
n—-—+oo
quently, eg = 0.

Step 3: Showing that {u, }, is a Cauchy sequence in )
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If we have the contrary case, then there exists a real number &y and subsequences
{N¢}, {nx}, and {m;} such that

my > ng > Niand ag < p(uy,, tim,) = p(Stiy,—1, Sty 1),

which leads to the deduction that u,, 1 # uy,, 1.

Thus, by the same method used in the proof of Theorem 4, we obtain

%0 < pltmgtin) < 1552 [0 (ome1,tm) + (1,10,

and by letting k — oo, it follows that

kli_)n;op(umk,l,umk) = ku%n;op(unrl,unk) =0.

Then, limy_, p(umk, Uy k) = 0, which informs us that this is a contradiction. Therefore,
{un}n is a Cauchy sequence, and because () is a complete metric space, there exists wy € Q)

such that lim wu, = wy.
n—>—+o00

Step 4: wy is a fixed point for S:

For this step, we suppose that u,, # wg. Thus,

p(wo, Swy) < p(wo, Suy) + p(Sty, Swy)

1
< p(wo, Suy) + E[p(un,Swo) + p(Sun, wp)]

1
< p(wo, Sun) + E[P(“nrwo) + p(wo, Swo) + p(Suy, wo)],
then,
0 S P(w()/ Swo) S 3p(u1’l+l/ wO) +p(un/ wo)'

Letting n — 400, we deduce
0 < p(wo, Swo) = lHm 3p(uys1,wo) + Lim p(itn, wo) = 0.

Hence p(wo, Swy) = 0. As a consequence, wy is a fixed point of the application S, which
ends the proof. [

Corollary 2. Consider the complete metric space (Q), p) and an application S : QO — Q) such
that S™0 is a large-Chatterjea (with noncontinuous manner) for my € N. Then, the application
S possesses a unique fixed point in Q).

4. Application

The utilization of our previously established results in the preceding section empowers
us to effectively address a range of fractional differential problems, as demonstrated in
this concluding section. So, we consider a Caputo derivative operator in the following
fractional differential equation

{ D0 pots ) =gt wt)re @ ©
w(t) = p(t), te[-0,0]

where € (0,1), € (0,3),0 > 0,w:[0,1] » R,and g(t,(t)) : [0,1] x R — (0,00) is
continuous. Then, Equation (8) is immediately inverted as the very familiar integral equation

1 f x—1
w(t) = 9(0) = pp(=6) + paw(t =0) + 775 /0 (t )" ¢(r,w(r))dr,
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where I is the Gamma function.
Consider now the operator S defined on the Banach space E = C([0,1],R) as

(Sw)(t) = 9(0) — puyp(—0) + pw(t — 6) + (Fw)(t),
such that SW C W, where
W={weE:0<w<1},

and
(Fw)(t) = r(llx)/o (t = 1" Lo (r, w(r) )dr-

Under these assumptions, the following apply:
¢  The mapping F satisfies

[[Fw; — Fwy|| < (1 —pu)l|wy —wsl|, Vwy, wp € W, (wy # wn);

o Vs>03g<1 -

|(Fw1)(#) = (Fw2)(#)| < ¢(lws () = (Swa) (B)] + |wa(t) = (Swa)(#)]),

and the operator S has a unique fixed point in W. Indeed, let w;, w, € W such that
||wy — wy|| > e. Following this, with the help of our hypotheses, we acquire

|(Sw1)(t) — (Swa)(t)]

< plwy(t = 0) —wa(t — 0)[ + [(Fwy)(t) — (Fwz)(1)]

< plwy(t = 0) —wa(t —6) + (Swr)(t — 0) — (Swa)(t — 0) + (Swa) (t — ) — (Swq)(t — 0)]
+ 6(w(t) — (Swa2) (H)] + [wa(t) — (Sw1)(H)])

< p(flwr — Swall + [[wa — Swi || + [|Swy — Swy||)

+ 6(|[wy — Swy || + [[wz — Swy ),

E such thatif wy, w, € Wand ||w; — wy|| > ¢, we have forall t € [0,1]

which gives that
[Swy — Swa| < pl|Swy — Swa| + (4 + ¢) (w1 — Swa|| + [[wz — Swy]).
Hence, we have

||Sw1—8wz||<"  (|[wy — Swal| + [[ws — Swy])).

Since 0 < ¢ < 123 then 1+g <3 ! and the end result stems directly from Theorem 4.

5. Conclusions

This research issues new fixed point theorems based on the Chatterjea-type large con-
tractions applications. Our results have been divided into two cases, the first is continuous
and the second is noncontinuous. The benefit of this research is finding a particular appli-
cation type that enables us to study some complex equations, as each Chatterjea mapping
is a large-Chatterjea mapping, and each large contraction mapping is a large-Chatterjea
mapping. However, the opposite is not valid in general.

The results are applied to delay equations with fractional derivatives to prove the exis-
tence of a unique solution. We look forward to larger applications of this work, especially
for other spaces such as the b-metric space, ordered metric space, and so on.
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